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Preface

Coupled Map Lattices (CML) are infinite dimensional dynamical systems with dis-
crete spatial and temporal variables, which are used as models of spatially extended non
equilibrium media (see for instance [7], [8] ). They can be considered as discrete versions

of partial differential equations.

Although there are some results related to ergodic properties of CML with space—-time
chaos (see [9], [6] ), there is no general theory of the topological properties of such CML.
Some results about the topological behavior of 1-dimensional homogencous CML can be

found in [1], [2] and [5].

The goal of our work is to prove some kind of structural stability of Weakly Cou-
pled Map Lattices for the d-dimensional non homogeneous case. In order to do that, we
show that there is a conjugacy (in the product topologies) between the uncoupled system
and the slightly perturbed one, constructing symbolic representations of weakly CML via

topological Markov chains.
The present work is divided as follows:

In Chapter 1 we introduce a general class of extended dynamical systems, the so called
Lattice Dynamical Systems (LDS), showing particular examples of them. Then we give a

definition of LDS including symbolic systems.

In Chapter 2 we study the conjugacy of the local maps with topological Markov chains.
Then we define the uncoupled system, showing the existence of the symbolic representa-
tion for this system (which is, in fact, the direct product of the local symbolic systems).
Finally, we introduce near neighbors interaction type CML (being the discrete version of

the reaction—diffusion equation the most popular of them).
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In Chapter 3 we study near neighbors interaction type CML as perturbations of the
uncoupled subsystems, proving the persistence of their dynamics whenever the coupling

is weak enough and the local maps involved satisfy some conditions of hyperbolicity.

Such type of results have been known for the case of identical individual maps (see for
instance [2]). The novelty of this work is, mainly, in consideration of non—homogencous

situation. Moreover, in this work we consider d—dimensional LDS, d > 1.



Chapter 1

Lattice Dynamical Systems

1.1 Introduction

The basic goal of the theory of discrete time dynamical systems is to understand the fong
term behavior of an iterative process. When the process is modeled by the iteration of

)

a function, we want to describe the asymptotic behavior of the points ., (), [~(r),...,
f"(x) as n becomes large. So, the question is, in the long run, where do points go and
what do they do when they get there? The answer is know; the points tend to invariant

sets consisting of non-wandering orbits. Thus the problem of description of invariant

non—wandering sets, appear to be very important.

Here we consider such problem for a particular class of Dynamical Systems, the so
called Lattice Dynamical Systems (L.DS). They are infinite dimensional dynamical sys-
tems belonging to a class of models of spatially extended media in which the relations
between temporal evolution and spatial translation play an important role. The invari-
ant with respect to spatial translations LDS are similar to autonomous Partial Differential
Equations (PDE), non—-homogeneous LDS are similar to PDE with coefficients depending

on space variables.

The most common class of LDS is the so called Coupled Map Lattices (CML). A

natural source of CML are discrete versions of partial differential equations of evolution



1.2. BASIC NOTIONS 6

type, which arise while modeling PDE’s by computer.

Sometimes the use of lattice may be regarded as an approximate approach to descrip-
tion of a continuous medium, then the equations should have a reasonable continuous
limit with decrease of the spatial step. In other cases, the lattice model may be appropriate
essence of the problem. For example, in solid state physics a natural discretization appears

due to presence of crystal lattice.

In the present work we study some properties of LDS. As the main result we show the
structural stability of non—coupled hyperbolic maps. The basic idea behind this calcula-
tions is to take advantage of symbolic dynamics once we have showed the existence of a

symbolic representation for CML with a weak coupling.

1.2 Basic notions

Lattice Dynamical Systems occur in a wide variety of applications where the spatial struc-

ture has a discrete character. We begin with a definition of LDS.

Definition 1 Let [ be a (subset of a) metric space and let p(-,-) be the corresponding
. . . e . o .
distance. Consider the direct product 1 endowed with the uniform or with the product
. . =l . . .
topology. Assume the existence of a subset M C I* and the existence of a map F from

Minto itself. The pair (M, F) is called a d—dimensional lattice dynamical system.

Anorbit of F in M is a sequence {u(t)}en where u(t) = {ug(t)}yemm belongs to M

and u(t + 1) = F(u(t)) forall t € N={0,1,2....}.

From now on, we suppose that the set M is compact and the map F is continuous in

the product topology.

Some examples of LDS are the following

INSTITUTO DE INVESTIGACION EN COMUNICACION OPTICA
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1.2. BASIC NOTIONS 7

I. Cellular Automata'(CA) for which / is a finite alphabet endowed with the discrete
topology and the evolution map F is a continuous map which commutes with spatial

translations

2. Near neighbors interaction type CML with diffusive coupling, for which M < [,

[ 1s a compact interval and the evolution map F is given by

(Fu)s = f, (us) + 9 F(ILS_T, U )

for u = {uy}sez € I*. Here v > 0 is the coupling parameter; the local maps
fo: R — R and the coupling maps F, : R*"*! — R are C''~smooth. In this modcl
the dynamics consists of two independent components: the local (individual) dy-
namics and the coupling dynamics. The former one is the application of the one
dimensional local map f, to every site u, and the latter one couples the dynamics
by means of a weighted map £ over a neighborhood of «, where the coefficient

determine the size of coupling interaction.

'CA were the first LDS that attracted considerable interest. CML where introduced by Kancko, K.
[1983.1984] as a model for the study of spatio-temporal complexity such as turbulence, population dynam-
ics, etc. We could think of CML as a gencralization of CA,
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Chapter 2

Coupled Map Lattices

2.1 Local maps

In this work we consider non—homogeneous d—dimensional CML.

Let {/s}seze be a family of closed subintervals of the interval I = [«, b]. Let us suppose
that, for each s € Z4, f, : I, — R is a C''-smooth map satisfying the following chaotic

hypothesis:

(H1) there exist a finite collection of pairwise disjoint closed subintervals {1/} ~of

Is C Isuchthatif 1 </ < py:

=0

a. fsis differentiable on /¢ with 1 < o = inf {11’1111 |j;(z)|} < 459,
rell

b. there exists 1 < j < pg such that [/ C Intf,([}).

From now on we suppose that, for each s € Z¢, py < p < .

Asan example of a map similar to the local maps used, consider the family of quadratic
maps £,(r) = pr(l — ) with i > 2 + /5. Make C = I\ A, where I = [0. 1] and
A={rel |f(x)]>1}.

A direct calculation shows that if ;¢ > 4 then the local extreme of f is, bigger than |,

moreover if 1 > 2 + /5 we have that | f'(x)| > 1on C' = I, U I, with

8



2.1. LOCAL MAPS 9

j2 = Ay 1 /p? =4
-y v : 12 = | -4+ 1
2 2
Note the existence of a closed and f—invariant subset A; of C' C [ on which [ is

topologically conjugate to the full shift in 2 symbols. (see [4]).

In the general case, if the local map f, satisfies HI, there exists a closed and f;-

Ps
invariant subset Ay, of C = U I, C I, on which (A, fs) is topologically conjugate to a
=1
topological Markov chain (§2,1,. o). Here o is the shift map on the set of admissible (with
respect to the transition matrix A,) sequences in 24, C {1, -, ps}", endowed with the

metric
d(w, @) = exp(—=h);  w={w}en, @ = {0 }en € Qo

with h = min{t € N : w' # @'} .

INSTITUTO DE INVESTIGACION EN COMUNICACION OPTICA
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2.2. UNCOUPLED SYSTEMS 10

In other words, there exists a homeomorphism m, : 2,,, — Ay, (respect to the previous

and the Euclidean metrics) such that

T, 00 = fg 0Ty,

2.2 Uncoupled systems

An important concept is that of structural stability; some types of systems have dynamics
which are equivalent (topologically conjugated) to that of any of its perturbations. Our
goal is to proof the structural stability of the d—dimensional lattices of uncoupled hyper-

bolic maps (see Chapter 3)

Givena family { f } ez« of maps satisfying H1, let us make A = ® Ap,and ¥ = ® Q..
sl s

[t is simple to see that the uncoupled map F, : Ay — Ay given by

(Fou)s = fslug).  u = {uglgerns (2.1)
is topologically conjugate to the time—translation operator o, : 2 — ¥ defined by

(Uru./'){ = w‘[,Tl‘ w = {w’ls}sg-_;';'l‘,,__'g c E

S E3

Indeed, the map [1, : ¥ — Ay defined by (I w)s = 7y ws 1s @ homeomorphism (when

we consider the systems endowed with the product topology) such that

[y oo, = Fyoll.

In the next section we present Coupled Map Lattices (M, F) that are still conjugated to

the symbolic system (X. 7. ) provided that F is a small perturbation of F.

INSTITUTO DE INVESTIGACION EN COMUNICACION OPTICA
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2.3. WEAKLY COUPLED SYSTEMS 11

2.3 Weakly coupled systems

Here we consider perturbations of the uncoupled system 2.1. Explicitly, define the map

F ® Iy — RZ' such that for each s = (s1, ...sq4) € Z",

sezd
(-F“')S = fs(“s) + 9 Pﬂs(<“s>r> (2.2)
where
<”-S>r = (”(Sl =TS =) Uy, AT FE 71 R U(sl+r,...,s,‘—r)v R I r))

is the (21 + 1)“~tuple of neighbors of u (ordered in the dictionary order).

From now on, we suppose that

e the local maps f : Iy — R are ("'—smooth maps satisfying the hypothesis H1 (scc

Section 2.1),

o the coupling maps Fy : RZ+DY . R are C'—smooth with bounded first partial

derivatives. Explicitly,

JF;

4 = sup { max

L<j<(2ra 1)

(.‘.1'1. P .‘l.‘(2.1.+[):()1 } < +OC~

s
where the maximum is taken for all the possible choices of (1, ... &y jy) in

<Cs>r = (-?"sl——r.....s‘,—r) X 'XC(.s'l—T.,...S,1+F) X -XC'(.91+1'..A..S(,»—7') X -XC(.S,+:~,...,.5(/+7")v

e 0<d=inf {min{al ~ml, M — b} }, where the minimum is taken over all the
se

pairs 1 < 1.5 < ps, s € Z4, such that

I = [ad, 0] € Intf(1)) = (il AL,

INSTITUTO DE INVESTIGACION EN COMUNICACION OPTICA
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Chapter 3

Structural stability of the uncoupled
system F

3.1 Main theorem

The following result gives us a symbolic description in ¥ = ® (2.4, of all orbits of the

se 7l

system 2.2 in the set C = ® C. (see Sections 2.1 and 2.3).

se7d

Theorem 1 There exists yx > U such that, for any coupling parameter ) << ~ < vy, there

is an F-invariant closed set Ax C C and a bijective map 1 : 32 — Ay so that
Moo, = Foll (3.1)
when F is restricted to Ar.
The map 11 : £ — Agr is a homeomorphism in the product topologies.
Proof. To make the proof more simple, we provide ¥ and C with the following dis-
tances compatible with product topologies. Fors = (sy,...,s4) € Z" we use the norm
I's |l = max{[si].....[sal}.

Fix a number ¢ > 1, the distance on ¥ is given by

Dylw. ) = 3 a7 dlws . &),

seZd

12




3.1. MAIN THEOREM 13

and the distance on C is given by

u—1ll, = (]7”5” Ug — Usg)|.
1

sezl
We prove now a generalization of the property H1.b for F, provided the coupling is weak

enough.

Lemma 1 There exists 3 > 0 such that, i w = {ws}eeza and w' = {wl} v are infinite

labels in ®{l, ...\ ps} Jor which 12 Int( fo(1¥)) forall s € Z%, then for ) < v < A,

’
seZd

in (2.2) we have

[m’ c ./T([w) where v = ® [;us and [u-’ = ® [s“L

seZ! seZd

Proof. Let w, w' infinite labels like in the statement of the lemma. By hypothesis

’ ’
e W Wy Ul Jws
mg® < ags <O < M.

Make M = sup { max [Fs{z1, ..., 0p1))
seit

possible choices of (z1,. .., wumpye) € 1P+ Foreach s € Z% let u. @y € 11 such

}, where the maximum is taken for all the

that fs(u,) = m¥s and fs(is) = M. Take v, = Then, for each s € Z* we have,

2A1°
folwg) + | Es () )| < folwg) + 6 < al
and
b < fult) = 8 < fulne) = | B({7))].

The continuity of f; and F implies that /*> C proj.(F(I*)), where proj, : R™ — R
is the projection over the coordinate s = (s,...,sy). Since this is true for all s € Z*,

¥ F(Iv). il

INSTITUTO DE INVESTIGACION EN COMUNICACION OPTICA
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3.1. MAIN THEOREM 14

Lemma 2 There exists vy such that, if the coupling parameter O < ~y < ~y,, then for cach
sequence w = {w(k)}ren of infinite labels {ws(h) }oezt in ®{1, o\ Ds} the set

sz

m f*k([u)(k))
1

kER

contains exactly one element, whenever w = {wk} ¢ zu vcn € Z. (here T - ® 115),

segd

Proof: For 0 < ~ < ~, given, fix w € ¥. Since [+ < F(I*®) e have that

k

Ju.-((])...u,(k) = mf—l(llu(t)) # V)

t=0
These sets are closed and form a nested sequence; furthermore, the .J's sets of the same

generation are pairwise disjoint.

Make
dia.m(J“,(O)..,”,(M) = seuwpl {di'cnn(proj5 ('-]u)(())---zu(k))) }
We show that
i (liam(J“_,(O).,.u.(k.)) = 0. (3.2)

k—oc

If w.o € 1M then a,0 € F([“W) ; thatis, @ = Fuand 0 = Fe for some

w,v € "9 Using the mean value theorem we can write, for suitable y, € /0" and

(zsl‘ . 3£27'-+-1)d) € <[h-qu=_*(o)>",

(Fu)g — (Fu)s = fllys) (us — vs) + WDFS(ZSI, . :S‘ZTH)J) (g — vg)

or

fql(‘ J(us —vs) = (1L — 1)y — “;"DF;(:!, ce Zézrﬂ),l) (u = ).

= 5

INSTITUTO DE INVESTIGACION EN COMUNICACION OPTICA
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3.1. MAIN THEOREM 15

From the definition of o and ;7 it follows that
alli—=vllse €t — 0l +~v32r + 1) w— vl

or

=l <[a—=~32r + D | a@ = 0)|ac.

Therefore

i Jyoywqny = diam (70 FHI Y < foo—~3(2r + 1)'1]’I clian (111,

Similarly. for i.7 € I1*® leta, v € I and u. 0 € I such that Fu = u, Fo — ¢,

=

Fii = and ¢ = v. Then,
=1 <[a=~32r+ 1) | & - 0«

and consequently

diam (Ju'(t))w(l)u'('))) — (Jiam ([u'(O) e ]:~l<[u:(l)) e ]:—'.Z(IU‘('_))))

< o —432r + 1) % diam (1)

[nductively we obtain
diam ooyt ey < L= 33(2r + 1) diam (1),

a—1

f~ <y =mind~,. ——
R { " s(2r + 1)

}, the limit (3.2) holds. ]

We continue with the proof of Theorem 1. Given w = {w¥}c00 4o in &, make

M(w) = () F ™).
ker

INSTITUTO DE INVESTIGACION EN COMUNICACION OPTICA
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3.1. MAIN THEOREM 16

This defines the map [1 : & — TI(X) = Ar. Evidently, the set A x is closed. Moreover,
since the J's sets of the same generation are closed and disjoint, A £ is totally disconnected
and II is one—to—one.

Let us note that forw = {w¥} ez ren € T, since 1) C F(1#9) and ﬁ FReh

kez+
is a singleton, we have

f(ﬁf—w>>) = A NF AL A FA )

keN

= F(y (M FR )
_ ﬁ f—k+l([w(k))’

kez*

Therefore,

H(UT(W)) = H({W?Ll}se/z".krers)
— ﬁ f ju.' k+l)
kel

o ﬁ f_k+l ([u}(lx:))
e T+

J(Q )

= F(l(w)).

Finally we show that I is a homeomorphism in the product topologies. Becausc of
compactness of ¥ in the product topology, and since [l is one-to-one, we only have to

prove that Il is continuous.
In what follows we use the ceiling function [-] (i.e. [2] € Z, v < [a] < . + 1).

1
Let M = min {2, %} and D = sup ( max diam(/ ))

1 <i<py

INSTITUTO DE INVESTIGACION EN COMUNICACION OPTICA
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3.1. MAIN THEOREM 17

logD — log €
Lemma 3 Forany0 < ¢ < min{l,D/M}, maken = [%—l Ifw = {wl}icn
og M

@ = {&L Yscat e are configurations in T satisfying

wi=3 sl <nr. 0<t<n

s

then

[(Tw)o — (Mw)y| < €.

Corollary 1 For j > 0 given, if w = {wilsent ren and w = {wg}eepa e are configura-

tions in ¥ satisfying that

S

<nr+j, 0<t<n

then

| (Mw)s = (Tlo)s [< &, sl <.

We prove the contrapositive of Lemma 3, that is, if | (ITw)g — (IT2)y |> € thenw) £ &

s

for some s € Z%, t € N satisfying ||s|| < nrand 0 <t < n.
Proof. Let u = Tlw and @ = ll& in Az and suppose that
|?lo—a0| Zé

If the points g and @, already lie in different subintervals of 7, the configurations i, and

wy must differ in their first symbol, that is

e
If it is not so, making us, (0) = wuy and us,(0) = @, we will construct a sequence
, log D — log e
{(si, t)}, € Z* x N, withn = R 1 , such that
= log AT

s,y (Lar) = Ty (Fi)] 2 Mug, (8) — U5, ()], 0 <d<n— 1

INSTITUTO DE INVESTIGACION EN COMUNICACION OPTICA
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3.1. MAIN THEOREM 18
Given 7, 0 <7 < n — 1 consider the quantity
6 = pax {Jts, (1) — w4, (t)]}

gl
If 0, > 2Jus (t,) — s, (t,)], we make t,-, = t,, choosing s,;| € (uy)" such that

lug,, (1) — s, (t;)] = 0,
So,

I /“sl+1(tz+l) - ns,,,l(tzfl) 2 2 | u's,(ti) - flsl(tt) |

if 8, < 2| ug(t,) ~ us(t;) € [, and

1 >1+l
(=} ...z € X Ly

Hil<r

Jus, (ti + 1) = i, (£ + 1)

= | fo ) (us () — s, (t:) + 7 Z DFs, . .,:Qf"'“)'l) (e, 4, (1) =

Iyl

D 1V
P Z }Dﬂ(z;l,...,;gf oy

2> \fsll(!/z) us, (t,) — 1, (1)

EEES

> [n —290(2r + l)d} us, (t,) — ﬁsz(t,)}.

a—1

Let v+ = min _
4 { 43(2r + 1)¢

a+1

|u51+1(1‘1‘+1) - l_['s,+1(t7:+l)‘ Z

‘“s‘ (t.) — Uy, (1z>|

provided thats,;| = s; and ¢, = t; + 1.

ta) — T, ()] = M ug — 7| > M™e > D, 1.e. the points u,,
. y p ,

“5,1_/(/1))

g, 4, (1) — {7,51{,(/,)‘

} If 0 < v < 7, the condition over v yields to

(/,,) and

s, (t,) lie in different subintervals of I and therefore, wi" # w{* . It follows from the

definition of s; and t, that | s, — sy |[< nr forany 1 < i < nandthat| 1, — ¢ty |<

n. O

INSTITUTO DE INVESTIGACION EN COMUNICACION OPTICA
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3.1. MAIN THEOREM 19

Lemma 4 Forany j and nin Z* there exists ¢ > 0 such that D (w,©) < 0 implics

wi=al sl <nr+j 0<t<n

Proof. The condition D(w,w) < ¢ implies that for all s € Z9, ¢ 15 d(w,. we) < 6.
The latter implies the existence of an integer Ss such that if ||s|| < S5 then there cxists

t, > 1 such that

wh =@l 0 <t <ty

The integer ¢, is a non-increasing function of || s ||. Moreover, both Sy and £, go to infinity

when § goes to 0. Therefore, the window {(s,t) € Z4*' © ||s|| < nr+j, 0 <1 < n)
is contained in the window {(s.t) € Z9*! : ||s| < S5, 0 <t <t} if § is sufficiently
small. O

We are ready to prove the continuity of the map [ in the product topology:

We have that I} C [s C [ = [a. b]. Fore > 0 given, there exists j* € Z* (which goes

to infinity as £ goes to () such that

(b - a) (i (20 + 1)¢ M (2 — 1)d> ) %

="

Choose ¢ such that

ST d -~ an\d
. (20 + 1)* — (20 — 1)
é <1+; ; <

By Corollary | there exists 7 such that for any configurations w = {wf}, .1 1 and

| ™M

O = {5 ez ken in T satisfying w! = &L for ||s || < nr+ j*and 0 <2 ¢ < 1, we have

| (TMw)s — (M) [< e [is]l <y

INSTITUTO DE INVESTIGACION EN COMUNICACION OPTICA
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3.1. MAIN THEOREM 20
We
0
o 3
W
: . : /—ll~9 3
Ll
7
[ %
_ oy eQ
w,we®ﬁgs 7
SeZ

Figure 3.1: The continuity of the map [].

By Lemma 4 there exists 6 > 0 such thatD,(w.w) < 6 implies

. wi=a s <nr+j% 0<t <

8
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Chapter 4

Possible generalizations

We believe that the technique developed in the work (mainly lemmas 3, 4) will allow us

to obtain some results in the following directions:

¢ Instead of consideration of repellers in I—-dimensional expanding local maps, onc
can try to consider individual p—dimensional systems p > 1, with hyperbolic in-
variant sets. For the beginning it is natural to consider individual maps with smalc

horseshoes.

» One can generalize results of [ 1] and [3] to study directional entropy and density of
directional entropy for weakly coupled LDS in d—dimensional case, ¢ > 1. For that,
Theorem 1 provided in this work is the necessary first step. In this generalization,

the case of local maps with regular local dynamics is of the main interest.

e The dynamics of networks of interactive active elements attracts an atlention many
specialists nowadays. The results of the work can be definitely generalized to the
case where finitely many individual maps are interacting with each other by a rule
defined through a graph of interactions. Moreover, some specific problems for net-

works of coupled elements can be rigorously formulated and solved.
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