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Preface

The present work summarizes the research I conducted during my doctoral studies at the Facultad de
Ciencias of the Universidad Auténoma de San Luis Potosi, spanning the period 2022-2026. When I
entered the doctoral program in 2022, I chose to join the Cold Atoms Group under the supervision
of Dr. Eduardo Gémez. One of the main research areas of this group is gravimetry, the science of
measuring gravity. Gravimeters play a crucial role in a wide range of scientific and technological
applications, ranging from navigation and inertial guidance [1]to the detection of gravitational waves [2,
3, 4], determination of fundamental constants such as the fine-structure constant [5] and Newton’s
gravitational constant G [6], and experimental verification of general relativistic predictions [7]. In
recent years, gravimetric sensors exploiting atom interferometry [8, 9, 10] have proven to be particularly
powerful platforms, finding use in areas as diverse as climate studies [11], geodetic surveying [12],
archaeological prospection [13, 14], monitoring of subsurface hydrology [15], and surveillance of
volcanic systems [16]. For these reasons, the ultra-high-precision measurement of gravity is of particular
interest, making gravimetry an active and important area of current research.

The central theme of my thesis is the development and analysis of alternative approaches to
gravimetry based on quantum and optical interference, with a particular emphasis on methods that go
beyond the standard light-pulse atom interferometer [17]. The work is organized around two main
lines of research, each of which gave rise to a scientific article:

1. Magnetic T3-atomic gravimetry

The first part of this thesis is devoted to a detailed study of a gravimeter based on a state-dependent
magnetic acceleration of atomic wave packets in a magnetic field gradient. In this scheme, a sequence
of microwave pulses creates and manipulates a superposition of internal states that experience different
accelerations, causing the spatial branches of the wave function to separate and recombine. Unlike
traditional Raman-based atomic gravimeters, where the interferometric phase scales as T2 with the
interrogation time, the phase in this “magnetic” interferometer scales as 72, which is the origin of the
name T3-gravimetry.

The key results of this research, including a semiclassical and a quantum derivation of the inter-
ferometer phase and an analysis of the limits imposed by the expansion of the atomic cloud, were
published in Physical Review A under the title “Precision limits of magnetic T>-atomic gravimetry due
to atomic cloud expansion” (co-authored with Eduardo Gémez and Luis Castafios).

For reasons of space and focus, the journal article could not include many of the intermediate deriva-
tions, alternative approaches, and complementary calculations that were essential to the development
of the work. Chapter 1 of this thesis (“The Magnetic Gravimeter”) is intended to fill that gap. There,
I present:

e A complete semiclassical treatment of the pulse sequence and the resulting phase shift, including
a comparison between position, velocity, and acceleration splittings.

e A full quantum-mechanical derivation of the interferometer phase using the exact solution of the
center-of-mass dynamics in a magnetic field gradient.

e A detailed analysis of detuning effects induced by the Zeeman shift in an inhomogeneous magnetic
field, and the resulting constraint on the spatial extent (“warning width”) of the atomic wave
packet during the microwave pulses.

¢ Two complementary models for the expansion of the atomic cloud: (i) the evolution of a single
Gaussian wave packet, and (ii) the evolution of a thermal ensemble released from a harmonic
trap, treated with the density-matrix formalism.

e An estimate of the achievable gravimetric precision as a function of experimental parameters
(microwave power, magnetic-field gradient, trap temperature, etc.), and a discussion of intrinsic
decoherence and acceleration gradients.



In this sense, the first chapter can be read both as an expanded, self-contained version of the
published article and as a technical appendix that collects many of the calculations and insights that
did not fit within the constraints of a journal manuscript.

2. Light-based gravimetry

After completing the main part of the work on the magnetic gravimeter, I turned to a conceptually
related but physically distinct idea: measuring gravity using light itself, via the gravitational redshift,
rather than using matter waves as probes. The motivation for this second line of research arose
from discussions with my advisor, Eduardo Gémez, about whether one could build an interferometric
gravimeter that relies purely on photons propagating in a gravitational potential.

The basic proposal, which is developed in detail in Chapter 2 (“The Light-based Gravimeter”), is
to use an optical interferometer in which one arm remains near the Earth’s surface while the other
arm extends to large altitudes (for example, toward a satellite or a lunar retroreflector). The light in
the long arm experiences a gravitational redshift as it climbs out of the potential and back, and this
results in a small but measurable phase shift in the interference pattern. Although the idea is simple in
spirit, its quantitative analysis is subtle and requires careful treatment of the gravitational potential,
atmospheric effects, beam propagation, and systematic errors.

The main results of this second part of the thesis, obtained in collaboration with Eduardo Gémez,
are summarized in the article “Light-based Gravimetry”, which is currently under review. In the thesis,
I present an expanded version of that work, including:

e A derivation of the interferometric phase shift due to gravitational redshift in realistic Earth—
Moon—Sun configurations, with explicit separation of the contributions from geometry, the Earth’s
field, and external bodies.

e An estimation of the achievable sensitivity to g and a comparison with state-of-the-art atomic
gravimeters, highlighting conceptual similarities and practical differences.

e A detailed discussion of atmospheric effects (refractive-index variations, refraction, Rayleigh
scattering) and laser-beam systematics (Rayleigh range, mode matching, Gouy phase, beam
misalignment, Doppler shifts).

e A unified perspective showing that, at a fundamental level, both light-based and matter-based
gravimeters are governed by the same underlying phase expression: the action along each path
divided by A, leading to an interferometer phase of the form A® o k’'gT? under appropriate
limits.

As in the first chapter, many of the technical steps, alternative derivations, and side calculations
that were omitted or abbreviated in the manuscript are fully developed here, with the aim of providing
a complete and transparent account of the reasoning that led to our conclusions.

Beyond presenting my specific contributions, this thesis also reflects my personal scientific trajectory
during the Ph.D. I began by working on a relatively new variant of atomic interferometry—the magnetic
T3-gravimeter—and that experience shaped how I later approached the more speculative proposal of a
light-based gravimeter. In both cases, I tried to maintain a balance between physical intuition and
mathematical rigor, and to connect idealized models with realistic experimental constraints.

The thesis is structured as follows:

o The Preface (this section) explains the origin, context, and structure of the work.

e Chapter 1: The Magnetic Gravimeter — complements and extends the results published in
Physical Review A, providing a comprehensive theoretical treatment of the technique and its
limitations.

e Chapter 2: The Light-based Gravimeter — presents the theoretical foundations and feasibility
analysis of a gravimeter based solely on light, along with a comparison with matter-based
approaches.

o The Appendix contains technical material, including numerical simulations used to study intrinsic
decoherence in the magnetic gravimeter.
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]_ The Magnetic Gravimeter

1.1 Intermission

The purpose of this chapter is to serve as a complement to the article Precision limits of magnetic
T3-atomic gravimetry due to atomic cloud expansion that I published! in Physical Review A [18] during
my Ph.D. studies. Some calculations and ideas were left out of the final paper during the revision
process or were shortened for brevity. In this chapter, I will present them.

1.2 Concept of the technique

The operating principle of atomic gravimetry relies on coherently dividing an atomic wave packet into
two components and subsequently recombining them. Because each component propagates at a distinct
height, they accumulate different phases associated with their respective positions in the gravitational
potential. In the traditional atomic gravimetry, the splitting of the atomic wave function appears due to
the momentum transfer in a Raman transition, so that the two terms in the atomic superposition have
different momentum [19]. Here, we study atomic gravimetry where the splitting is due to a difference
in acceleration.

Consider an atom prepared in the state |F,mpg). Application of a resonant microwave pulse
drives a hyperfine transition, producing a coherent superposition of |F,mpg) and |F’,m%). When
immersed in a magnetic field gradient oriented along z, each component of this superposition is subject
to a state-dependent force arising from its magnetic dipole moment, superimposed on the common
gravitational acceleration g [20]. They separate vertically and a gravitational relative phase appears in
the superposition in a similar way to traditional atomic gravimetry. Additional pulses bring the two
parts back together and a final pulse makes them interfere. The value of g can be extracted from the
measurement with the advantage that counter-propagating Raman beams are not needed in contrast
with traditional atomic gravimetry and that the phase scales with the interrogation time as T° instead
of T?. For this reason, this magnetic gravimetry is better known as T3-gravimetry in the literature.

1.3 Semi-classical treatment

Prior to developing a full quantum-mechanical treatment, it is instructive to examine the problem from
a semi-classical perspective in order to build physical intuition. Consider a magnetic field of the form

B =2, (1)

with 17 the magnetic field gradient in the z direction. Let’s consider transitions between two different
hyperfine levels |F,mp) and |F’, m/z). The only requirement is that at least one of the levels has to
be sensible to the magnetic field and that the response of each level to the magnetic field has to be
different?. We can take for example two hyperfine levels in the ground state of an alkali atom. We
consider low magnetic fields so the Zeeman effect is linear. The vertical acceleration due to the magnetic
gradient force (F) is

F m
ac=— = MBIF F777 (2)
m m

with pup the Bohr magneton and gr the g factor. The total acceleration for the above states is

lwith the help and collaboration of Eduardo Gomez and Luis Castanos.
2For a phase signal linearly proportional to g, we will require the two levels to have an opposite magnetic response as
will be shown in a moment.
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ay =g +ac,,
a- =g+ac,, (3)

where ac, (ac,) is the acceleration in the first(second) level.

1.3.1 Sequence of pulses

Treating each pulse as instantaneous, attention is directed to the free-evolution intervals between
them. The differential acceleration experienced by the two internal states causes a progressive spatial
separation of the superposition components. In a Mach-Zehnder atomic interferometer, a sequence of
/2 — m — w/2 pulses splits the wave function, inverts the velocities to recombine the two paths, and
makes them interfere. The magnetic gravimeter requires a slightly more complicated pulse sequence.
In order to close the interferometer and observe fringes, we need the atoms to end up at the same
height and with the same velocity right at the last 7/2 pulse. This is achieved with a sequence of
w/2 — 7 —m — /2 pulses separated by fall times T3, T» and T5.

1.3.1.1 Sequence g -T—3

Let’s study the sequence of pulses used in light-pulse atom interferometers to see if it can be used to
close the interferometer in the case of magnetic gravimetry. Suppose that each state in the superposition
follows a classical trajectory (path 1 and path 2). If both states have the same initial position zy and
initial velocity v, then, its final position will be different due to the different acceleration experienced
by each one. The final velocity for each path is given by

vy =vp + a1 +a_Ts, (4)
vy =vg+a_Ti + CL+T2, (5)

where T is the time elapsed between the first F-pulse and the m-pulse, and T is the time elapsed
between the m-pulse and the second 5 pulse. On the other hand, the final position for each state is
given by the classical equation of motion

a;T? a_T3

21 = (20 +voT1 + +2 L) + (vo + ag T1)To + B) = (6)
a_T? a T3

2y = (20 + voT1 + L)+ (vo +a-T1) T + +2 2, (7)

by using Egs. 4-5, and by demanding that the final velocities must be equal, we get that in order to
produce interference, the acceleration ay must equal a_ or alternatively, 77 must equal T5. Since, by
assumption, a4 and a_ cannot be the same (because this would not split the spatial wave function),
then, the only acceptable condition is 77 = 75. By accepting this condition on the duration of the
pulses, and by using Eqgs. 6-7 to demand that the final positions must be the same, we recover the
unacceptable condition a4 = a_. Therefore, we cannot close the proposed interferometer by applying
just one m-pulse between the 5 pulses.

1.3.1.2 Sequence 5 — 7 — 7 — 5

Let’s study the sequence of pulses with an extra m-pulse before the last Z-pulse. In this case, the
equations for the final velocities are

V1 = Vo —+ a+T1 + a,Tg + a+T3, (8)
V2 = Vg —+ CL_T1 + CL+T2 + a_Tg, (9)

where T3 is the time elapsed between the second 7-pulse and the second Z-pulse. Likewise, the equations
for the final positions are

2
1

a4T; a_ T2 a T3

21 = [(ZO + ’U()Tl + ] + (UO + CL+T1 + a’_TQ)T3 + 2 ’ (10)

) + (’Uo + a+T1)T2 +
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a_T¢ ay T a T2
23 = [(20 + voT1 + LY+ (o + a_Ty) Ty + +2 2] 4 (vo +a_Ty +ay; To)Ts + 3 (11)

By using Eqgs. 8 and 9, we get an equation that relates the periods between pulses as
To =141y, (12)

where we have defined T, = %‘ and Ty = % Now, by using Eqgs. 10, 11, and 12, we get the condition

for the times elapsed between each pulse,

T = 2Ty,

13
T, =Ts. (13)

These equations hold independently of the values for a4 and a_, as can be shown by substituting them
into Egs. 8 and 9. Therefore, the sequence of pulses required to close the interferometer is

7r/21>7r2>771>7r/2. (14)

This sequence holds even in a quantum description as will be shown later. Figure 1 shows the velocity
and position of the two paths under the sequence of Eq. 14. After the first Z-pulse is applied, a
superposition of states is created, in the semi-classical picture described above, each state moves
independently and with a different acceleration dependent on the hyperfine level under consideration
and the magnitude of the gradient field at the position where the state is located. Every time that a
m-pulse is applied, the velocity of each state changes. Interestingly, the position curves never cross each
other during the lifetime of the superposition, unlike the velocity curves which cross each other once.
One of the paths (blue solid line) remains at a higher position during all the fall time. This height
difference is what introduces the relative phase in the superposition that contains the gravitational
acceleration.

1.3.2 Calculation of the phase signal

Now that we have settled down the sequence of pulses needed to close the interferometer and produce
interference, we are in a position to compute the expected signal for gravimetry. In the semi-classical
picture, each state of the superposition follows a different path and consequently accumulates a different
phase. Therefore, to obtain the gravimetry signal, we need to compute the phase accumulated by each
state during the lifetime of the superposition and then compute the difference between these two phases.
We compare the phase difference resulting solely from propagation® and caused by the splitting of the
spatial wave function for each state. This splitting may be caused by state-dependent differences in the
position, velocity (as in the case of light-pulse atom interferometers), or acceleration (as in the case of
magnetic gravimetry) for the states in the superposition. The phase of each path can be computed
from [21]

t
B; — f/ (Lo — Bt (15)
h 0

where L. is the classical Lagrangian evaluated along the classical trajectory of the i-th path and E; is
the internal atomic energy of the atom.

Let’s compute the phase difference for each of the different types of splittings described above. We
suppose that all the cases begin with the atom in a single state right before the splitting. In a position
splitting the atom is separated instantaneously by a distance Ad = 2z — z; which remains constant
since the initial velocities and accelerations are the same for both states. This case would need an
instantaneous recombination at the end to obtain the interference making it difficult to implement since
the position splitting (or recombination) is never instantaneous [22], and the potential required to do so
introduces additional complications such as decoherence due to the shift operation in position [23]. For
this reason, traditional atomic gravimeters, rely on velocity splitting [17] where one path has a velocity
v and the other vy 4+ 2hk/m right after the first 7/2 Raman pulse. The interferometer is closed by
adding a 7 and a /2 pulses. In this case, the separation grows (decreases) linearly in time for the first

3We can neglect the phase due to a difference in separation of the wave packets at the end of the interferometer
since we are considering an interferometer closed in position. Additionally, we are disregarding the phase accumulation
resulting from the interaction with the microwaves, as the change in momentum is negligible.
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Figure 1: Position and velocity as a function of time for the two paths (blue solid and red dashed lines).
We used 8"Rb atoms, a gradient of n = 0.05 T/m, T = 100 ms, mp = mz = 1 and gr = £1/2 for the
two levels respectively.
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(second) half. On the other hand, having an acceleration splitting instead gives a separation that grows
(and decreases later on) quadratically with time. The comparison of the precession of the magnetic
moment in the magnetic field gradient for the two trajectories is what encodes the information about
gravitational acceleration.

From Eq. 15, the phase for the splitting due to acceleration for each path turns out to be given by*

2, =" /Ot (;vf(t’) —agzn(t) - Ei/m> ', (16)

by using the semi-classical equations of motion to solve the above integral for each interval in the
sequence of pulses (Eq. 14), the phase difference between both paths becomes

AD =Dy — Dy = 3%(%@ —ag,)(ac, +ac, +29)T°. (17)

This semi-classical result that we have derived is the same as the formula originally obtained for
the T3-interferometer of Ref. [24] (except for a factor of 3) but was derived with much less effort.
Additionally, this result is equivalent to the phase observed in the T Stern Gerlach matter wave
interferometer which was proposed in Ref. [25] when the delay time is set to zero (up to a constant
factor in front of the magnetic gradient). The main difference between both interferometers lies in
the method of producing the changes in magnetic acceleration. While the magnetic interferometer
proposed here and that of Ref. [24] achieve changes in magnetic acceleration by changing the internal
state of the atom while the magnetic gradient is kept constant in time, the SG interferometer achieves
the same by using magnetic pulses that change the direction of the magnetic gradient directly without
having to change the internal state of the atom. As a result, the path followed by the arms of both
interferometers is the same. It is important to remark that the precision of the magnetic interferometer
is not limited by the delay time imposed by electronic circuits as it is in the SG interferometer. Instead,
the precision of the magnetic interferometer is primarily determined by the power of the microwaves
used to change the internal state of the atom, as will be discussed later.

We can gain more insight by considering states with an opposite magnetic response, for example,
the stretched states of the *'Rb atom (9r,. =1/2 and mp, , = F2). In this case, the phase difference
is linearly proportional to g, i.e., '

Ad, = 12L§779T3, (18)

where the subscript indicates that this is the total phase difference when considering the transition
between the stretched states. We can compare this result with the signal measured in traditional
gravimetry that uses stimulated Raman transitions to induce state transitions and changes in momentum
[17]

AD = Fk.ppgT?, (19)

where hkery is the effective momentum gained by the atom after the Raman transition has finished.

Following the same procedure used above, we can derive the phase signal for the rest of the types of
splitting, including that of the light-pulse atom gravimetry (Eq. 19). Table 1 gives the phase difference
(AD = §y — @q) for the case of splitting in position, velocity, or acceleration in terms of the total time
(T}) of the sequence. The sequence requires an extra 7 pulse as one moves from position to velocity
splitting, or from velocity to acceleration. The phase difference grows as a linear, quadratic, and cubic
function of time respectively, and is proportional to the quantity responsible for the splitting. Figure 2
shows a comparison of the phase difference for the three cases as a function of the total time T;. The
acceleration splitting gives a bigger phase difference for a relatively short time (7}) compared to the
other methods. In the case of the magnetic gravimeter, T; depends on experimental parameters such as
the magnetic field gradient 7, and at fall times slightly below 1 s, one already gets a reasonable phase
difference.

4We are considering a static reference frame. In this reference frame, the integral of the Lagrangian does not vanish as
is the case of a reference frame that follows the atom. When using a reference frame that follows the atom, a new term
that can be interpreted as the phase printed by the light on the atom arises (see for example Ref. [17]).
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Table 1: Comparison of the phase difference with splitting by position, velocity, and acceleration. We
suppose that the internal atomic energy of the atom in Eq. 15 is the same for both paths in the case of
position splitting. Note that in a splitting due to differences in velocity or acceleration, the internal
energy of the atom does not contribute to the phase difference since the corresponding term in the
integral does not change with time and there is a change of sign due to the 7-pulse(s) that cancels out
the contribution for each path.

Splitting by Position Velocity Acceleration
Separated by Ad =29 — 21 Av =vy — 13 Aa=as —a , (a1 = —as)
T T _ T T _ 2T _ T
Sequence /2 = 7n/2 | 7/2 57 =7n/2| w/2 =71 —>71>7/2
Total time T; T, =T T, =2T T, =4T
Phase difference A® | (Z2) AdT, 2(32) AvT? 6(%2)AaTy
S E (O = Paosition ]
Velacity

Acceleration

Total time (7})(ms)

Figure 2: Comparison of the phase acquired for a gravimeter separated by position (black dotted dashed
line), velocity (orange dashed line), or acceleration (red solid line) as a function of the total time (7%).
We used 8"Rb with Ad = 200 pm; Ak = 27/780 nm; n = 0.05 T/m, gr,.=1/2 and mp, , = F2.
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1.4 Quantum treatment

The calculations above considered a semi-classical picture to represent the superposition of states.
Nevertheless, a correct calculation of the interferometer phase demands solving the evolution of each
state using a quantum mechanical approach. A solution using time-evolution operators can be found
in Ref. [24]. However, our calculation follows a different approach. Consider an alkali-metal atom
with quantized center-of-mass motion along the z-axis, subject to a constant gravitational field and
interacting with a classical magnetic field of the form given by Eq. 1 and subject to microwave
excitations (B,) that propagate along the x-axis with polarization along the §-direction. Note that B,
is only used to control the internal state of the atom, so its polarization can be chosen in any convenient
direction. We focus on the z-axis movement of the atom since the transverse (z and y) directions give
a free evolution. The resulting Hamiltonian is [20]

1
H@ZiEﬁ+me+HijMﬁ+Bﬂm, (20)

where H 4 is the atomic structure Hamiltonian and p is the magnetic dipole moment operator of the
atom. The solution to this Hamiltonian, in momentum space, for the stretched states (gr,, = 1/2 and

mp, . = F2) of the *'Rb atom was calculated in Ref. [20] and is given by

o~ o~

Ok, 7) = Gk + o7, 0) exp | —iqr T + iz —k* — iz (k + g>7)° (21)
3¢z 3q2
where k is the momentum of the state and e is given by
hk?
‘T 2MAW (22)
where M is the mass of the atom. Also, we have defined
1 Mg
== =|——+ 23
q1 9 q2 (hAWH 71>, (23)
where gq is the acceleration of gravity and
gs — 21971%
Y1 = L (24)

2(9s + gn =)’

where m, and m, are the electron mass and the proton mass respectively and I is the nuclear spin.
Finally, we have defined the inverse of the characteristic length of the system as
Hn\ 7

“E(QSM?B-F%?)W > 0, (25)

where g, is the electron spin g-factor, g, is the nuclear g-factor, up is the Bohr magneton, u, is the
nuclear magneton, AAW is the field-free ground-state hyperfine splitting energy, n is the proportionality
constant of the magnetic field (Eq. 1), and 7 = AWt is the non-dimensional time.

Equation 21 gives the evolution of the state (subject to Eq. 20) recursively. In particular, it gives
the evolution before the pulse (B,(t) = 0). Now, using this solution for our calculation, we consider the
same sequence of pulses as before (Eq. 14). The state at the end of the first interval will be given by

€ €

k3 —i

k+ Tﬂ, 26
3q2i 3q2i ( q2i ) ( )

¢:t(k7 7—) = ¢:|:(k + q2. T, 0) exp [—ith +1
where the subscript + denotes the choice of either a plus or minus sign preceding 77 in the definition of
g2 (Eq. 23), i.e., it specifies the state under consideration. At the end of the second interval, the state
will be given by

€ €

|-
3¢2 3¢2

qgi(lm T+27) = gi(k + 22, 7,7) exp {—Ziqﬂ +1 (k+ 2q2;7)3] , (27)

and at the end of the last interval, the state will be given by
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€ €

k3 —i kE+ 73]. 28
3(]2:t 3q2:t( qzi) ()

ai(kﬁ +2147)= qAbi(k + qo, T, T+ 27)exp | —iquT + ¢

We can substitute Eq. 27 into Eq. 28 to get

a)\i(k,T-i-QT-f—T) = &5i(k+Q2iT+QQQ:FT,T)

€ €

exp |—2iqiT + i3 . (k4 qa,7)% — i?)qz¥

(k4 qo.7) + 2q2;)3]

€ . €

-
Squ Squ

exp | —iqiT +1 (k + qa. 7)3} . (29)

Similarly, we can substitute Eq. 26 into the last equation to get

ggi(k,T—i—ZT—i—T) = (}\i(k+q2iT+QQQ;T+QQiT,O)

€ €

exp [—iChT +1 (k4 g7 +2q2.7)° — i ((k+q2e7+2¢2.7) + quT)3]

3QQ:E 3(]2i

€ €

(k+ (J2i7)3 —

k 2 3
3q2¥ 3@; (( " qziT) ’ qu:T) ]

exp {—21’(]17 +1

€ €

|
Squ Squ

exp |—iqiT +1 (k + qa. 7)3} . (30)
This equation describes each of the two states of the superposition at the end of the last interval and
can be used to compute the total phase difference between them. Note that the first term on the
right side of this equation can be interpreted as a wave packet that has not evolved in time and in
consequence, it does not contribute to the phase difference. For this reason, the phase gained for each
state will be given by

p+(k) = —4q7
+

3q2 [(k =+ quT + QQQ:FT)3 — ((/ﬂ =+ quT + 2(]2:F7') + quT)g + k?’ — (]i} + qu’r)g}
+

+ [(k + QQiT)3 - ((k + QQiT) + 2(12;7—)3] . (31)

3q2-

Thereby, the total phase difference between both states when the last -pulse is applied will be given
by

AD =5 (k) = - (k) = 2 [(a2.)* = (g2.)] e, (32)

We can gain more insight into this result by substituting the definition of the non-dimensional parameters
and using an approximation for the x and ; parameters defined in Egs. 24 and 25 as follows. The
Bohr magneton and the nuclear magneton are defined as

he he

P

H“B (33)

2m.’ 2m,,’

where m, and m,, are the electron and proton mass respectively. However, the proton mass is several
orders of magnitude larger than the electron mass, therefore, we can use the following approximation
22
KA Gg— ——. 34
N (34)
Additionally, since we are considering the alkali atom of ®*'Rb, we have the following values for this
atom [26, 27]
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3
gs 7 2.002, gn ¢ ~0.001, [=->. (35)
my 2
As a result, we can also use the following approximation

Thus, by using the definitions in Egs. 22-23 and the above approximations (Egs. 34 and 36), we get
the total phase difference

— 37
h AW h ’ (37)
where we have used 7 = AWt¢. Notice that, as expected, the result of our calculation is the same
as that obtained following a semi-classical approach (Eq. 18) except for a factor of 3 (see discussion
following Eq. 17). Therefore, the result in Eq. 37 coincides with and is a particular case of the general
solution demonstrated in Ref. [24]

3
M)4u377g< T > _ 4B s

m
AD = E(ace —ac,)(ac, +ac, +29)T°. (38)

1.5 Detuning of the transitions due to the Zeeman effect

Equation 37 establishes that the value of g can be extracted from the measured phase difference at
the output port of the interferometer. Under ideal conditions, the pulse sequence of Eq. 14 would be
implemented with precisely tuned Rabi frequencies to drive the target transitions resonantly. However,
even if we started with the correct frequency, there is a position-dependent detuning that has to be
taken into account when the atoms exist in free fall. To see why, remember that the experiment takes
place inside a magnetic field gradient on the z-axis of the form given by Eq. 1 and consider transitions
between two hyperfine state levels of the atom with a different magnetic quantum number

l9) = |Fyg,mpg)

&) = |Fovme) (39)

where mp.(mpg4) is the magnetic quantum number of the excited(ground) state, and Fy(F,) is the
total angular momentum of the excited(ground) state. The transitions in this two-level system are
characterized by a frequency wo1, i.e.,

E.—-E,
-

Since the atom is placed inside this external magnetic field, its energy levels will be split according to
the (linear) Zeeman effect, i.e.,

W21 = (40)

AE:,LLBgFmFB, (41)

where pp is the Bohr magneton and gp is the Landé gp-factor. Moreover, due to the linear dependence
of the magnetic field with the position, the Zeeman split will depend on the position as well, i.e.,

AE(z) = upgrmpnz. (42)

This change in the energy due to the Zeeman effect can be translated into a change in the corresponding
frequency of the energy level with the magnetic number mp through the Planck relation, i.e.,
_ HBGFMFE 5

Aw(z,gr,mp) = — = (43)

We suppose that the wave packet describing the atom is initially located at zy where the magnetic
field is By, and induce Rabi transitions between our two states by applying a perturbation with a
frequency-tuned with the transition that interests us. Then, both levels will suffer a shift, so the new
transition frequency will be given by
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HBYF. ;s MFeyy T

L ?0
h

where we have defined an effective product between the quantum magnetic numbers and the Landé

gr-factors as

Wy = wa1 + Aw(zo, gr,, mp,) — Aw(zo, gr,, mF,) = wa1 + (44)

GF.;yME,;; = gF.MF, — §F,MF,. (45)
Hence, the detuning of the Rabi oscillations when the atom is at z will be given by

;o /‘LBgFeffmFeffn

0(z) =wp —wh = - (z — zp). (46)

1.6 The warning width

It turns out that this detuning in Eq. 46 sets a constraint in the width, in position space, that the
atom’s wave function can have to have resonant transitions. To determine this warning width, we
recall that the probability of finding the atom in the excited state at time ¢ when it was initially in the
ground state at t = 0 is given by [28]

B = O s m (a7)

where Q is defined in terms of the Rabi flopping frequency 2 and the detuning 6%, i.e.,
Q=624 02. (48)
Now, consider the point where a m-pulse results in no transfer of population, i.e.,
2 t
[(5(2’)] +02 (2> =, (49)
from which we get

Vir? = P2

5(z) = - (50)
Using the above result and Eq. 45, we get
2 _ 0242
AZ — Var? — Q2% h (51)

t l’LBgFeffmFeff’r]'
For experimental purposes, we would like to have € fixed. Therefore, the width will be fixed by ¢. For
example, if we use a m-pulse, i.e., ¢ = 7/Q. Then, the warning width will be given by
h
/’I’BgFeff mFeff n .

Thus, to stay in resonance during the application of the Rabi pulses, the width of the atom’s wave
function in position space must remain smaller than the width given by Eq. 52.

Finally, notice that usually the electric field dominates since it is several orders of magnitude larger
than the magnetic field so the Rabi flopping frequency is usually taken to be

AZ = /30 (52)

—eEo (e] 7 |g)

h )
where 7 is the position operator in the direction of the polarization of the electric field, E; is the
amplitude of the electric field, and e is the electron charge. Nonetheless, for an alkali atom inside a
magnetic field gradient, the transitions are driven by the magnetic field of the microwaves and not by
the electric field. This is because we will only consider transitions between hyperfine sub-levels in the

Q:

50ther references name € as the Rabi flopping frequency instead of €. In any case, notice that € is the parameter
that contains the information about the transition frequency while Q only contains the information about the strength of
the electromagnetic field.
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ground state 525, /2 of 8TRb [20] for which the dipole matrix elements are zero due to selection rules
[29]. Therefore, the Rabi flopping frequency will depend solely on the magnetic field, i.e.,°

—By (e
q- —Bo <h| 1lg) ’
where p is the total magnetic moment operator in the direction of the polarization of the magnetic field,
By is the amplitude of the magnetic field B which in the case of a monochromatic polarized microwave
can be written in the generic form

(53)

B = By cos(wt)é, (54)

where we have ignored the spatial variation due to the dimensions of the atom. Thereby, the amplitude
of the magnetic field will set the warning width. The more intense the magnetic field, the larger the
warning width and vice-versa.

1.7 Expansion of the atomic wave function for a pure state

As previously seen, to have resonant transitions, the width of the atom’s wave function in position
space has to be smaller than the warning width set by Eq. 52. Therefore, it is imperative to know
what is the width of the wave packet and its expansion. In general, the expansion will depend on how
the initial state was prepared and its initial width. In this section, we will consider the case of a pure
state resulting from the application of a selector pulse in position space and later, we will consider the
case where the expansion is described by the evolution of a thermal ensemble of atoms initially trapped
in an optical dipole trap. We will begin by reviewing the time evolution of a Gaussian wave packet.

1.7.1 Time-evolution of the free wave packet
We begin by considering a superposition of plane waves with different amplitudes [31]

U(z,t) = / h dkA(k)e! ==t (55)

—o0
where k is the wave number and the amplitude A(k) is of the Gaussian form
A(k) = Cemk—ho)*/2, (56)

where kg is the center of the distribution, C' is a scale factor that we can use to normalize the wave
packet, and « is a parameter that defines the initial width of the wave packet as we will see in a moment.
To compute the integral in Eq. 55, we need to establish the dependence between w and k, i.e., the
dispersion relation. We will consider the dispersion relation to be sharply peaked about k = kg and use
a Taylor expansion about this point to second order, i.e.,

w(k) = wo + (k — ko)vy + %(k —ko)?B, (57)

where wy = w(ko), and vy is the group velocity defined as

vg = (&‘;gf))k_ko’ (58)

= (), -

Now, we can substitute Egs. 56-57 into Eq. 55 and workout the integral. Then, the wave packet in
position space, normalized and initially centered around zy, is given by

and [ is given by

SThis is the paramagnetic contribution to the magnetic moment of the atom and is valid for weak magnetic fields. In
general, there is another quadratic contribution called the diamagnetic moment of the atom which is very small [30].
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« 1/2 T i (2 — 29 — v,t)2
U(z,t) = <2g2> \/ o j_ T exp [QW expli(ko(z — 20) — wot)]. (60)

We can cast the above equation into a more illuminating form by putting the complex factors in the
denominators in the standard form (Z = [R(Z) +i$(Z)]), and by using the de Moivre’s theorem to
compute the required squared root. In this way, we obtain the expansion of the free Gaussian wave
packet as follows

~1/4
a2+52t2> /ex [ 1 (2= 2z — vyt)?

2 4

2 1) = (27)1/4
U(z,t) = (27) ( 4 (a? + B%2)/(20)

. 2
exp [z <k:0(z — %p) — wot + @SW - %arctan [it] )} . (61)

If we re-accommodate terms, we can write the equation describing the evolution of the normalized free
wave packet as
1/4
1 1 (2 — 20 — vyt)? i Bt
U(z,t) = | —— eXp | =Sy | eXp |~ arctan | ———
21 (02 (t)) (02(1)) 2(0-(0))

, [(z = 20)% + 2200gt] Bt wyt(vgt — 22) Bt
exp [Z (ko(z — zp) — wot + o (o ()2 5 + 4[02@)02(0)]22>] , (62)

where the width of the wave packet is given by

0.t = | (63)

Thereby, the initial width of the free wave packet is given by

0.(0) = Va/2. (64)

Hence, the expansion of the free wave packet is described by

ou(t) = \/ .0 + |52 | (65)

1.7.2 Initialization of the free wave packet

Notice that we can take advantage of the result in Eq. 52 to perform a measurement in position space
and discard the atoms that did not end up in the desired final state because the width of its wave
function was larger than AZ, so we end up with a cloud of atoms with a definite uncertainty (width)
in position space. We can use this selector pulse to set the initial width of the atom’s wave function in
position space. This approach only works if the initial width of the atom’s wave packet is larger than
the warning width set according to Eq. 51. The application of this selector pulse results approximately
in a pure state (for the external degrees of freedom) described by a Gaussian wave packet of the form
given by Eq. 62 with its expansion described by Eq. 65. Notice that if the initial width is too small,
the wave packet will expand quickly and the detuning will begin to be a problem. On the other hand,
if the initial width is too large, the expansion time will be short. It seems that there should exist a
sweet spot where the initial width is not too small or too big. Thus, we need to try to optimize Eq. 65.
As mentioned earlier, the maximum Rabi frequency that can be obtained in the laboratory will usually
set the final width that can be used to drive the transitions, thus, it makes sense to set the final width
as a constant in Eq. 65 and find out the initial width that maximizes the time needed to reach the
final width. Thereby, we re-write Eq. 65 as follows

t= 2";0 (025)2 = (020)2, (66)



The Magnetic Gravimeter 19

sz[m']
0.6
0.000012 f
0.7
0.000010
1.3
8.x1078} 0.8
1.2
6.x1076 ¢
1
‘ ‘ ‘ ‘ - - s
0.02 0.04 0.06 0.08 0.10 0.12

Figure 3: Maximization of the time needed to reach a given final width o.9. The initial width (o,0)*

that maximizes the time needed to reach o is given in Eq. 67. The numbers on the right mean:

times (0.0)*; so 0.6 means 0.6(0,0)*, 0.7 means 0.7(0.0)*, and so on. The dashed line represents the

;17esired final width o.f. This plot was generated by considering M in Eq. 68 equal to the mass of the
Rb atom.

where 0,9 and o, are the initial and final width respectively. The initial width that maximizes this
expression is given by

(020)" = f/g (67)

If we substitute back this value into Eq. 66, we get the time that we can let the wave packet expand

ol
b = 5 (68)
By comparing Eq. 62 and the wave function of Eq. 21 written in position space for an initial coherent
state wave packet [20], we get that 8 = i/M where M is the mass of the atom. We show in Fig. 3 the
optimization of the wave packet for a given final width.

1.8 Expansion of the atomic cloud for an ensemble of atoms initially trapped
in thermal equilibrium

The pure state considered in the last section, helped us to understand the general behavior of the
expansion of the wave function. However, it does not take into consideration the thermal distribution of
the atoms. To take into account the effect of the temperature, we need to consider the density matrix
of the ensemble of atoms. Thus, in a more realistic computation, the expansion of the wave packet has
to depend on both the temperature of the atomic cloud and the frequency of oscillation of the atoms in
the initial trap.

1.8.1 Initial Conditions of the atomic cloud

The first step in atomic gravimetry is to trap and cool the atoms to be used. Let us assume that we
use an optical dipole trap and that the atoms in this trap oscillate along the z-axis under a harmonic
oscillator potential with frequency w. Furthermore, let’s suppose that we keep the atoms trapped until
they reach a thermal equilibrium”. Afterward, we turn off the trap and let the cloud of atoms expand.
After we release the atoms from the trap, every atom will have a different wave function so we will

"The conditions to get a thermal equilibrium will depend on the type of trap chosen.
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have to rely on statistical methods to know the properties of this ensemble. In the following sections,
we will give a brief review of the formalism of the density matrix and show how the density matrix for
our particular case can be computed. We will suppose that the ensemble is a canonical ensemble kept
at temperature T even after we release them from the trap. This is justified because the potential is
turned off instantaneously so we can expect that the thermal equilibrium stands for a short period
since the atoms do not have enough time to reach the walls of the system to interchange kinetic energy.
Besides, we suppose that we have a dilute gas so the atoms do not interact with each other. Finally,
it is important to mention that for the next results, we will consider that this ensemble follows the
Boltzmann statistics. This is justified since trapping atoms by simply using an optical dipole trap is
not enough to produce a Bose-Einstein condensate. To achieve the quantum regime of Bose-Einstein
statistics, we would need to additionally use evaporative cooling.

1.8.2 Review of the density matrix

Statistical properties of the ensemble are most conveniently expressed through the density operator
formalism. For an ensemble of non-degenerate states, the density matrix is given by

pP= an ‘¢n> <¢n| ) (69)

where the probability w, is normalized such that > w, = 1. In the case where |¢,,) are the eigenvectors
of the Hamiltonian H, i.e., H |¢,) = Ey, |¢n), we have that [28]

w, = e PP /Q, (70)
where w,, is the probability of finding, in the ensemble, a system with energy E,, i.e., in the state

|pn). Also, @ =", e #Fn is the well-known partition function, and 3 = ,%T, where k is the Boltzmann

constant and T is the temperature of every system in the ensemble. Therefore, we have that

p=Q 7> e 6,) (dnl = Qe " |on) (dnl

_ e (71)
Tr(e=8H)’
=Q lePH,
Now, we will try to compute the density matrix by following the method described in [32]. Let us
define the non-normalized density matrix p,, given by

pu=ePH. (72)

If we take the derivative of this equation with respect to 3, we have

_ Opu
op
Thereby, by solving this PDF we can find find p,. The initial condition needed to solve this equation is

that if we take the limit 8 — 0, i.e., T'— 0o, we have to recover the density matrix of a completely
random ensemble, that is

pu(0) = 1. (74)

From now on, we will omit the sub-index and just write p for the non-normalized density matrix.
What’s more, to write the matrix elements in position space, we will use the following notation

(@] pla’) = plz,2'8) = Y Q7 e Py (x)¢;,(a). (75)

Therefore, in position space, Egs. 73 and 74 have the following form

op(z, 2’ '
OB — oo, )5), o
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and

p(z,2'10) = 6(z — ). (77)

Note that H, operates in the z-axis. Let us see how to solve these equations for different Hamiltonians.

1.8.2.1 Density matrix for a 1-D free particle Hamiltonian

Now, we will show how to solve Egs. 76 and 77 for the case of the 1-dimensional free particle Hamiltonian,
ie.,

~2
p
H = 78
2m’ (78)
where p is the momentum operator given by
p = —ihV. (79)

Therefore, the equations to solve are

dp(a, ' R o /
S et 19), i

and

p(z,2'10) = 6(z — o). (81)

The solution that satisfies these equations can be easily found to be

ploi|) = [ o0 - (g5 -] (2)

This is the equation of a normal distribution and can be written as

| 1(x—a')?
p(z,2'|B) = WGXP { 202} (83)

where the standard deviation of the distribution is given by

ah¢i. (84)

This result means that the matrix elements of the density operator in position space follow a normal
distribution centered at the diagonal. Then, the diagonal elements are given by

1
z,z|B) = .
p(z,z|B) o
Observe that this solution is not normalizable. This makes sense since the wave function of a free
particle is not normalizable either.

(85)

1.8.2.2 Density matrix for an ensemble of free particles in a box

If we have an ensemble of free particles confined in a box, the matrix elements of the density operator
are still given by Eqgs. 84 and 85. However, this time the diagonal elements are normalizable. If the
box (1-dimensional) has a length L, we have that the normalization constant is given by

L2
N = / plx, z|p)dx
L/2
L 2
_ / (6)
U\ﬁ L/2
L

oV 2.
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1.8.3 Density matrix for an ensemble of atoms subjected to a harmonic oscillator potential

Notice that the potential in an optical dipole trap can be approximated with a harmonic oscillator [33].

Thus, now, we focus on solving Eqs. 76 and 77 for the case of a harmonic oscillator Hamiltonian?®, i.e.,
-2 242
P mw=g

H= 87

2m 2 (87)
With this Hamiltonian, the equation to be solved becomes
dp > p 2

_r_ 88

50 8524%5 Ps (88)

where we have introduced the non-dimensional quantities

¢ = \/?x, (89)

hw
2

and

0

A. (90)

Similarly, the initial condition can be re-written using the non-dimensional variable ¢ and by using the
composition property of the Dirac delta function

1
o[f(x)] = Zi:mM%—’Ii)y (91)
where f(z;) =0 and f'(x;) # 0. Thus, if we write

mw

f@)=¢-¢ = /5@ =), (92)
we get
/ h /
(@) = 8(E =€) = ——dw — ), (93)

and the initial condition can be written as

p(.€10) = [ TFo0(e ~ €). (94)

In order to solve Eq. 88, we will analyze the solution in the high-temperature limit, i.e., when § — 0.
In this limit, the particles have to behave like a free particle so the solution has to be the Gaussian
distribution in Eq. 83. Thus, we suppose a solution of the form

p = copl — (a(0)€> + b(0)¢ + c(6)]. (95)

where a, b, and c are parameters that depend on 6. If we differentiate this equation and substitute it
back into Eq. 88, we reduce the PDE into the following system of ordinary differential equations

da
— =1 — 4d?
a6 “
% = —4ab, (96)
dc
= —9q — b2
20 a—>b

The first of these equations has two possible solutions,

8This procedure was taken from Ref. [32], we repeat the calculation here since the reference has an error in the final
result.
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o= %coth (200 — 1)), (97)

and

a= %tanh (2(60 = c1)), (98)

where ¢ is a constant. However, if we want to satisfy the initial condition, we have to choose the first
solution. Then, we substitute this solution back into the second line of Eq. 96, and solve the resulting
ODE to get

b = ¢y coth (2(6 — ¢1)) sech (2( — ¢1)), (99)

where ¢, is a constant. Similarly, if we substitute this solution and the solution for a into the last line
of Eq. 96, and solve the resulting ODE, we get

1 2
=3 (sinh (200 — cl))> n %2 coth (2(0 — ¢1)) — In(cs), (100)
where c3 is a constant. Then, we can substitute back the solutions for Eq. 96 into Eq. 95 to get
S - exp {— coth (2(6 — c1)) (52 + cgsech (2(0 — ¢1))€ + c%)} (101)
sinh(26) 2 2/

Nonetheless, to satisfy the initial condition (Eq. 94), we have to choose ¢; = 0, so we have

C3

- /sinh(26)

Now, we have to analyze the behavior of our solution in the high-temperature limit, i.e., § — 0. For
that reason, we use the following Taylor expansions

exp [ — coth (26) (522 + cosech (260)€ + 02%)] : (102)

3

x
inhz = Zo4..
sinh x a:—|—16—|— )
1
COthl‘Z*-i-E—l—---, (103)
z 3

2
sechle—%—i—---.

Then, if we expand at first order the trigonometric functions in the solution for p, we get

C3 1 ) 2
= — - — 2 . 104
p 29exp[ w& T b +¢3)) (104)
Thus, if we choose c; = —¢’ to complete the square in the exponential, and c3 = /5%, we recover the

solution for the free particle (Eq. 83) as expected. Therefore, the desired solution for the harmonic
oscillator potential is

p(&,€'|B) = 1/#}{:}1(29) exp [ %(20)(52 — 2¢'¢ sech(20) + 5/2)] (105)

Note that when 0 = 0, we recover the initial condition, i.e.,

Nay o | Tw mw (x — )%\ 9—o0 ,
plx,2'|8) = 27T71(2‘9)exp<—2h 59 ) 0(x — '), (106)

where we have used the fact that

. 1
lim {/ —exp

a—0t+ T™a a

(‘“”‘“30)2) — §(x — o). (107)
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Note that since the partition function is defined as the trace of the density operator, we will only need
the diagonal elements to compute average values®. Fortunately, the diagonal elements of the density
operator can be written in a very simple form by using the following trigonometric identity

coth(20)[1 — sech(26)] = tanh 6. (108)

Therefore, for the diagonal elements of the density operator, we have

plz,z|B) = , /#ﬁ(w) exp ( %:ﬁ tanh(@)). (109)

Thus, we can compute the average value of the squared position as follows
— 2 d h h
7?2 = J 2 plw, 215)dx = coth whh : (110)
[ p(z,z|B)dx 2mw 2

Notice that we had to normalize the result because the density operator was not normalized. Similarly,
for the average of the position, we have

J xp(a, 2]8)dx

T = =0. 111

T o 19)da -

Therefore, the dispersion of the distribution function in position space can be easily computed as follows
— h hw

2=22-7 = th( — ). 112

Te =TT T o <2kT> (112)

In the case of 'Rb atoms, we have m ~ 1.4 % 10~2® Kg. Besides, a typical temperature value for an
atomic trap is T~ 1uK, while a typical frequency value is w = 27 * 10kHz. With these values, the
width of the distribution function in position space becomes

o & 0.1um. (113)

1.8.4 Time-evolution of the density matrix

The calculation of the last section was for the static case where the density matrix does not change
in time. Nevertheless, once the atoms are released from the atomic trap, we can expect the density
matrix to evolve in time under a new Hamiltonian. Thus, we need to compute the evolution of the
density operator. Let’s consider that at time ¢y the density operator is given by

p(to) =Y waln(to)) (n(to)| - (114)
n
In the Schrodinger picture, the state vectors evolve in time using the time-evolution operator as
Ul(t, to) [to) = [t) (115)
where
H
Ul(t,to) = exp —zg(t—to) . (116)
Then, the density operator at time ¢ is given by
p(t) = Up(to)U' = U(D_wn In(ta)) (n(to)| U,

(117
— anU\n(to)) <7l(to)|UT. )

91t can be easily shown that the partition function is the trace of the density operator if we use the energy eigenkets.
However, when two matrices are similar, their trace is the same, independently of the basis chosen, so this result is
general.
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As shown in many Quantum mechanics textbooks [28], it can be easily proved from this equation that
the density operator evolves according to the following equation

magigf) =—[p(t), H]. (118)

However, if we could compute U |n(tp)), our problem would be solved without the need to solve this
PDE. It turns out that if we use as our base, the energy eingenkets of the Hamiltonian

Hn) = E, |n). (119)

Then, the matrix elements of the density operator can be easily computed when the Hamiltonian does
not depend on time, i.e.,

—iEn 1&
(nlp(t) In") = (n|e™ " p(to)e’ " |n')

. (120)
= et (n] p(to) '),

where we have defined

E,—E,
—
Note that this result means that when we use the energy eigenkets as our base, and when the Hamiltonian
is independent of time, then the matrix elements out of the diagonal oscillate while the elements in the
diagonal do not change with time.

(121)

Wn,p! =

1.8.5 Time-evolution of the density matrix due to a free particle Hamiltonian

Now that we know how to compute the time evolution of the density matrix, let’s compute'® the
evolution of the density matrix when we release the atoms from the trap. When the atoms are trapped,
the Hamiltonian is that of the harmonic oscillator. Thus, when the atoms are trapped, the density
matrix of our system is given by Eq. 105. Then, we turn off the trap instantaneously, so we can suppose
that the states immediately after we turn off the trap will still be the same (sudden approximation).
Therefore, we can suppose that at time ¢y the density matrix is still given by Eq. 105. Let’s suppose
that the Hamiltonian after we turn off the trap is given by the free particle Hamiltonian, i.e.,

_ P

S om’
If we want to use Eq. 120 to compute the time-evolution of the density matrix, we have to use the
energy eigenkets of this Hamiltonian. Fortunately, we can use the momentum space eigenkets

plp) =prlp), (122)
since they are energy eigenkets of the free particle Hamiltonian, i.e,

AD 2
P p
H|p) = o lp) = o p) - (123)

Thus, using this base, the time-evolution of the matrix elements of p is given by

p(p.p' t|B) = e ™ro"p(p,p', o), (124)

where
p(p,p’;to) = (pl p(to) Ip") , (125)

and
2 2
p =D
)= 12

Wp,p oOhm (126)

10This calculation is mine and was not taken from any reference.
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Note that although we know the matrix elements in position space, now we need to know them in
momentum space. Therefore, we have to change the base of the density matrix. This can be easily
done by using the closure relation two times, i.e.,

p(p,p'18) = (plplp’),
:/dx (plz) (x| pIp") . (127)
- / da’ / dz (plz) (2] pla’) (a'|p)
where

1.
(zlp) = \/ﬁesz/h. (128)

Thus, we can write

1 (4 |
/ = — / - 'x — ! . 12
plp,P18) = 5~ /dﬂf /dar exp _h(p x px)_ plx, 2’| B) (129)
In the same way, we can show that the inverse transformation is given by
1 [4 ]
/ / /! /
= — — — . 1
plz,2'|f) = 5— [ dp /dpeXp +(pz —p'e )_ p(p, ') (130)

Therefore, we can compute the evolution of the density matrix as follows. First, the density matrix at
time % is given by Eq. 105, i.e.,

mw mw
p(x, 2’ to|B) = | /m exp [ T coth(20) (2? — 22z sech(20) + ;1:’2)]. (131)

Then, we use Eq. 129 to change the basis from position space to momentum space. The final result
after performing the integrals is

p(p7p/7t0|6) = (132)

csch(Bhw) o {_ [(p? + p'?) coth(Bhw) — 2pp’ csch(ﬁhw)]]
orhmw ¥ 2mhw '

Then, we can use Eq. 124 to compute the time-evolution, i.e.,

o, 1]8) = ) SR {—i(p—p’)(pﬂLp’)wt]

2mhmw 2mhw

o [—@2 2) o) + 200 CSCWM . (33)

Finally, we can use Eq. 130 to return the matrix elements to the position base. The result after
performing the integrals is

liwt(2? — 2?) — (% + 2/2) coth(Bhw) + 2z’ csch(Bhw)]
2(h 4 w?t?h) ] ' (134)

pl, ', 1]8) = F(1) exp lmw

where we have defined the amplitude f(¢) as follows

(= 2mmitw?h + 2irmwh coth(Bhw))
(iwt + coth(Bhw)) (i + iw?t?)

F(t) = 271%\/ csch(Bhw) (135)

Therefore, the matrix elements at the diagonal are
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z*mw( — coth(Bhw) + csch(Bhw))
t = f(t . 1
ol 118) = f(1)exp e ] (130)
We can use this result to compute the average value of the squared position, i.e.,
— 2 t|8)dx h hw
(g = L 20T - 1+ w?t?) coth ( e ). 137
() [ p(z, z,t|8)dx 2mw< Wit co 2kT (137)
Similarly, the average value of the position is
t|8)d
Z(t) = Jep(z, @, t|B)dz (138)

= Jole . tiBde

Finally, we can use these results to compute the dispersion of the distribution in position space, i.e.,

— h hw
20\ _ T3 20N _ 2,2
t) = t) — t)=——(»1 t th | —— ). 139
20 =70 - 70 = (14 ) oth (1) (139
The above equation gives the expansion of the atomic distribution in position space for the atoms after
they are released from the trap. Note how the expansion depends on the parameters of the trap (w and
T). Besides, for t = 0 we recover the standard deviation for the harmonic oscillator distribution in
position space as expected (Eq. 112).

1.8.6 Time-evolution of the density matrix due to a free fall Hamiltonian

In the previous section, we computed the density matrix for an atomic ensemble initially subjected to
a harmonic oscillator potential and then its time evolution due to a free particle Hamiltonian. As a
result, we were able to compute the expansion of the atomic cloud. However, that calculation did not
include the gravitational potential. In this section, we will generalize our calculation to include the
potential energy due to gravity. We will show that the result in Eq. 139 holds even if we consider the
gravitational potential with the difference that now distribution travels following a free fall trajectory.

In this case, when we turn off instantaneously the atomic trap at ¢ = tg, the new Hamiltonian will
be given by!!

A2

H= 2an + mga. (140)

We will assume that the momentum operator acts in the x-direction, i.e., p,, but we will continue
writing just p for simplicity. We remember that the time-evolution of the matrix elements of the density
operator is given by

{0l p(t) In') = (n] U p(t0)U '), (141)
and this time, the evolution operator will be given by
52
U =exp — 2 L+mgﬁ t. (142)
h\2m

Previously, it was possible to compute the matrix elements of p(t) by using the energy eigenkets. This
time is not so trivial to know what are the eigenkets of the Hamiltonian in Eq. 140, but let’s insist on
continuing using the momentum eigenkets |p). Thus, using this base, the matrix elements are given by

(plp(t) [p') = (p| Utp(to)U [p') . (143)

This means that we need to evaluate

p(0) = x|~ 1 (L + g )t ). (141

11Note that the gravitational potential Uy = mgux is the result of taking the negative of the gradient of the gravitational
force Fg = —myg. This means that the acceleration is a = —g. Thus, in this convention g is positive. Besides, we have that
T = xo + vot — % gt2, therefore, the system of coordinates points upwards such that if the atom is falling, its momentum
will be negative as we will see later.
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where [p(t9)) = |p). To do so, we will prove that exp ( + £mg#t) |p) is an eigenfunction of the operator
p. We begin by using the following commutator relation [28]
of

[p, f(2)] = —ih=, (145)

where f is a function of the operator &. If we choose f(&) = exp ( + %mgﬁct), then we have

[]5, exp (:t ;mg£t>] = +mgtexp (:l: ;mg:fct) (146)

Thus, if we multiply this equation by |p) from the right, we get the following relation

P ( exp ( + ;.ngf%t) Ip) ) = (p £ mgt) (eXp ( + ;.ngf?t> Ip) ) : (147)

Then, we see that exp ( + %mgﬁct) |p) is an eigenfunction of the momentum operator with eigenvalue
(p £ mgt). In other words, the operator exp ( + %mgit) is the translation operator in momentum since
it translates |p) into |p £ mgt)'2. Tt is convenient to use a more succinct notation for the next steps,
we define'?

mg

=24 (148)

k
h

Thus, we have

exp (i ;ngi:t) = exp (:t ;hki), (149)

so we can see that iikZ is the generator of translation in momentum space. Hence, we can proceed to
compute

(0) = exp | - h(;ﬂ k)t o)) (150)

For that purpose, we will use the split operator method [34, 35, 36, 37]. This method is based on the
Baker—Campbell-Hausdorff formula

el = eA+B+%[A’B]+'”, (151)

where A and B are operators. By using this formula, we can approximate!® the time-evolution operator
for a small time step, At, as the product of two independent time-evolution operators, i.e.,

i P2 i i p? i
exp (— ﬁ%At - hhAkx) A exp (— thAt) exp < - hhAkm), (152)
where we have ignored non-linear terms in At¢, and Ak = "2 At. Using the above result, we can write
i i
Ip(At)) ~ exp (— h2mAt> exp <— hﬁAkx) Ip) . (153)

Hence, to take a time-step At, we have to apply a translation in momentum, followed by the time-
evolution step corresponding to the Hamiltonian of a free particle. More explicitly, for one step we
have that!®

12Note that the translation operator in momentum space has the reversed sign in comparison with the usual translation
operator in position space. In that case, a negative sign means a translation = + dz, and vice versa

13] ran out of letters. Be aware that this definition will only apply to this section and do not confuse it with previous
definitions using the same letter.

14 Note that if the operators [A, B] in the Baker-Campbell-Hausdorff commute, then this formula reduces to the familiar
exponential identity of real exponents. In the case of position and momentum, we have that [#;,p;] = ihd; j so the Eq.
152 is exact when the position and momentum operators act on orthogonal directions. However, in our case, they act in
the same direction.

15Note that the initial momentum can be positive if the atom was launched upwards when the trap was turned off, or
negative if it was launched downwards.
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;52
_ _rpr _
[p(At)) = exp ( = o At) lp — hAK)

. (154)
_ i (p— hAk)?
= exp ( - 5 At ) |p — RAK) .
If we now take a second step, we have
p2A0) = exp (= L2 A ) exp (= Lnaks) pan)
P - P h2m P h v
i [(p— BAK)? + (p — 2hAK)?] (155)
:exp(— P P At) |p — 2RAE) .
h 2m
In the same way, taking another step, we have
i p? i N
[p(BAt)) =exp | — -=—At |exp | — —hAEZ | |p(2At))
h2m h
i [(p— hAK)? + (p — 2hAK)? + (p — 3hAK)?] (156)
:exp(— P P P At) |p — 3RAE) .
h 2m
Taking N steps we have that
-
— —_— — 2 —
Ip(NAt)) = exp ( T ;(p nhAk) At) Ip — NRAE) . (157)

We can recognize the sum in the exponential as a Riemann sum, thus, if we now take the limit N — oo,
we have that NAt — ¢, and NAAk — mgt, so we can write

11
9(0) = exp (= 35 1(0)) Ip = ). (159
where I(t) is a Riemann integral given by
N
I(t) = lim Y (p—nhAk)?At,
At— 1
t
:/ (p — mgt")?dt’, (159)
0
2 2t3
= p2t — pmgt2 + g
Finally, we have the evolution of the momentum eigenket
i1 m2g%t3
9(0) = exp (= 51 (120 gt + ") ) = g (160

Thus, we can use this result to compute the time-evolution of the matrix elements of the density
operator

p(p, 0 t1B) = (pl p(t) '),
= (p(®)] p(to) IP'(1)) ,

— e Wpprt <p — mgt| p(to) |p/ - mgt> >
= e~ “r'tp(p — mgt,p’ — mgt, to|B),

(161)

where we have defined
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Wp,pr = ﬁ [(0* —p"*) = (p — D)mgt]. (162)

Note that the matrix elements of the initial density operator appear translated by an amount —mgt,
and that the frequency wy, v has an extra term in comparison with Eq. 126. Thus, the procedure to get
the evolution of the matrix elements of the density operator in the position basis is the same as before.
First, we use Eq. 129 to write the initial density operator (Eq. 105) in the momentum basis. The result
is given in Eq. 132. Then, we use this result alongside Eq. 161 to compute the time evolution of the
density matrix in momentum space, i.e.,

i h(Shw)
/ t — Wy, rt cse
plp, P’ tp) = e™ vy [ = =

[((p —mgt)? + (p' — mgt)?) coth(Bhw) — 2(p — mgt)(p’ — mgt) csch(ﬁﬁw)]
2mhw

exp | — 163
[ (163

Finally, we use Eq. 130 to return the matrix elements to the position base. After performing the
integral, the result is

9(2 + t?w?) + w?(z + 2')] )
(14 w?t?)

oo 1) = S (1o — ).
exp ( — gA2 {(92#1 _ 29t2(£€ —+ :c/) -+ 2(1’2 + $/2)) COSh(ﬂhw) B (gt2 _ 2$)(gt2 B 2x/)}>’ (164)

where

mw
A= . 165
\/27rh(1 + w?t?) sinh(Sw) (165)
Therefore, the diagonal elements are given by
p(x,x,t|8) = Aexp ( - gAQ {(g%‘l — 4gt°x + 42°) cosh(Bhw) — (gt° — 2%)2}). (166)

Then, as usual, we can compute the average of the squared position and the position itself. After a lot
of algebraic manipulation, we get

— . J@2Pp(x,x,t|B)dx  gt*(2+ Bgt?)

2
PO = ety 4B (167)
where
_ mwgt? B
B = 7}1(1 W) tanh (2 hw), (168)
and also
2
(t) = Jap(z @, t|B)dx _ gt? (169)

[ p(z,x,t|B)de 2

Using these results, we can compute the standard deviation as a function of time

o, (t) = \/W coth <Bhw) (170)

2mw 2

We can see that this result is the same as that in Eq. 139. Thus, the only effect of gravity was to
introduce a change in the average position. Indeed, the average position of the atom is that of a free-fall
particle just as we could have expected.
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1.9 Gravimetry signal set by the expansion time

In the last sections, we computed the expansion of the atomic width in position space for two different
initial conditions. In this section, we will study the constraints that choosing a particular type of
expansion will impose in the interrogation time without affecting the Rabi transitions due to the
detuning. In particular, we are interested in knowing how the parameters that can be easily controlled
during the experiment will affect the total expansion time. These parameters are the power of the
microwaves used to drive the transitions and the linear magnetic field gradient.

1.9.1 Rabi frequency set by the power of the microwaves

As we showed in Eq. 53, the intensity of the magnetic field used to drive the Rabi oscillations will set
a warning width that defines the maximum uncertainty in position space that the wave function can
have for a successful transition to the desired state. To guarantee that the transition happens with a
high probability of success, the wave function’s width has to lie inside this warning width. The warning
width AZ’ is set by a frequency €2’ according to Eq. 53. Thus, the Rabi frequency will be directly
proportional to the magnitude of the magnetic field of the microwaves used to drive the transition.
This magnetic field can be measured by using a power meter to measure the power of the radiation
according to

P= I/dA, (171)

where dA is the differential element of area perpendicular to the direction and I is the intensity of the
electromagnetic wave. The power meter measures the intensity of the electric field E and is given by

1
I= §CEO|E|2, (172)

where ¢ is the permittivity of free space and c is the speed of light in vacuum. Therefore, the power of
the microwaves can be written as

1
P= 5ceo|E|2A, (173)

where we have evaluated the area of the power meter. This equation can be re-written in terms of the
magnetic field using the following relation

B
E=cB= , (174)
v Ho€o
where g is the vacuum permeability. Thus, the power is given by
B 2
P= MA (175)
2u0
Now, we can solve for the magnetic field in terms of the power measured, i.e.,
2/10P
B| = . 176
Bl = /2 (176)
We can calculate the Rabi frequency produced by this magnetic field using Eq. 53
O —B<6\:-ulg>7

where € is the direction of polarization of the magnetic field and p is the total magnetic moment of the

atom given by the spin, orbital, and nuclear contributions, i.e.,'6
n="LgsS + gL — g, (177)

161n this convention the eigenvalues of the operators S, L, and I have units of angular momentum, i.e., Joules * Seconds,

and the Bohr magneton is defined as 2% . Besides, the Landé g-Factors gs and gj, are positive while g; has a negative

value. Notice that p has to have units of Amperes x (Meters)?.
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We will take the magnetic field to be along the z-axis (the atomic quantization axis). Thus, we can

write the Rabi frequency as'?
210 P (e] p.
O = 700 7<6| |g>’ (178)

Mz = M?B(QSSZ + gLLz - gIIz)~ (179)

where

1.9.2 Warning width set by the power of the microwaves
We can compute the warning width given by the Rabi frequency in Eq. 178 using Eq. 52, i.e.,
h

)
HBGFe; ; ME. 4,7

6o P 2
cA HBYF.; s MFeysT

This condition gives the maximum uncertainty in position space that the atomic wave function can
have for resonant transitions. Thus, we have to work always within this range. For this reason, we
define the maximum acceptable uncertainty as

AZ' =3

SO we can write

AZ;=yAZ', 0<~y<1, (181)

where the smaller the value of v, the better the chances to drive the desired transitions.

1.9.3 Interrogation time for a pure state

We can use Eq. 67 to compute the initial width that will maximize the time to reach the final width of
Eq. 181, i.e.,

. _AZ
AZy)* = . 182
(AZy) 7 (182)
By selecting this initial width, the time needed to reach AZ; will be given by Eq. 68, i.e.,
M
tmas = ?(WAZ’)Q. (183)
By substituting Eq. 180 into the last equation we get
MpuoP . 2
¢ 6Mpo ( v (€] 1= |g) ) . (184)
hcA MBchffchff’rI

This equation represents the maximum time that we can let the wave packet expand in terms of the
power of the microwaves and the proportionality factor 7. Next, we can use Eq. 37 to compute the
gravimetry signal that we could obtain by performing an atomic interference experiment with a total
duration equal to ¢4z, i.€.,

Ad = 4%9T37 (185)

where T controls the time of free evolution between the pulses according to Eq. 14. By considering the
Rabi pulses to have an infinitesimal duration, the total duration of the experiment t,,,,. is given by

AT =~ tas- (186)
Thereby, using Eqs. 184, 185, and 186, we obtain'®

17We will consider the Rabi frequency to be real and positive.
18Note that P/A is the irradiance of the microwaves.
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AD = bg(i)?), (187)

where we have defined the parameter

bE;uB5<3Muo)3( (el 12 |g) )7 (188)

4
htn c HBYF. ;s MF. gy

1.9.4 Interrogation time for an optical dipole trap

Notice that we can re-write Eq. 169 as

AZ(t) = AZ(0)V/1 + t2w2, (189)

where AZ(0) is the initial width just after the dipole the trap is turned off and is given by

AZ(0) = \/2]\h4w coth (%) (190)

Notice that, contrary to the behavior of Eq. 65, the only way to minimize the expansion from an
optical dipole trap is to minimize the initial width as much as possible. Thus, we would have to either
decrease the temperature of the trap or increase the oscillating frequency. However, these experimental
parameters are not easy to tweak. For typical experimental values, we have a high-temperature regime
(hw > kT, thus, we can expand the hyperbolic cotangent in Eq. 190 using a Maclaurin series. In this
limit, the initial width can be written as

kT
Mw?’
For instance, for T' ~ 1uK and w = 47 % 10 kHz, we have that Aw ~ 1.3%1072° J and 2kT ~ 2.76% 10~2°
J. Thus, the argument of the hyperbolic cotangent in Eq. 189 is 2’%} ~ 0.48, and we have that the
expansion of the hyperbolic cotangent using a Maclaurin series is justified. Indeed, we can relax our
high-temperature condition to iw < 2kT. We can use the above result to rewrite the expansion in Eq.
189 as

AZ(0) ~ (hw < kT). (191)

AZ(t) =

kT
1 202 2kT). 192
U2V + t?w?,  (hw < 2kT) (192)

As before, this equation does not have a minimum with respect to w or T. Indeed, the larger the
frequency or the smaller the temperature, the smaller the expansion. Note that for long expansion
times, we can approximate the last result as

AZ(1) ~ %Tt, (o < 26T, 1< wt). (193)

Note that in this limit, the expansion is directly proportional to the RMS velocity vypms = /KT /M
[38]. By using this result and Eq. 181, we get

M
tmaz = \| —YAZ', 194
Ve (194)

and by substituting Eq. 180 into this result, we obtain

[6M o P
tmaz = 0 Ho 2 <e| = |g> . (195)
kTcA ppgr.,,mr.,,m

The phase signal for this case is obtained, as before, by using Eqs. 186 and 185

P\ 3/2
A@bdg(A) , (196)
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where we have defined the parameter

1 pp ( 7 (el 1= 19) Muo>3
bi=—75|\——— /65— - 197
4= 16 2 \ ipgr,,,mr.,, V kT c (197)

1.10 Fractional precision

After the sequence of pulses has been applied not all the atoms in the cloud will have seen the same
sequence of pulses. This is mainly because of the detuning introduced by the displacement in the
position of the atoms due to the Zeeman effect. Therefore, after the sequence is applied, the normalized
population of atoms in the upper state will be given by

1
P= 5(1 + Ccos AD), (198)

where C'is the fringe contrast and A® is given by Eq. 187 or Eq. 196. We define the signal-to-noise-ratio
(SNR) as the ratio between the contrast of the fringes and the uncertainty on the slope of the fringe, i.e,

SNR = C—/2, (199)
Op

where the uncertainty on the slope of the fringe can be calculated using Eq. 198, i.e,

C
op = §| sin A®lo, . (200)
Therefore, the SNR will be given by
SNR— — L1 (201)
~ |sinA®|o,,

At mid fringe we have A® = 7, so the SNR will be given by

SNR= ——. (202)

UA@

Let’s focus on Eq. 187 and take its the product with Eq. 202 as follows

3
AP _ bg(P> SNR. (203)

One A

This equation is the sensitivity or fractional precision in the measurement of the gravimetry signal but
we would like to have the sensitivity in the measurement of g. Thus, we have to notice that since there
exists a linear relation between g and A¢ (Eq. 187), there also exists a linear relationship between the

uncertainty o, and the uncertainty o, , i.e.,

P 3
7 =t7,(5) (204)

SO we can write

=— =2 (205)

Thus, if we substitute this equation back into Eq. 203, we get the sensitivity in the measurement of g,
ie.,

1
99 _ —_— (206)
g bg (P/A) SNR
Thus, the precision in the measurement is given by
1
(207)

Og= ———=5 -
b(P/A)’SNR
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In the same way, using Eq. 196, we get the fractional precision for the case of an optical dipole trap as
follows

1
s - T (208)
g bag (P/A) SNR
and the precision is given by
1
(209)

g — .
" ba(PJA)’’SNR

Notice that the above results represent the fractional precision attainable in a single shoot measurement.
However, the precision can be further improved by leveraging the fact that the uncertainty improves as
the square root of the number of measurements [39]. For example, to improve the precision by two
orders of magnitude, we could average 10* measurements.

1.11 Intrinsic decoherence of the Rabi oscillations

Up until now, we have been considering that the pulses in Eq. 14 have an infinitesimal duration.
However, in reality, these pulses have a finite duration (e.g., t = 7/ for a m-pulse). The finite pulse
duration causes a phase shift in the case of conventional light-pulse atom interferometers [40] and a
similar phase shift occurs in the case of the magnetic gravimeter as well. However, in the case of the
magnetic gravimeter, this effect is intrinsic to the technique and is caused by the requirement of having
opposite magnetic accelerations for each level (Eq. 3) as was discussed in Ref. [18]. The result is an
inevitable loss of visibility of the Rabi oscillations that increases with the phase shift. In Ref. [18], we
established the condition for a short-pulse

|A®sep(T)| <, (210)
with the phase shift given by

_m
Y

where Vs = \/kpTo/m and 7 is the pulse duration. The condition for a short pulse ensures that the
loss of visibility will not be significant and can be obtained through a numerical simulation. The code
of the numerical simulation and a heuristic justification of it can be found in Appendix A.

A(psep(T) [3Urms (a+ - a—)TQ + (ai — 042,)7'3] s (211)

1.12 Phase shift due to position-dependent acceleration gradients

In the last sections, we have been considering a total acceleration of the form given by Eq. 3. However,
in reality, there may exist an additional position-dependent acceleration component that causes a phase
shift in the result of Eq. 37. In this section, we compute the order of magnitude of that phase shift.
Let’s consider that there exists a linear acceleration gradient so the total acceleration now has the form

A+ grad = A+ + V424 grad, (212)

where we have used a sub-index in the gradient term to indicate that the gradient may have a different
value depending on the level under consideration. To compute the phase shift, we will solve the integral
of Eq. 15 but this time, with the total acceleration given by Eq. 212. Firstly, we need to solve the
following differential equation to get the time-dependent equations of motion

"
%4 grad — V£F+,grad = A+-

By using the appropriate initial conditions, the solution is given by

1 .
24 grad(t) = ’)z( —a+ + [ax + 207+ cosh /7Lt + vg/7+ sinh , /*yit),

sinh \/y1t, (213)

at,grad(t) = lax + zov+] cosh \/ 75t + vo/7x sinh /yxt.

a+ + 207+
U:I:,grad(t) = V9 cosh \/"y:t+ |:’y0’y:|
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Now, by using this result and the sequence of pulses of Eq. 14 to perform the integral of Eq. 15, we
obtain

_dm s

h|lm
where we have performed an expansion around 7' = 0, only kept linear gradient terms, and we have
considered that ac, = —ac,. By using Eq. 37, our final result can be written as

AD = grmp{3g + 20(v+ +7=)} + (v§ + 920) (s — =) | T°, (214)

G~ g+ (v +7-)(z0 +voT + 39T%)+
20y = )(a- — ay)T? + (v§ + 920 + 3guoT + 99°T?) /(a— —ay)] +--- . (215)

Finally, it is noteworthy that the gradient term can have different origins such as quadratic terms in
the gravitational potential (see Eq. 20), the nonlinearity of the magnetic field (see Eq. 1), and the
quadratic Zeeman effect (see Eq. 41).

1.13 Conclusions and perspectives

In this chapter, we have studied the magnetic gravimeter. We presented the concept of the technique,
developed the theoretical framework, and showed the feasibility of the proposed apparatus to measure
gravity. In particular, we estimated the fractional precision that could be achieved with this technique
following the constraint set by the expansion of the atomic cloud. Later, we calculated the phase shift
due to the finite pulse duration and its effect on the loss of visibility of the Rabi oscillations. Finally,
we considered the effect of position-dependent acceleration gradients and provided an estimation of
the correction caused by this effect. These calculations complement our work done in Ref. [18]. We
leave for future work a more detailed study of acceleration gradients and other systematic effects that
cause loss of visibility, the relationship of the parameter « defined in Eq. 181 with the wave function
alongside a more rigorous derivation of Eq. 210.



2 The Light-based Gravimeter

2.1 Intermission

The purpose of this chapter is to serve as a complement to the article Light-based Gravimetry, which I
co-authored with Eduardo Gomez and is currently under review. Many calculations, derivations, and
conceptual discussions were abbreviated or omitted in the manuscript for clarity and brevity. In this
chapter, I present these additional details and insights.

2.2 Motivation

Since I was just finishing the second year of my doctoral studies and had already finished my research
on the magnetic gravimeter (presented in the last section). I decided to look for a new research
topic to continue my doctorate. I was introduced to the idea of a gravimeter that could leverage the
gravitational redshift to measure the local acceleration of gravity by my supervisor: Eduardo Gomez. A
quick calculation showed that the idea seemed feasible as will be shown below. I decided to pursue
this idea because it seemed rather novel and interesting. Lately, we found out that Ref. [41] had
already studied a similar experiment; however, their approach to the matter is quite different, so our
contribution is still valuable. To the best of our knowledge, this is the only work, previous to ours,
that seemed to have studied this type of gravimeter. The scientific community had only focused on
experiments to measure the gravitational redshift (see, for example, Ref. [42]).

2.3 Gravitational redshift

When an electromagnetic wave propagates through a region of varying gravitational potential, its
frequency undergoes a shift known as the gravitational redshift. Specifically, radiation climbing out of a
gravitational well arrives at a lower potential with a reduced frequency (and correspondingly increased
wavelength) relative to its emitted value [43]. This effect is a consequence of the Strong Equivalence
Principle (SEP) also known as the Einstein Equivalence Principle!® (EEP) [44], and therefore, it can
be derived from General Relativity. However, according to the Schiff conjecture® [46], by considering
that the Weak Equivalence Principle?! (WEP) applies to clocks and normal matter alike, this effect
can be derived solely from Special Relativity (SR) and the WEP [44].

Consider an electromagnetic wave with wave number ky escaping from a gravitational potential.
In the Schwarzschild metric and at first-order, the wave number will be shifted as the gravitational

potential changes according to [43]
AV

where AV is the change in the gravitational potential, and c is the speed of light. Notice that we have
decided to write the GR in terms of the wave number because this form will be helpful in the next
sections but we could have written it in terms of the frequency or wavelength as well.

As a consequence of the GR (and for transitivity as a consequence of the Equivalence Principle), a
clock closer to the surface of the Earth is red-shifted compared to an identical one at a higher altitude.
Thus, if a clock on the surface of the Earth with period T" measures, through the use of the relation
A = ¢T, the wavelength of a photon to be A, then, a (blue-shifted) clock in a spacecraft with period
T’ < T will measure the wavelength of the same photon to be red-shifted, i.e., A’ > A.

19The EEP states that an inertial reference frame in a (uniform) gravitational field is equivalent for all physical processes
to a (suitable) uniformly accelerated reference frame free from gravitational fields [44, 45].

20 According to the Schiff conjecture, every relativistic theory that satisfies the WEP necessarily satisfies the EEP.

21The WEP states that the inertial and gravitational masses are equivalent.
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2.4 Review of the interference term

For completeness, the key results of optical interference theory relevant to the light gravimeter are
summarized here 22. Two linearly polarized monochromatic plane waves are considered.

El(F, t) = Eo cos(k_i T —wt+ 1), (217)
By (7, t) = Egg cos(ky - 7 — wt + ¢3),

where w is the angular frequency, 7 is the position vector, ¢ is the time, k_; is the wave vector, ¢; is a
phase offset, and E_(;Z- is the electric field amplitude of the waves i = 1,2. When these waves interfere at
a point 7 at time ¢, the detector measures the irradiance of the superposition E = E; + Ej given by
the time-averaged value of the squared electric field amplitude

I o (B2, (218)
where the time averaged value of a function f(t) is given by
1 [tT/2
e S UL (219)
t—T/2

Thus, the irradiance can be written as

I =1+ I+ Lo, (220)

where

- 2
Il (0.8 <E1 >T7

- 2
IQ X <E2 >T’ (221)
.[12 X 2<E1 . EQ>T .

The term I15 is known as the interference term and is responsible for the appearance of the interference
fringes. We can perform the integral in Eq. 219 by considering that the period of integration of the
sensor T is much larger than the period of oscillation 7 of the plane waves, i.e., T > 7 = 27/w to get

112 ~ E_(;l . E_(_;Q COS A(I), (222)
where A® is the phase difference given by

A =Fky -7 —ky 7+ o1 — po. (223)

Thus, the phase difference is given by the sum of the path length difference and the initial phase offset
difference. Notice that when A® = (0, £27, 447 .. .) rad, we have total constructive interference while
when A® = (£, 437, £57...) rad, we have total destructive interference 23. This result is general and
also holds for spherical waves

Ei(ri,t) = E_(;l(rl) expli(kr1 — wt + ¢1)], (224)
Ey(r3,t) = Eoa(ra) expli(kry — wt + 2],
with
P = k(r1 —r2) + (b1 — @2), (225)

where r; and 7y are the radius of the spherical wavefronts overlapping at point P. Note that for the
interference term to be independent of w, the frequency w must remain constant and identical for
both waves during the integration interval (homodyne detection [48]), when this condition is met, the
interference pattern only depends on the path length difference and the initial phase offset. Later,
we will consider the case in which one of the two waves in Eq. 217 becomes redshifted during its

22A broader review of the phenomena of interference can be found in many textbooks, here, we follow Ref. [47].
23 Additionally, we suppose that the transverse mode is the same for both waves besides its polarization and amplitude.



The Light-based Gravimeter 39

Moon
RR
d
= |
BS
— @p—w——— Fh

Figure 4: The experimental setup of the light gravimeter consists of a Michelson interferometer with
a laser of wavelength )\g. One arm of the interferometer stays on Earth and its optical path length
is controlled, for example, through an optical cavity. The other arm of the interferometer acts as a
probe of the gravitational field, extending out of the Earth’s gravitational field and suffering from a
GR while escaping from the potential. This beam is retroreflected after it has traveled a distance d
from the beam-splitter and returns towards the Earth’s surface where it interferes with the arm that
did not suffer a GR and an interference pattern is measured. Notice that both beams have the same
wavelength at the moment when they interfere.

propagation. In this situation, the previous conditions remain satisfied if we evaluate the interference
at a spatial point where w is the same for both waves, so that the redshift manifests only as an increase
in the optical path length of one interferometer arm.

A more illuminating form of the signal measured by the detector can be obtained by considering
that the waves have the same polarization with a perfect overlap and that the beam splitter is 50/50,
ie., E?n = EBQ. Thus, we can re-write Eq. 220 as

1
I x 3 (1 + C cos A<I>>, (226)

where we have introduced a constant C' to quantify the contrast of the signal.

2.5 Overview of the light gravimeter

This section develops the idea of exploiting the gravitational redshift as a transduction mechanism
for measuring the local gravitational acceleration g. The central novelty is the use of photons rather
than massive particles as the probe. In this work, we refer to this hypothetical gravimeter as a
light gravimeter in opposition to traditional gravimeters such as atomic gravimeters that use matter
as the probe that measures gravity; therefore, we will refer to them as matter gravimeters. This
idea is relatively recent, and to the best of our knowledge, only Ref. [41] has analyzed an equivalent
experimental configuration for measuring gravity. Nevertheless, all the work presented in this manuscript
was developed independently, without prior knowledge of that study. In any case, their research focuses
on another aspect, which is the use of non-classical light to increase the sensitivity of this hypothetical
gravimeter. On the other hand, our approach relies entirely on the use of classical light to understand the
basic principles and limitations of the idea and the derivation of expressions that allow a straightforward
comparison with matter gravimeters.

Consider the experimental setup of Fig. 4. consisting of a Michelson interferometer. A laser of
wavelength g, as measured on the Earth’s surface, is split into two paths. One arm of length d, is
kept on the ground and its optical path length can be controlled by using an optical cavity or an
optical fiber to increase the optical path length. The other arm of the interferometer, of length d,
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extends out of the Earth’s gravitational potential and suffers a GR. Thus, it acts as a probe of the
gravitational field as it travels towards outer space. This beam is retroreflected and sent back to the
Earth’s surface where it interferes with the arm that did not suffer a GR. The concept of this gravimeter
is in principle simpler than typical atomic gravimeters (see for example Refs. [49, 19]) since it consists
of just a light interferometer, however, the placement of the mirrors with enough precision and in a
reproducible manner lurks with being one of the hardest challenges for the implementation of this
gravimeter. Now, we show that it is possible to extract the value of g using the signal at the output
port of the interferometer.

The phase difference of the interference pattern measured by the detector is given by Eq. 223.
However, the wavelength of the arm that travels out of the gravitational potential is not constant,
furthermore, it depends on the altitude due to the GR. Therefore, we have to consider all the infinitesimal
contributions to the phase. Thus, the phase difference is more generally given by

AD = Py — Py, (227)
with

d; = / k- ds + ¢, (228)
T

where T' is the path of integration (given by Fermat’s principle in the ray optics approximation [48]).
By considering a plane wave in a homogeneous medium (i.e., with a constant refractive index), placed
inside a gravitational field, and by taking the direction of propagation along the z-axis, the integrand
k - dr becomes k dz, where k is now a function of z due to the GR. Let’s label the beam that suffers the
GR with the index ¢ = 2 and the beam that stays on the ground at z = 0 with the index ¢ = 1. Thus,
by using Eq. 228, the phase of arm i = 1 will be given by

By = ko d,, (229)

where d, is the total distance traveled by the beam on this arm. Similarly, the phase for the other arm

will be given by
d A d AV (d -
égzko[/ (I—V;Z)) dz+/ (I—V(sz)) dz}, (230)
0 c 0 c

The first integral accounts for the phase accumulated while the beam goes upwards while the second
integral accounts for the beam traveling downwards. Notice that for the arm on the ground (z = 0),
the change in gravitational potential is zero and there’s no contribution from the GR to the phase. On
the other hand, for the upper arm, as the light travels escaping from the Earth’s gravitational field,
there is a contribution arising from the change in gravitational potential. The above integral can be

easily simplified as
d
AV
By = 2k0/ <1 - 2(2)) dz. (231)
0

C

Physically, this simplification means that the contribution to the phase is the same when the beam
goes upwards than when it comes back. It is worth mentioning that kg could be taken out of the
integral as a constant because the optical medium that we specified is homogeneous?*. Before solving
the above equation, we have to specify the change in gravitational potential AV (z). To get a grasp on
the proposed gravimeter, let’s consider the following approximation, valid for small distances, for the
gravitational potential and leave a more thorough calculation for the next sections

AV(z)=V(z) = V(0) = g=z. (232)

Note that the gravitational potential reference has been set such that wave number is simply kg as
measured on the ground. The phase difference, after performing the integral in Eq. 231 using the
approximation in Eq. 232 is given by

Ad = 2k, (d - dg> +AD,, (233)

24Later, we will include the effect of the change in the refractive index.
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where we have considered equal initial phase offsets (1 = @2), and we have defined

Ad, = —kogT?. (234)

with T'= d/c. Notice that we can control the optical path of the arm that stays on the ground by
changing dg, thus, we could cancel out the first term in Eq. 233 and get A® = A®,. In this way, we
could use the interference pattern, measured by the detector, to extract the value of g. Now, let’s
analyze the achievable fractional precision with this result. The fringe shift is linearly proportional
to g, consequently, the uncertainty in the measurement of the phase difference (o, ) is also directly
proportional to the uncertainty in the measurement of the local acceleration of gravity (o,). Thus, in
terms of fractional precision, we have that

8% _ 9 (235)

By using Eq. 226, we can define signal-to-noise-ratio (SNR) of the interferometry signal, from which
the value of g is extracted, as the ratio between the contrast of the fringes and the uncertainty on the
slope of the fringe, i.e.,

2
SNR = %, (236)
Ol
where
C
o1, = 5|sinA<I>|JM>. (237)

Since the change in the slope of the signal is maximal at the middle fringe, i.e., when A® = /2 rad,
we focus at this point so the sensitivity to changes in the measured value of g is maximal as well, thus,
we have that

SNR= . (238)

O.A<I>

Thus, the fractional precision in the measurement of g is given by

g _ 1
g A®PSNR’

Therefore, the fractional precision of the measurement increases as the phase difference A® increases.
Nonetheless, in reality, the only component that contains information about g is A®,. This is the term
that has to be maximized to increase the sensitivity of the measurement, i.e.,

0y _ 1
g AP, SNR’

Since the speed of light appears squared in the denominator of Eq. 234, the value of A®, is in general
small, except for very long distances or very energetic beams 2°. This is the most important drawback
of this hypothetical gravimeter. As an example, for Ay = 650nm and d ~ 108 m (average distance
from the Earth to the Moon), we get that A®, ~ 10" rad. Thus, by considering a SNR = 100, we
get a sensitivity of about o,/g ~ 10~? in a single-shot measurement. This precision can be further
improved by leveraging the fact that the uncertainty improves as the square root of the number of
measurements [39], thus, by considering a detector with a bandwidth of 1 MHz the precision could be
enhanced by a factor of 1000 in just a second. This is another of the advantages of the light gravimeter
versus matter gravimeters such as atomic gravimeters whose detection bandwidth is of the order of
1Hz [8], which is much slower than the bandwidth of the detectors required by the light gravimeter.
For comparison, the accuracy of portable atomic gravimeters is usually at the 1079 level after tens
of minutes of averaging [8]. The sensitivity of the light gravimeter looks promising but we have to
remember that the assumptions used to get the result in Eq. 234 were not too realistic. Thus, in

(239)

25We will see later that the equivalent to very energetic beams in matter atomic gravimeters is the increment of the
momentum-space splitting.
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the next sections, we refine our calculation of the gravimetry signal. Our goal will be to get a better
estimation of the order of magnitude of the phase and to consider additional corrections.

Finally, it is important to mention that the values of ky and d have to be known with a precision
at least equal to the precision we expect for the measurement of g otherwise the precision of the
measurement will be limited by them. The value of ky can be determined with the precision required.
However, determining the value of d is more challenging. A long vertical arm is needed for high
sensitivity. A possible solution could be to use lunar laser ranging (LLR) [50, 51] to determine the
distance between the gravimeter and the retroreflectors. This could be potentially achieved by using a
retro-reflecting mirror on the Moon (or those planned for the near future that operate in the visible
and infrared [51]) or reflecting off a geostationary satellite (d ~ 107 m), with the obvious complications
of aligning an interferometer under those conditions. As an alternative, a Mach-Zehnder interferometer
[41] could be used to have the detection in the satellite and avoid the retro-reflection back to Earth [42]
at the cost of a much-reduced distance. Advancements to extend the length of quantum communication
channels have successfully reached link distances between ground-based stations and satellites equipped
with retroreflectors in the order of d ~ 10°m [52, 53, 54] and even with d ~ 20000km [55]. The
current single-shot precision of LLR is in the order of 1cm (which gives a fractional precision of about
10—, and a future method is expected to improve it 200 times [50, 51]. Another option to avoid
having to perform complex LLR measurements is to operate in a relative gravimeter configuration such
that the actual value of d is not relevant and only changes in d would need to be determined at every
measurement. This could help to compete with portable atom gravimeters [8, 10].

2.6 Corrections to the gravitational potential

In the last section, we saw that to solve the integral of Eq. 231, we need to know AV(z). The
computation of this function is not trivial. In general, one must take into account the contribution
stemming from other objects in the solar system such as planets, thus, it is imperative to know their
position, shape, and mass density. Fortunately, as we will show, it turns out that the most important
contributions to the gravitational potential, for the distances and regions considered in this work, are
due to the Moon and the Sun. Thus, in this section, we refine our calculation of AV (z) by using a
toy model that only considers the gravitational potential generated by the Earth-Moon-Sun system.
This model is suitable for our purposes since we are only interested in the order of magnitude of the
potential.

2.6.1 Correction due to the shape of the Earth

A correct calculation of the Earth’s gravitational potential must take into account its shape. This can
be achieved by remembering that Newton’s law of universal gravitation
My Mo
F = Gﬁ(fi - 'I"_é 5 (240)
ri —r3f? )
where r; is the position vector of the mass M;, is an inverse-square law. Thus, in an region free of
masses, the gravitational potential must be a solution to Laplace’s equation [56]

V2V = 0. (241)

The most general solution can be written in spherical coordinates as

) l
V(r0,0) =YY Apr Y0, ¢), (242)

=0 m=—1
where 6 is the co-latitude, ¢ is the longitude, Y}, are the spherical harmonics and Ay, are constants.
The value of the constants A;,, cannot be determined analytically and they have to be obtained by
measurements of the perturbation of the orbits of artificial satellites. Usually, these satellites sample,
in the same way, all the longitudes, i.e., they cannot reveal variations with longitude [57]. As a
consequence, the solution can be re-written by considering azimuthal symmetry as

V(r,0) = Z A=Y Py(cos ), (243)
1=0
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where P;(cos ) are the Legendre polynomials. The first term of this expansion goes like 1/r and has to
be the potential of a point mass, the rest of the terms are corrections due to the Earth’s oblateness.
Therefore, the potential can be written as [58, 59, 60]

00 +1
V(r,0) = G]iwe [R;e - Z A (}:e) Py(cos 9)}, (244)
¢ 1=2

where M, is the Earth’s mass and R, is the Earth’s equatorial radius. Notice that the term [ = 1 is zero
because we considered that the equatorial plane passes through the center of mass of the Earth. To
understand this, notice that when the origin of the coordinate system and the center of mass coincide,
the potential cannot be symmetric in  because the distribution of mass is not uniform?®. Thus, since
Py (cos@) = cos b, the term [ = 1 must be zero. Several of the first coefficients A; have been measured
to confirm the oblateness of the Earth [61, 62, 63].

The result of Eq. 244 is general and can be used to describe the potential of the Moon or any other
planet. However, since our interest is to get a correction in the order of magnitude of the calculation
done in Section 2.5, for the sake of simplicity, we will only consider the first term of Eq. 244. This term
corresponds to the potential due to a point mass or to a distribution of mass with spherical symmetry.
Thus, when considering the contribution to the potential due to the Earth, Moon, Sun, and other
planets, we will consider that they are perfect spheres with homogeneous mass densities.

2.6.2 Validity of the approximation gz at long distances

In Section 2.5, we approximated the change in potential using Eq. 232. However, this approximation is
expected to be valid only for distances close to the surface of the Earth. Thus, we have to determine
how bad our first approximation was. In this section, we compute the error obtained in the calculation
of the gravitational redshift by considering this approximation and show that it is not valid for the
distances needed by the light gravimeter. Later, in Section 2.6.6, we determine the error in the phase
obtained by computing the integral of Eq. 231 using the approximation AV = g z.

By considering the first term in Eq. 244, the change in potential between a point on the surface of
the Earth and a point at a distance z above it is given by

1 1
AV = -GM, - — . 245

<Re +z Re> (245)
From this result, the approximation in Eq. 232 can be obtained by taking (R, + 2)R. ~ R? and using
the definition g = GM,/R?. For future reference, we write here the approximations in the case of short
and long distances at second order

AV ~ gR. —gR?/z, for 2> R, (246)

gz — g2*/R., for z < R,

The relative error of using Eq. 232 instead of Eq. 245 is given by
er = z/Re, (247)

where the average radius of the Earth can be taken to be R. ~ 6371km [64]. For a distance z = 100 m,
the relative error in the calculation of the change in potential is just ¢, = 0.0015%, however, for
z = 10" m the relative error scales up to &, = 150%. Therefore, the approximation in Eq. 232 is
not valid for long distances from the Earth. Notice, that since the change in wavelength due to the
gravitational redshift is proportional to the change in potential (Eq. 216), then the relative error
computed with Eq. 247 is also the relative error in the calculation of the gravitational redshift obtained
when using the approximation of Eq. 232 instead of Eq. 245.

2.6.3 Contribution of the Moon and the Sun

A complete calculation of the function AV must take into account not only the contribution of the
Earth (Eq. 244) but also the contribution from other objects in the solar system. The most important

26This means that the center of mass is different from the center of gravity.
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Figure 5: Earth-Moon-Sun system (not at scale) used to compute the change in gravitational potential
between an initial point on the surface of the Earth (R,) and a final point (r7). We model the Earth,
Moon, and Sun as perfect spheres with homogeneous mass density and use spherical coordinates to
describe their position. Notice that the center of coordinates is at the center of the Earth and the
system has azimuthal symmetry since both R, and 7+ are aligned along the z-axis so that |}fe\ = R, and
|77| = z. The position of the Moon and the Sun is indicated by the vectors 7, (6, om) and 75 (05, ¢s)
respectively.

contributions to the gravitational potential at regions close to the Earth are the Sun (due to its massive
mass) and the Moon (due to its close distance to the Earth). The rest of the planets in the solar
system, as we will show in the next section, do not contribute significantly to the potential. We are
only interested in knowing the order of magnitude of the correction to the phase difference (Eq. 233) by
considering the system Earth-Moon-Sun, thus, it will suffice to use the toy model shown in Fig. 5. In
this model, we consider that the Earth, the Moon, and the Sun are perfect spheres with homogeneous
mass density so their potential in regions free of mass can be described by the first term of Eq. 244
with M, substituted by the corresponding mass of the Moon M,, or the mass of the Sun M. Thus,
the change in potential due to these bodies is given by

where Iy u v
1@:—G(_f— — = - — Sﬁ>, (249)
|Re| |7 — Rel 75 — Re|
and \ \ \
vfa(f M i) (250)
Iryl rm —rpl s =

where the positions of the Moon and the Sun are described by the vectors 7, (0, pm) and 75 (0m,, ©m)
respectively. Note that, as before, the potential reference V; is taken with respect to the potential
on the surface of the Earth. For our purposes, it suffices to consider that r,, and r, are the average
distance from the Earth to the Moon and to the Sun respectively, and that |Re| is the average Earth
radius. The z-axis points to the zenith and is aligned with the direction of propagation of the light beam
so the system has azimuthal symmetry and the distances between the position vectors are simplified to

( +R2—2rmR cosf )
(T +R2727‘ R, cos, )1/

e |

(251)

IT?%

(rz, + rf — 27y, ¢ cos O )

7o — 7% (7" —|—rf—27"srfcosﬁ )
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To further simplify the next calculations, we will consider that 6,, = 65 = 0 and restrict the distance d
to the interval d € (R, 7.,). In this way, the change in potential can be written as

AV = AV, + AV, + AV, (252)
where
AV, = —-GM, LA B Re - R
¢~ \Rotz R) N\m 12 ")
1 1
AV, = —GM,, — , 253
Vi ¢ <rm—Re—z rm—Re> (253)

1 1

AV = GMS(TS —R.—2z 1y —Re>'

Now, we can use this result to estimate the contribution to the change in potential for different values of
z. Table 2 shows the change in the gravitational potential for the Earth-Moon-Sun system for different
values of z. Notice that the contribution to the change in gravitational potential coming from the
Earth is always larger than the contributions from the Moon and the Sun for the distances considered.
Their contribution is small for distances close to the Earth’s surface but becomes significant for larger
distances. Furthermore, the contribution from the Sun is larger than the contribution from the Moon
except for distances close to the Moon. These are the distances that we would need to operate a light
gravimeter, thus, this calculation shows that we cannot ignore the contribution coming from the Sun
and Moon.

Table 2: Change in gravitational potential for the Earth-Moon-Sun system for different distances
d. Although the fractional contribution of AV,, and AV} is not negligible for large distances, notice
that, for measurement purposes, their fluctuations are more relevant and since during the experiment
these values will not change considerably then their contribution to the final result can be easily
subtracted. The purpose of this table (and the current section) is simply to illustrate how much each
body contributes to the gravitational potential experienced by a photon in the light gravimeter and to
see that our initial estimation of AV is not valid for long distances (although this error can be easily
subtracted from the measurement at the end of the experiment as was already mentioned).

z(m) | AV. (J/kg) | AV, (J/kg) | AV (J/kg) | AV (J/kg)
100 980 —33x103 | =5.5x 107! 979
107 3.7 x 107 —3.4 x 102 —5.5 x 104 3.7 x 107

3 x 108 6 x 107 —4.8 x 104 —1.6 x 106 5.8 x 107

2.6.4 Contribution of other celestial bodies

In the last section, we saw that it is imperative to consider the contribution of the Moon and the Sun
when calculating the change in gravitational potential for the distances under consideration. Aside
from the Sun and Moon, the other objects in the solar system that may contribute significantly to the
gravitational potential due to their mass are the planets. We can estimate their contribution to the
change in the gravitational potential by using the same assumptions used for the Moon and the Sun,
i.e., they are perfect spheres with homogeneous mass density and their position vector is aligned with
the z-axis. In this way, the individual contribution of every planet will be given by

AV, = —GMP< (254)

1 1
rp—Re—2z rp—R.)’
where M, is the mass of the planet and r, is the average distance between the Earth and the planet.
Table 3 shows the contribution of solar system planets to the change in gravitational potential. Notice
that their contribution is much smaller than the contribution from the Sun or the Moon. Thus, it is

justified to neglect their contribution in our next calculations®”.

27n fact, what matters are the fluctuations (variations) in these values. If the contribution from the Sun, Moon, or any
other planet is known, then, we can always correct our measurement to isolate the desired effect. Furthermore, we can
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Table 3: Contributions to the change in gravitational potential (AV) for different bodies in the solar
system. We considered d = rg — ryy — ry—p =~ 3.76x 108 m, where rg is the average Earth radius,
ry is the average Moon radius, and 7)/_g is the average Moon-Earth distance; 74,4 is the average
distance of the body to the Earth. Notice that we had to subtract r); and rg because rj;_g is the
average center-to-center distance not the surface-to-surface distance which is the correct distance to be
considered since in this calculation the upper arm of the interferometer goes from a point at the surface
of the Earth to a point on the surface of the Moon. Data used in this calculation was consulted from [65].
As was pointed out in the previous section, these contributions to the gravitational potential are not
expected to change considerably during the experiment so their contribution to the final measurement
can be easily subtracted from the final result. They are studied here just to illustrate how much they
contribute to the gravitational potential seen by a photon traveling in the light gravimeter.

Body mass (kg) Tavg (m) | AV (J kg™1)
Earth | 5.97 x 10** - 6.14 x 107
Moon | 7.34 x 10?2 | 3.85 x 108 | —2.81 x 106
Sun 1.98 x 1030 | 1.49 x 10 | —2.24 x 108
Mercury | 3.30 x 102 | 1.55 x 10'! —0.34
Venus | 4.86 x 10%* | 1.70 x 10! —4.23
Mars | 6.41 x 1023 | 2.54 x 10! —0.25
Jupiter | 1.89 x 1027 | 7.86 x 10 —76.99
Saturn | 5.68 x 1026 | 1.43 x 1012 —6.98
Uranus | 8.68 x 10%° | 2.87 x 1012 —0.26
Neptune | 1.02 x 1026 | 4.50 x 102 —0.12

2.6.5 Phase of the light gravimeter for the Earth-Moon-Sun system

In the last section, we saw that to calculate the change in the gravitational potential (AV'), we can
neglect the contribution from the planets, but not from the Sun and, especially from the Moon when
considering placing retro-reflectors there. Thus, in this section, we refine our calculation of the integral
of Eq. 231 to get the phase difference from which we can extract the value of g. First, notice that the
change in gravitational potential for the Earth-Moon-Sun system (Eq. 252) can be written as

R? GM, aGM
AV = — € m s , 9
V |:g<RE+Z>+Tm_Re_Z+TS—R€—Z +V7 (55)

where M oM
1 m s ) 2
Vi=gRet —— 5+ & (256)

Notice that the term V' does not have any dependence on the distance z. Thus, by substituting this
result into Eq. 216, we get

1 gR2 GMm GM.s /
= 1 — € — . 2

k ko[+02<Re+z+rm—Re—z+rs—Re—z v (257)
In this way, the integral of Eq. 231 can be easily solved to get

—kod 2 (V) g B2 (2T _BRe—rm R )L
A<I>—k0{62[d(c V)+gReln< 7 +GM,, In R p— +GM;In Py p— 2dy .
(258)

Notice that this result can be easily generalized to consider the contribution of the planets (and other
objects in the solar system) by using Eq. 254

2 d+ R 2 R, —r;
AD = kol = |d(2 =V R2In| —=—= —S R.;ln|-—°"" | —2d 259
0{62{(0 )+g en< R. )—&—2; , n(dJrReT‘i)} g}7 (259)

expect that the variation over time of the contribution to the gravitational potential will be smaller the farther the planet
is. Our calculation considers average values but an estimation of the order of magnitude of these fluctuations can be
obtained by considering the maximum and minimum distances a planet can be from the Earth.
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Figure 6: Dependency of the gravitational phase (Eq. 263) as a function of the arm distance d. There
is a change from a quadratic to a linear dependence at a distance of d ~ R.. We considered A = 650
nm, g = 9.8ms~2, and normalized the distance in the horizontal axis.

where the index 7 represents the i-th solar system object to be considered in the calculation, r; is
its average distance from the Earth, R,; = 2GM; /02 is its Schwarzschild radius and M; its mass.
Nonetheless, as shown in Section 2.6.4, the most important contributions are due to the Moon and Sun,
thus, we will continue working with Eq. 258. To get a better understanding of this result, we need to
split the contributions stemming from the different actors as follows

AL =AD; + AD + AD,,, (260)
where Ad, is the term corresponding to the difference in optical path length given by

A®y = 2ko(d — d,), (261)

A®,, is the contribution due to the change in gravitational potential attributable to the Moon and
the Sun given by

2koG M., M Re—rp Re—rs
A@ms = |:d(7“m —Re + T —Re) +Mmln <d—i—Re—’[“,,n) +M31H <d—i—Re—’rs>:|7 (262)

and A®, is the term attributable to g given by

A, = —2kygO?, (263)

where O is a parameter with units of time given by

o= [ o ()] o

A plot of A®, against d is shown in Fig. 6. Notice that for short distances, the phase in Eq. 263
grows quadratically with d, however, for long distances, it grows linearly. This behavior will be better
understood when we analyze different approximations in the next section.

2.6.6 Validity of the approximation for short distances

In section 2.5, we analyzed the light gravimeter using the approximation of the potential valid for short
distances. The term of interest is that due to gravity, therefore, we must compare Eqs. 234 and 263.
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By considering that Eq. 263 gives the actual phase shift due to the value of g, then the relative error of
using Eq. 234 is given by
d?*/2R,
er=1- / (265)
d— R.In [(d + Re)/Re}
Figure 7 shows the relative error in Eq. 265 for different values of d. Notice that as expected, the
result obtained in Eq. 234 is only valid for low heights (below d ~ 10%). The gravimetry signal in Eq.
263 is one order of magnitude smaller than that calculated in Section 2.5.

2.6.7 Order of magnitude of the different contributions to the phase shift

Figure 8 shows the order of magnitude of the contributions in Eq. 260. Notice that the term due to
the path length (A®,) has the largest contribution for all distances, however, in the phase difference
(Eq. 260), the term kod, (accumulated in the horizontal arm) can always be used to cancel it out. On
the other hand, the term A®,,, gives the smallest contribution to the phase shift. The term of interest
for our purposes is A®, and as was stated previously, it becomes relevant only for very long distances.
For reference, d ~ 107 m is approximately the distance from the surface of the Earth to a satellite in a
geostationary orbit, and d ~ 108 m is the average distance from the Earth to the Moon. The small
value of A®, with respect to A® is because the GR is a correction in the wave vector given by the
perturbative term AV/c? as can be seen from Eq. 216 or from taking the quotient between Eqs. 234
and 261, that is,

x -2 (266)

where ¢ = d/T was used alongside AV & gd which, as was shown before, is valid for d < R..

According to Eq. 263, two parameters can be controlled experimentally to increase the gravimeter
signal, the beam wavelength, and the length of the upper arm. Due to the large distances required
to operate the light gravimeter, it is natural to think of using a satellite or even the Moon to put a
mirror (as shown in Fig. 4) to redirect the light beam back. A second alternative is to use one of the
retroreflectors placed on the surface of the Moon. Nonetheless, the existing lunar retroreflectors and
those planned for the near future are designed to operate in the visible and IR spectrum [51], thus, the
beam wavelength would be constrained to this range. Notice that the wavelength of the light beam is
particularly important because the gravimetry signal in Eq. 263 is inversely proportional to the beam
wavelength, therefore, a light gravimeter operating with a smaller wavelength would obtain a larger
gravimetry signal and consequently a better precision in a single-shot measurement. Nonetheless, the
disadvantage of choosing another regime of the electromagnetic spectrum such as x or gamma rays is
the increasing complexity of the type of optical components needed to operate an interferometer using
those wavelengths. In the case of gamma rays, Mossbauer spectroscopy was successfully used by Pound
and Rebka (1960) and later by Pound and Snider (1965) in a 22-meter-long tower to quantify the GR
by measuring the difference in photon frequency at different heights [66, 67, 68].

Finally, it is worth noticing that the experimental setup under consideration (Fig. 4) is not the only
possible arrangement that could be used to build the light gravimeter, an alternative is to send the
light beam toward a satellite where the detection can take place without needing to return the beam
by using Mach Zender interferometry [42, 41].

2.6.8 Behavior of the phase with the distance

The result in Eq. 258 is a general result for the Earth-Moon-Sun system under the assumptions stated
in Section 2.6.3. However, it is noteworthy to consider a few approximations of this result to get more
insights. Let us write the general result in Eq. 258 for the case when there is no Moon and Sun
contribution, that is, focusing only on the contribution from the earth

2
A(I):ko{cz[d(CQ—gRe) +gR%In (dJ];Re) +] —2dg}. (267)

As expected, this result is simply the contribution coming from Egs. 261 and 263. By considering that
d/R. < 1, the change in gravitational potential is given by Eq. 232. This approximation is suitable for
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Figure 7: Relative error of the phase shift in Eq. 234 by considering that it is an approximation and
that the result of Eq. 263 is the true gravimetry signal. The values were obtained by considering that
Ao = 650 nm.
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Figure 8: Order of magnitude of the different contributions in Eq. 260 for Ay = 650 nm. In this plot,
the term A®, is not taking into account the contribution from the horizontal arm (2kod,).

short distances and gives the quadratic behavior that can be appreciated in Fig. 6. The value of g can
be obtained from the shift due to the GR given by Eq. 234, i.e.

d\ 2

Ad, = kog<> . (268)
c

This phase shift resembles exactly the phase shift seen in traditional atomic gravimetry [17] and is

one of our main results. We’ll discuss the connection between light and matter-based gravimetry with

much more detail in section 2.9. Equation 268 also has the form of the result reported in Ref. [42]

dl
AD, ~ (1+ oz)k:ogc—Q, (269)

where [ is the horizontal length of an optical delay introduced by using optical fibers in a Mach-Zender
interferometer configuration that allows the measurement in the receiving node. The parameter « is
introduced to test the validity of the universality of gravitational redshift, this parameter has a value
equal to zero for general relativity. Similarly, our conceptual experiment shown in Fig. 4, could be used
to test the value of the parameter a by introducing this parameter in the general result of Eq. 263, i.e.,

Ad, = 2(1 + a)kogO?. (270)

Thus, the results of our analysis are equally applicable to both cases, the measurement of g or . On
the other hand, by considering that d/R. > 1. The gravitational phase becomes

kogRe (2d
AD, = 7@ (C) (271)

This result explains the linear behavior shown in Fig. 6 for long distances. For future reference, we
write here the approximations for Eq. 267 in the case of short and long distances at second order

2ko(d — dg) — @d}%e (9[1 = (R./d)In(d/R.)]), for d > R,

AD ~ S (272)
2ko(d — dg) — ?dR6 (g[(l/?)(d/Re) — (1/3)(d/Re)2]) , ford < R..

Before finishing this section, it is important to mention another fact about the results in Eqgs. 268 and
271. As can be seen, there is a change in the scaling of A®, from a quadratic to a linear dependency with
the vertical distance d. This change in scaling arises because d (the length of the interferometer’s vertical
arm) affects the gravitational phase in two distinct ways. First, increasing d increases the propagation
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time, allowing more phase to accumulate. Second, increasing d also changes the gravitational potential
experienced along the path, adding an additional phase shift. At sufficiently large d, the difference in
gravitational potential saturates: it effectively stops growing, so its contribution to the phase becomes
negligible. Consequently, for small d the phase receives both contributions and scales quadratically
with d (or with ¢, since d = ¢T'), while at large d only the time-accumulation contribution remains.

2.6.9 Effective point of measurement

Since the length of the vertical arm required to operate the light gravimeter is enormous, it is natural
to ask at which location corresponds the local gravity that is being measured. To calculate the effective
point of measurement, we need to isolate the effect of gravity along the integration path. To do so,
suppose that, in some way, we send all the light in the upper arm instantaneously to the end of the
path and let it stay there for some time T = ci/ c such that Eq. 231 becomes

Dy = —C—AVCZ. (273)

By using Eq. 246, we get

2
—2]‘70&<9Re — Rf) , ford> R,
N JQd ] (274)
——d|gd—g— ), ford< R..
(o107
Now, by equating the above result with the corresponding gravitational term of the vertical arm in Eq.
272 and solve for d/d, we get

1
~ ———— ford> R.
d/d =~ { In(d/R.) (275)
1/2, for d < R..

Notice that, for short distances, the effective point where the local gravity is being measured is at the
middle of the vertical arm. In the case of d ~ 108, the limit d > R, applies and a?/d ~ 0.25, that is,
the effective point of measurement lies approximately at a quarter the distance from the Earth to the
end of the vertical arm. Finally, it is noteworthy to recall that the same systematic, of measuring an
average value of g over the trajectory, is present in atomic gravimetry [17], however, it’s effect is much
less prominent since the vacuum chamber can only be a few meters long.

2.7 Atmospheric considerations

In the last section, we focused on enhancing the result obtained in Section 2.5 by introducing corrections
to the way the change in gravitational potential was calculated. In this section, we consider corrections
to the phase shift due to the optical medium, and general atmospheric considerations for the light
gravimeter.

2.7.1 Phase shift due to the change in the air refractive index

In the last sections, we have seen that the light gravimeter requires the use of large distances to operate.
As can be seen from Eq. 231, there are two ways to increase the gravimetric signal. One could think
in increasing the factor kg AV (z) by increasing the wavenumber. Alternatively, one can increase the
arm length—or equivalently, the measurement time—since T' = d/c. Because manipulating v or a-ray
beams is rather complicated, it turns out that, the most practical strategy for improving the signal
is to increase the interferometer’s measurement time?®. However, achieving a significant phase shift
would require extending the vertical arm to such a length that the light beam would need to propagate
through the atmosphere over a round-trip path.??. This introduces an important challenge since the
density of the atmosphere changes as the altitude, temperature, pressure, and humidity vary. This

28This also has the side effect of increasing the change in gravitational potential AV (z). However, for sufficiently
large distances, the contribution from this potential difference becomes negligible, and the gravimetric signal grows only
linearly (see Eq. 271 and the subsequent discussion).

29This problem only occurs if the light gravimeter is operated in a planet with a dense atmosphere.
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change in the density of the air produces a change in the refractive index so there is an additional
phase shift in the phase measured. In fact, the principal source of error in lunar laser ranging is the
atmosphere [50]. Thus, we can expect that something similar will happen in this case. In this section,
we calculate the order of magnitude of the phase shift caused by the change in refractive index along
the atmosphere.

If the wavenumber of an electromagnetic wave in the vacuum is kg, then, its wavenumber in an
optical medium with refractive index n is given by [47]

k= k‘on. (276)

The refractive index of a light beam traversing the atmosphere has a dependence on the altitude. Thus,
from Eq. 228, the phase of the arm of the interferometer that goes upwards (i=2) must be written
(without considering the effect of the GR) as

By = ko / n(s)ds. (277)

Notice that the integral is the definition of optical pathlength [48], this is why the phase accumulated
by a light beam is interpreted as the optical pathlength traveled (and weighted by the wave number
ko). To solve the integral in Eq. 282, we need to determine the function n(z). This task is not trivial
since the refractive index depends on the density of the medium which depends on the temperature,
pressure, and humidity. Several models and measurements of the dependence of the refractive index on
those parameters have been reported, see for example, Refs. [69, 70, 71]. For our analysis, we will use
the following Sellmeier formula reported in Ref. [72]

P

2

n° =1+ —ak), 278
—alk) (273)
where P is the atmospheric pressure, 7 is the air temperature, and «(k) is a parameter whose value
depends on the wavelength [72]. Thus, the dependence of the refractive index on the altitude can

approximately be written as

N 1P(z)
n(z, ko) ~ 1+ §7~(z)04(/‘~‘0)7 (279)
and by using Eq. 276, we get
_ 1P(z)
k= k‘o |:1 + 5 T(Z) Ot(ko):| . (280)

Therefore, there is a correction to the wavelength due to the change in altitude that can be combined
with Eq. 216 to yield

AV(z)  1P(z)
ka~kyll - ko) |- 281
O{ + c? +2T(z)a( ) (281)
This last equation shows that the light beam is redshifted not only by the GR but also by the change
in refractive index as the beam travels through the atmosphere. Therefore, the phase shift due solely

to the refractive index can be written as

A®,, = koa(ko) [( /0 58 dz) + %2@ - zmm)] —®, . (282)

We assumed a constant refractive index for the light beam at ground level so ®,, 1 = kodga(ko)[P(0)/7T(0)].
In contrast, for light traveling upwards, we modeled a variable refractive index in the altitude interval
(0, Zmaz ), reflecting changes in atmospheric density. Beyond 2,42, up to the maximum height d, we
again assumed a constant refractive index. Now, to determine the order of magnitude of the contribution
due to the change in the refractive index, we need to have an equation describing the dependence
of the pressure (P) and temperature (7) on the altitude. An equation giving that dependence on a
gravitational field is known as a Barometric formula [73]. This equation can be obtained by modeling
the atmospheric pressure as the hydrostatic pressure of a fluid and using a thermodynamic equation
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of state to introduce the temperature dependence. As an example, let us consider the differential
hydrostatic pressure for a fluid of uniform density p in a region of constant gravitational field [74]
dP = —pgdz, (283)

and let us use the equation of state of an ideal gas

P = NkgT/V, (284)

where N is the number of molecules, kg is the Boltzmann constant, 7 is the temperature, and V is the
volume. By combining these equations, we get

dP  mg

P kT
where m is the average mass of a fluid molecule per unit of volume. To integrate this equation, we
need to establish the temperature dependence with altitude. Let us consider the simplest case where 7
is a constant. In that case, the barometric equation is

dz, (285)

mgz
P(z) = Poexp ( kBT>7 (286)
where Py is the pressure at sea level. This result was obtained with little effort and shows that
the atmospheric pressure decreases exponentially. Notice that we can easily improve our model by
introducing corrections to the hydrostatic pressure equation and the equation of state (see for example
Ref. [73]). For our purposes, it will suffice to introduce a correction by considering that the temperature
is not constant but decreases linearly with the altitude, i.e.,

T(2) =To — Bz, (287)

where 7y is the temperature at sea level, and [ is a parameter that can be adjusted experimentally
or obtained theoretically by using conservation-energy arguments. In our analysis, we will use the
experimental value of 3 = 0.00649 K m~! [73]. Using this correction for the temperature, the barometric
equation is given by

mg/ksf
62) o (288)

T
Notice that this equation defines a maximum altitude given by zma. = To/8. By substituting Eqgs. 287

and 288 into Eq. 279, and then into Eq. 282, we get after considering the contribution of the beam
going upwards and then going downwards, we get

P(z) =Py (1

Zmaz mg/kep
A®,, = ko Po (ko) (/ (1 _ 5{) (To— B2) “d=+ ?Ez’”‘”‘;(d - zm)> —®,, (289)
0 max

Now, by considering that Ay = 650nm, Py = latm, and Ty = 288.15K; we can evaluate a(kg) =
1.5693 x 107K Pa~! [72], and 2,4, = 21103 m. Besides, by considering that g = 9.8 ms™2, kg =
1.38 x 10723J K1, and that for dry air m = 4.8 x 10720 kg [75]; we can evaluate the above integral to
obtain

Ad, ~ 107 rad — @, ;. (290)

As is the case with lunar laser ranging, we can expect that the atmosphere will be the principal
source of error when operating the light gravimeter. The fluctuations in the value of the phase shifts
can spoil the measurement, and in the case of the refractive index, we expect large fluctuations since
its contribution to the phase is larger than the effect caused by the GR. Since the atmospheric pressure
does not change appreciably during the day, we expect that the fluctuations in temperature will be the
source of principal error. To confirm this, we can estimate the fluctuation in the value calculated in Eq.
290 caused by a variation in the temperature model given by Eq. 287. The variational derivative of Eq.
289 with respect to Tp(z) (Eq. 287) is given by
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Figure 9: The continuous change in the refractive index of the atmosphere causes the bending of the
light as it passes through it. As a result, the objects in the sky appear to be higher than their true
position (d’ > d). Notice that this effect is zero if the light travels in the direction of the zenith. The
effect has been exaggerated for purposes of illustration.

5(A(I)n + <I>n71) B Zmaw Bz mg/kpp L
B T —ko Po a(kO)/o <1 - 76) (T (2)] "d=. (291)

We can evaluate this result for \j = 650 nm and the same parameter values used before to get

T(2) T(2)=To—B=
This result indicates that the fluctuations due to the temperature are considerably high and clever
approaches are needed to overcome them and be able to operate the light gravimeter. Notice that the
phase shift A®,, and its fluctuations are linearly proportional to k.

One possible solution to reduce the atmospheric error is to perform a differential measurement
such as that analyzed in Ref. [50]. This technique involves two consecutive measurements via a fast
switching between two retroreflectors (on the Moon or on two different Earth-orbiting satellites) and,
because of the similarity of the optical path between the two measurements, the phase difference of
these successive measurements can be used to isolate the Earth’s atmospheric error. Similarly, another
possible solution could be to use two beams with different frequencies and therefore with varying
responses to the change in the refractive index of the atmosphere.

~10°rad - K™* (292)

2.7.2 Atmospheric refraction

Besides the phase shift of Eq. 289. The change in the refractive index also bends the light while it
passes through the atmosphere. This continuous bending of the light is known as atmospheric refraction
[76]. As a result, the objects in the sky appear higher than their true position as shown in Fig. 9. This
effect is null at the zenith and it increases towards the horizon. Thus, if the retroreflector in Fig. 4 is
not at the zenith, it is imperative to consider corrections to the optical pathlength of the upper arm of
the interferometer. The problem becomes more complicated because the refraction (and consequently
the bending) depends on the wavelength. Fortunately, the model introduced in Section 2.6.3 considers
that the upper arm of the interferometer points to the zenith. Thus, in our analysis, we can safely
ignore this correction.

2.7.3 Rayleigh Scattering

Another effect of an electromagnetic wave passing through the atmosphere is the scattering of some of
the wave’s energy. The incoherent scattering caused by the air molecules produces an attenuation of
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the light beam that can be described by the Rayleigh scattering [77]

, 2k4
o = ——
3N’
where N’ is the number of molecules per unit volume and o’ is the attenuation coefficient. Thus, the
intensity of the beam can be described by

In — 12, (293)

I(2) = Ipe™'>. (294)

Notice that the attenuation coefficient is proportional to k*. Thus, in the visible spectrum, red light
is scattered less than violet light. In fact, by using the isothermal model of Eq. 286, it is possible
to show that the density varies exponentially with height, and by using this, we can estimate the
intensity at the Earth’s surface relative to the incident intensity on top of the atmosphere at different
wavelengths at zenith [77]. The result is shown in Table 4. Notice that as expected, the intensity at
shorter wavelengths is attenuated more than for larger wavelengths. This result is important since
according to Eq. 263, the GR produces a larger phase shift for smaller wavelengths. Thus, there is a
trade-off between a larger phase shift and a smaller attenuation of the light beam. Notice that the
results in Table 4 only consider the attenuation of the incoming beam, but the same effect occurs with
the outgoing beam. Thus, for a violet light beam, Rayleigh scattering would cause an attenuation of
almost half the initial intensity for the upper arm in Fig. 4. What is more, the attenuation is greater
than that of Eq. 294 because of the presence of water vapor that causes strong absorption bands in the
infrared and ozone which causes absorption of the ultraviolet [77].

Table 4: Intensity at the Earth’s surface relative to the incident intensity on top of the atmosphere for
different wavelengths at zenith [77]. This result is obtained by considering the isothermal model of the
atmosphere (Eq. 286), and the Rayleigh scattering Eq. 294.

Color I(zmaz)/Io
Red (650nm) 0.96
Green (520 nm) 0.90
Violet (410 nm) 0.76

2.8 Light beam considerations

In this section, we analyze some of the properties that the light source, used to operate the light
gravimeter, needs to have and some additional systematics introduced by considering more realistic
light beams.

2.8.1 Rayleigh distance

The successful implementation of the interferometer shown in Fig. 4, requires a cautious selection of
the initial light beam waist and its bandwidth to maximize the contrast of the fringes. In section 2.7.3,
we saw that the Rayleigh scattering causes an attenuation of the beam intensity. Besides Rayleigh
scattering, a rapid divergence of the laser beam can cause the beam width to diverge such that for a
long distance as that considered for the experimental setup of Fig. 4, only a fraction of the beam will
be retroreflected, causing a loss of intensity. By considering a laser beam with a Gaussian profile, and
setting the initial beam waist at z = 0, the beam waist can be described by [47]

2
w(z) = wo/1+ <Z) ) (295)
2R
where zp is the Rayleigh length defined as
2
o= 220 (296)
Ao

This length defines the distance at which the cross-sectional area doubles or the distance at which
w(z) = v2wy. We can use the above equation to find out the initial beam width needed to have a
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Rayleigh length of the same order of magnitude as the average distance from the Earth to the Moon, i.e.,
zr ~ 103m. Thus, by using Ao = 650 nm, we have that wy ~ 4m. For reference, notice that the Appollo
11 and 14 retroreflectors have an array size of 46 cm x46 cm [51]. This means that the cross-section of
the Gaussian beam (defined as the area of a circle of radius w) is around one order of magnitude larger
than the retroreflector area. Therefore, an ideal implementation of the light gravimeter would require
the placing of a retroreflector with a larger array size to avoid a considerable loss of intensity of the
returning beam.

2.8.2 Coherence length

The interference fringes discussed in Section 2.4 only are formed when the light bandwidth Av and the
path difference of the two arms of the interferometer Al satisfy the following relation [78, 47]

AlAv S e (297)
From this relation, the coherence length of the light source is defined as

c
AV
Notice that the long distances required to operate the light gravimeter are not a problem because the
coherence length depends on the path difference and not on the absolute path length of the individual
arms. However, given the enormous length of the vertical arm, it sounds more realistic to use an
unbalanced arms configuration with a shorter arm on the ground. In that case, the experimental design
must consider that the path difference has to be much shorter than the coherence length so the contrast
of the fringes is not affected. To illustrate this point, consider a laser with a bandwidth of 10 kHz, the
coherence length for that laser would be around Al. ~ 30 km.

Al, (298)

2.8.3 Mode Matching

Let us consider a laser beam with a Gaussian profile to quantify the effect of mode mismatching on the
interference fringes. The electric field of this laser beam when it arrives at the detector is given by3°

2 2
Ei(r,t) = Eﬁ:% exp [w??(ﬂz)] cos { koz — ko#(z) +Y(z) + wt|, (299)
where r is the distance measured in a plane transverse to the propagation axis, R(z) = z [1 + (zr/ 2)2}
is the radius of curvature, 1(z) = arctan(z/zg) is the Gouy phase and ¢ = 1,2 is the path traveled by
the beam in the interferometer. The irradiance obtained by the interference of a Gaussian beam with
electric field Ey that traveled a distance dy and another beam with electric field E, that traveled a
distance 2d is given by

o2 1 [T
T By =t 7 [ BPar, (300)
© t

where E = 51 + EQ and |E“2 = |El|2 + |E2|2 + 251 . EQ so I =11 + Iy + I15 with I} <|El|2>T7

12 X <‘EQ|2>T7 and 112 XX 2<E1 . EQ>T. Thus,

E, 2
I { 0“’0} o2/ w ), (301)
w(dg)
Eowo 2 _op2 2
T r*/w=(2d) 92
5 X {w(Qd)} e , (302)
and
E2w? 1 1
I _|—=0"0 2
e [w@d)w(dg)] eXp{ ' {w%zd) i w2<dg>]}

1 1

,’,,2
k02 {R(2d) - R(dg)} — ¥(2d) +w(dg)}, (303)

cos {kOQd — kodg +

30For this calculation, we are supposing that the whole vertical beam is retro-reflected without suffering any apodization.
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The effect of mode matching can be seen by averaging the irradiance over a circular detector of radius

p to get the total power as follows
P 27
Poc/ / Irdrds. (304)
o Jo

The integration of the I7 and Is terms is straightforward. The result is given by

Eow 2 2 2
P ( 02 0) {1 —e W w (d@} (305)

E’LU 2 2 2
Py ( 02 0) [1 — e w <2d>} (306)

Integrating the interference term I is more complicated. Fortunately, for our analysis, we can get a
qualitative result by considering that d, ~ 0 for which 1/R(dy) ~ 0 and 2d > zg for which 1/R(2d) ~ 0,
i.e., in the limit of large or short z the curvature term kor?/2R(z) of Eq. 299 is approximately zero and
the oscillatory term of the beam becomes that of a plane wave (except for the Gouy phase contribution).
Therefore, in this approximation, the oscillatory term does not contribute significantly to the integral
and it can be considered constant, so the integration yields

and

o A (o )

2
cos {kOZd — kody + kozp {R(IZCZ) - R(lcng —p(2d) + w(dg)}. (307)

Finally, P = P, + P> + Py2 is given by

E 2
P ( 02w0) <2 . e—2p2/u)2(dg) _ 6—202/w2(2d)

ety (o - [ * ) })
cos {md — kody + k02p2 {R(12d) - R&g)} —p(2d) + w(dg)}). (308)

This result indicates that the main effect of mode mismatching is a reduction in the contrast or
visibility of the fringes. To see this, let’s compute the interferometric visibility defined as V =
(Prmaz — Pmin)/(Pmaz + Pmin) where P is maximized(minimized) with respect to the argument of the
cosine in P;5. The result is

4w (2d) w(dy) (1 — exp{ - [m + w?(lfig)}pQD

YV x (309)
w2(2d) + w(dy)| [2 = =207 a) — =207 /22|
By considering that p — oo, the above expressions simplify to
E
PPy x [ 027“”0} : (310)
E3w? w(2d) w(d,)
P 00 g ko2d — kod, — 1(2d dy) ¢, 311
12 % 9 w2 (2d) + w2 (dy)] COS{ 02d — kodg —1(2d) + ) g)} (311)

and

Eowo \? 2w(2d) w(d,)
P x < 5 ) <2 + [w?(2d) + w2(dy)] cos {ko2d — kodg — ¥(2d) + w(dg)}) (312)
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Figure 10: Visibility of the interference of two Gaussian Beams according to Eq 313. For this plot, we
supposed that wy = 1m, d; = 1m, and g = 650 nm so that the Rayleigh distance is zp = 4.8 x 105m.
Refer to the text for additional details on the calculation.

with the visibility given by

. 2w(2d) w(dy)
v { [w2(2d) + wQ(dg)] } (313)

Figure 10 shows how according to Eq. 313, the visibility begins to drop drastically when d ~ zg as
expected. This effect is much less relevant in atomic gravimetry due to the short distances over which
the atoms travel.

Besides the loss of visibility, Eq. 308 also indicates the existence of two new systematic effects when
considering Gaussian laser beams due to the Radius of curvature and the Gouy phase terms. The phase
shift caused by the Gouy phase can be defined according to Eq. 308 as

Ady = —1p(2d) + ¢ (dy) = —arctan (2d/zr) + arctan (dg/zg), (314)
and the phase shift due to the radius of curvature as
k0p2 |: 1 1 ] k0p2 |: 1 1
Adp = — = - 315
770 [R@2d) T R(dy) 2 [2d[1+ (2r/2d)?]  dg[1+ (2r/dy)?] (815)

Let’s analyze these phase shifts in the limit d, ~ 0 and d > zgr. For this limit, the expansions
arctan = (z — 23/3 + 2°/5 +...) valid at = = 0 and the expansion arctan = (7/2 — 1/x + 1/32% +...)
valid at = oo can be used to approximate the phase shift due to the Gouy phase. By using the
dominant term in each expansion, the sensitivity due to this phase shift can be written as

AD dgro\ A 2
v = (Z_S0) () (316)
Ad, light 2 mwg ) 2mg \2d
where we used Eq. 234 and T' = d/c. Similarly, for the phase shift due to the Radius curvature
AP (1 d :
R N % £\ (317)
APy )y 29\2d 2R ) \2d

It is instructive to look for the equivalent phase shifts in the case of atomic gravimetry. This correspon-
dence can be elucidated by considering the limit when dg ~ 0 and d ~ 0. Following the same procedure
as before, the sensitivity due to the phase shift of the Gouy phase becomes
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AD Az \2
(3) -t (318)
Ad, light 2g m*wg T

where Az = dy — 2d. By substituting Az = %gT2 which is the vertical displacement of an atom in an
atomic gravimetry, the sensitivity becomes

AD, > A2
= - . (319)
( A(bg light 4 7T2w(%

This result maps perfectly with the corresponding result in atomic gravimetry discussed in Ref. [79].
Similarly, in the case of the phase shift due to the Radius curvature, the result is

A¢R> Az p?N\E
=\ 320
(Atl)g light 2972 m2wg (320)

By considering that the value of p/T is approximately equal to the value of the standard deviation of
the atomic velocity distribution in the atomic gravimetry o,, the sensitivity becomes

<A<I>3> _ Az /\%ag. (321)
Ad, light 2 g mw;

Once again, this result matches the corresponding result in atomic gravimetry [79]. Notice that even
though Egs. 316 and 317 represent the correct result for the distances required to operate the light
gravimeter, the correspondence with atomic gravimetry is seen only when the arm length and the time
interval are on the order of magnitude of the corresponding values in atomic gravimetry.

2.8.4 Beam misalignment

A misalignment of the light beam in the vertical arm of Fig. 4 introduces a phase shift. This shift can
be calculated by considering the additional optical path traversed by the misaligned beam. Figure
11 illustrates the path of a beam entering a corner cube at an angle 6 relative to the z-axis and its
subsequent retroreflection. While the derivation is tedious, it can be easily shown that the beam exits
the corner cube at the same angle 6. To analyze the interference at the detector (located at Py), we
must consider the interaction between the retroreflected plane wave at py and the beam from the other
arm (at pg). For small angles, the optical path (highlighted in red in the figure) is given by

d ~2d — db?, (322)

while the displacement (Az) in the z-axis is given (for small angles) by

Az ~ 2df. (323)

By taking d, = 2d in Eq. 261 and considering the correction to the optical path due to the beam
misalignment, we get

Aé;i_qht = A(I)g + UA‘I’dv (324)
where
onw, ~ —kodb?. (325)
Then, for distances close to the Earth, we can use Eq. 234, and the sensitivity will be given by
2
("g) ~ =2, (326)
9 J tight gd
where we considered T' = d/c. Or more in general,
2
0'9) ~ - g2 (327)
( g light AV

Eq. 326 indicates that achieving a sensitivity on the order of 10~ requires an extraordinarily precise
angle of 1079 rad for a distance d = 10® m. Notably, the sensitivity improves as the distance d increases.
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Figure 11: Path of a light beam through a corner cube reflector with misalignment. The beam enters
the corner cube at an angle 6 relative to the z-axis and is retroreflected. The figure shows the incident
beam, its path through the corner cube, and the exiting beam, which leaves at the same angle 6. The
optical path is highlighted in red, demonstrating the additional distance traversed due to misalignment.
Points py (detector location) and py are marked to show the interference analysis. The figure also
indicates the displacement Az in the z-axis and the vertical distance d, helping visualize the geometrical
relationships described in the optical path length and displacement equations.

While this may seem counterintuitive, it arises from the phase scaling quadratically with distance (close
to the Earth), while the uncertainty due to misalignment grows only linearly. To be consistent with our
notation of systematic contributions, we will define A®,,, = ocas,. For reference, for Ay = 650 nm, and
6 = 10~*rad, the contribution is about A®,,, ~ —107 rad.

Examining the systematic error caused by misalignment in light gravimeters is an instructive
exercise, since it allows a straightforward comparison with the corresponding systematic error in atomic
gravimeters. When considering a vertical misalignment of the Raman wave vector by an angle 6 in an
atomic gravimeter, the phase of a typical atomic gravimeter is modified as follows [17]

A(I):natter = Aq)matter + (O—Ai’g)matter, (328)
where
(0A®, )matter = kespgT?(cos® — 1), (329)
and for small angles
2 07
(O—A@g)matter ~ _kefng 5 (330)
Thus, the sensitivity due to vertical misalignment in atomic gravimetry is given by
92
("é?) ~ (331)
g matter 2

We can observe that the sensitivity to beam misalignment in matter gravimetry exhibits a quadratic
dependence on the deviation angle, similar to light gravimetry (as shown in Eq. 326). However, in the
case of light gravimetry, the sensitivity is further modulated by the inverse of the wave vector change
due to gravitational redshift, as expressed in Eq. 216. This causes the deviation angle requirement to
be less restrictive for matter gravimetry (a precision of 1uGal requires an angle less than 45urad [17]).
A more thorough analysis of the effect of beam misalignment in atomic gravimetry can be found in [79].
The presence of the factor ¢?/AV in Eq. 327, absent in Eq. 331, stems from fundamental differences in
the phase shift calculations. In the light interferometer, Eq. 325 represents a correction to the phase
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Figure 12: The Doppler effect causes successive crests of waves to take different amounts of time to
arrive at the detector which can be interpreted as a change in the optical path followed by the light
beam. Figure not at scale.

term (A®,) determined solely by differences in optical path lengths (Eq. 261), which are independent
of g. Conversely, in the matter interferometer, the correction applies to the gravity-dependent phase
term which is independent of path length.

2.8.5 Doppler Shift

Since the retroreflector used to return the light beam to the Earth is orbiting either in a satellite or the
Moon, there is a Doppler shift caused by the fact that successive pulses or successive crests of waves
take different amounts of time to arrive at the observer [42]. Let us consider a reference frame where
the Earth is static and the retroreflector is in motion (see Fig 12). The change in frequency due to the
Doppler effect is given by [77]

Aw = ky - T, (332)

where v is the velocity of the retroreflector. The sign of the change in frequency depends on whether
the retroreflector is approaching or moving away from the Earth. The light beam is sent through the
zenith which is aligned with the z-axis of the reference frame, thus, only the z-component of the velocity
is relevant in our calculation, i.e.,

Aw = k()vz. (333)
Due to the motion of the retroreflector, the light beam travels an additional distance (optical path)
given by
AOP x v,T, (334)
where 7 is the time we spend taking data measurements. This distance causes a phase shift given by
Eq. 229, i.e.,
A(I)D = k’oAOP X k(ﬂ)ZT. (335)

For example, by considering A\g = 650nm, 7 = 1s and, |v,| ~ 1Kms™!, we get |[A®p| ~ 10° rad. This
phase shift is of consideration due to the large Doppler effect caused by the large number of cycles that
the wave performs during the measurement time. Notice that in this rough estimation, we considered
|v.] to have a constant value3! approximately equal to the average orbital speed of the Moon.

31We can consider |v;| to have a constant value for short values of 7 since the Moon’s orbital period is 27 days, so
dv. /dt is negligible for the measurement time considered.
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If we perform a measurement and then move the gravimeter to a new position, we’ll need to determine
the change in A®(7) for the time it took to move the gravimeter and begin a new measurement. This
is only possible if v, can be determined with high enough precision. Fortunately, since the distance
to the Moon can be determined with a precision of less than 1cm [50, 51], the value of v, can be
determined with high precision as well. A quick estimation can be done by considering that the orbit
of the Moon around the Earth is circular, in that case, the relationship between the orbital speed of
the Moon and the radius of the orbit can be easily computed, and the precision of 1 cm in the radius of
the orbit gives a fractional precision on the orbital speed of about 1071°.

Table 5 summarizes the different contributions, analyzed so far, to the phase measured with the
experiment proposed in Fig. 4 and the order of magnitude of each contribution

AD(T) = ADy+ ADy + ADpy + ADpy + A, + AD (1) + Ady + A (336)

Ao = 650nm, d = 10°m, wyp = Im, p = lcm
A(I)d ~ 1015 rad — /{iodg

Ad, ~ —10°rad
AD,,, ~ 10*rad
AdD,,, ~ —10"rad
|A®p| ~ 10° rad

AD,, ~ 107 rad — 22 Lo,

Ady ~ —10°rad + arctan (j—;)

ABp ~ 1036 rad — — 2ko/2
" dy [1+(zr/dy)?]

Table 5: Order of magnitude of the different phase contributions analyzed so far for the experiment
proposed in Fig. 4. A®, is the geometrical phase, A®, is the gravitational phase due to the Earth,
Ad,,, is the gravitational phase shift due to the Moon and the Sun, A®,,, is the phase shift due to
the misalignment, |[A®p| is the phase shift due to the Doppler effect, A®,, is the phase shift due to the
change in refractive index of the atmosphere, A®,, is the phase shift due to the Gouy phase, and A®p
is the phase shift due to the radius of curvature. Refer to the text for additional details about how
these estimations were obtained.

2.9 Comparisson of Light and Matter gravimeters

The universality of free fall—the observation that all bodies accelerate identically under gravity
regardless of their composition—was established empirically by Galileo and later incorporated in
1752 into Newton’s law of universal gravitation. Today, this principle of dropping a test mass and
measuring its trajectory through space-time remains fundamental in determining the absolute value of
the gravitational acceleration [80]. This method has proved to be highly effective, for instance, highly
precise gravity measurements can be achieved using lasers to measure the free fall of cooled atomic
ensembles in a vacuum [17]. In this section, we focus on the study of the differences between light
and matter gravimeters. The fundamental question we aim to address is whether there is a physical
reason that makes one type of gravimeter more suitable for measuring gravity, or if both types are
physically equivalent, with the only differences being the distinct experimental challenges involved in
their implementation.

We begin by comparing the energy change involved in the process of dropping a mass with the
energy change involved in the gravitational redshift of a photon. If the energy required for a photon to
climb a distance d were different from the energy a mass loses when dropped from the same distance, it
would indicate that one type of gravimeter involves a greater energy change than the other, providing a
clear advantage. However, this is not the case. It turns out that the process of dropping a mass and
the redshift of a photon are energetically equivalent. This idea was proposed by Einstein in 1911 [81]
using the following thought experiment [68]: Consider a particle of rest mass m that is dropped from
the top of a tower, as illustrated in Fig. 13. The particle falls freely with an acceleration g and reaches
the ground with a final velocity given by v = /2 gd. An observer on the ground measures the total
energy of this mass as
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1
E=mc® + imv2 + O(v?) = me? + mgd + O(v?). (337)

Suppose that we can convert all this energy into a photon of the same energy and direct it upwards.
When this photon reaches the top of the tower, it has a rest energy E’. Suppose that we convert all
this energy into a particle of mass m’ = E’/c?. Then, we must have that m’ < m, otherwise, we could
obtain perpetual motion. Therefore, a photon climbing in the Earth’s gravitational field is redshifted
and loses the energy®? given by

AFE = mgd. (338)

This result was demonstrated experimentally by measuring the redshift [66, 67, 68] which can be
obtained from Eq. 337, i.e.,

E mc? gd 4
E mc2? +mgd+(9(v4) =1 2 +O(U ) (339)
from which one arrives at Eq. 216 by using the Planck relation and®? AV = gd.

Recapitulating, in the case of dropping a mass, the potential energy given by Eq. 338 is converted
into kinetic energy. We could say that the potential energy is lost because it was converted into another
form of energy, in this case, kinetic energy. Something similar happens in the case of the GR, in this
case, an amount of energy equal to the potential energy given by Eq. 338 is taken from the total energy
of the photon and converted into another type of energy, whatever type of energy it is, we can say
that this energy is lost3*. Therefore, we can conclude that the processes of dropping a mass and a
photon’s redshift are energetically equivalent, i.e., the change in potential energy (in the case of the
mass dropping) and the change in total energy (in the case of the GR) are the same, in both cases, the
change in energy is given by Eq. 338.

From an energy point of view, even though we are used to hear phrases such as photons do not have
mass, there is no fundamental difference between lifting light or dropping a mass as both processes
involve the same change in gravitational potential. In the case of the comparison between light and
matter gravimeters, there is also no fundamental difference between both approaches because the phase
signal of both interferometers is obtained from the action divided by £, as we show next. First, let
us consider the phase for the light gravimeter in Eq. 228, expressed in terms of momentum using de
Broglie’s relation

1 AVYN |, -
Piight,i = ﬁ/ (1 - 2)170 “dr + @i, (340)
r; c

where ; is an arbitrary initial phase offset. The total energy of the photon is given by Ejign: = poc, so

the dot product can be written as py - dr = Ejignt cos(8)dr/c, where 6 is the angle between pj and dr.
Now, by taking # = 0, and using the change of variable dr = cdt, we get

1 AV
Dight,i = ﬁ/ (1 - Q)Elightdt + ;. (341)
r; ¢

By taking the difference of phase in both paths, we arrive at the signal measured by the interferometer

([ [ ) 5( [ sva | sva)

On the other hand, for a typical atomic gravimeter [17], the phase acquired on each of the arms is
given by the well know expression [21]

Ey;
A®pigny = % + (p2 — ¢1), (342)

1
q)matter,i = ﬁ / Lmatter dt + Pis (343)
T;

32In this sense, the energy that is lost acts as a kind of potential energy.

33For purposes of comparison we simply take d < Re.

34Tn this thought experiment, this energy is recovered in the form of potential energy when the photon is converted
again into a particle of mass m.
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where Loaiter = —MoC> /7 — moAV is the Lagrangian of the atom of rest mass mg subject to the
gravitational potential and ¢ = 1, 2 represents the path. Thus, by substituting L,,qtter, We get

1

AV
(I)matter,i = ﬁ —m002 (]— + 7C2> dt/’y + @i. (344)
r;

The rest energy term is constant on each path so we can write

A(I)matter = matter [ (/ dr — / dT) — ( AVdt — / Ath)
Iy I Ty T

where Epqier = moc? is the rest energy of the atom and dr = dt/~ is the proper time of the atom’s
center of mass.

Equations 342 and 345 are general, independent of the paths chosen, and can be written into a
single equation as

+ (p2— 1), (345)

Elzqht matter

A(blight,matter = + ((,02 — (,01) . (346)

(/det /1“1dt) ( Ath_/rlAth)

In this context, dt’ represents dt in the case of the light gravimeter and it becomes dr in the case of
the matter gravimeter. Equation 346 shows that the interferometric phase calculation is essentially
equivalent and takes the same form in both types of gravimeters. Although the light and matter
gravimeters initially seem different, they fundamentally operate in the same way. This is one of our
main results besides Eq. 234.

Let’s break down the three terms inside parentheses in Eq. 346. The integration paths (I'; and I's)
are usually chosen such that for the first term, the difference between the integrals along each path
cancels out, rendering this term zero. The second and third terms, however, are more intriguing. In
the case of the light gravimeter, the phase is given by the second term while the third term is zero
because it represents the difference in initial phase offsets and both interferometer arms share the same
initial phase. On the other hand, in the case of the matter gravimeter, the role of the second and
third terms depend on the reference frame being used. The third term turns out to be zero in the
laboratory reference but in the reference frame that follows the atom’s center of mass, it assumes a
non-zero value attributed to the phase "imprinted” on the atom by the laser beams [17, 82]. Notably,
in this atom-centric frame, the second term of Eq. 346 becomes zero. Caution must be taken when
interpreting these terms in the output phase of the matter gravimeter; nevertheless, notice that the
total phase difference is invariant as expected.

From Eq. 346, it may seem that since the rest energy of an atom is much larger than the energy of a
visible-light photon, then the interferometric signal of a matter gravimeter would be immediately larger.
However, after integrating Eq. 346 (in the lab reference frame) using the usual paths of integration
[17], it can be easily shown that A®,,4tter = Q%Av T? where Av is the change in velocity caused by
the Raman transitions, and for the case of a two-photon process Av = hkg/mg. This result does not
depend on the rest energy of the atom and only depends on the wave vector of the light use to drive
the Raman transitions. In the case of the light gravimeter, after integrating using the paths and limits
discussed in Section 2.5, we arrive at Eq. 234 that only depends on the wave vector of the light that
interferes. We re-write the result of integrating Eq. 346 for reference

|A(I>lz’ght,matter‘ = k/gT27 (347)

where £’ is kg for the case of light gravimetry and k.ss in the case of matter gravimetry. This final
equation is more suitable for comparing the performance of both gravimetry techniques. There are
two scenarios for comparing the sensitivity: equal interrogation times or equal traveled distances. If
we could construct both a light and a matter interferometer with the same ”free-fall” time (7'), and
assuming k.sy and ko are equal, the phase (and therefore the sensitivity) of both interferometers would
be identical. This would result in perfect equivalence between the two gravimeters at short times, where
g is approximately constant. On the other hand, launching atoms upwards at small velocities (as in an
atomic fountain) results in a relatively small displacement over about one second. In contrast, the light
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Figure 13: Thought experiment proposed by Einstein in 1911. A mass m is dropped from a tower at a
distance d. When it arrives at the ground, all its energy is converted into a photon directed upwards.
The photon must lose the energy given by Eq. 338 otherwise, perpetual motion could happen.

gravimeter covers this same distance in a much shorter interrogation time due to the high speed of
light (c¢). Therefore, for equal traveled distances, the matter gravimeter has a clear advantage in terms
of sensitivity.

Another interesting observation from Eq. 347, is that this equation is identical for both gravimeters
except for a factor of two that appears because k.yy ~ 2k in atomic gravimeters. This difference arises
because atomic gravimeters often use Raman transitions, which involve the momentum transfer of two
photons. If a single-photon transition were used, the equations would be perfectly equivalent. In the
atomic gravimeter, a sequence of pulses (m — 7/2 — 7) is applied, with an interrogation time 7 between
pulses. In the light gravimeter, the beam splitter acts as a 7/2-pulse, while the retro-reflecting mirrors
serve the role of the w-pulse, with an interrogation time 7" defined by the time it takes light to reach
the mirror.

In summary, both types of interferometers fundamentally operate according to Eq. 346, and its
phase for the usual paths of integration is given by Eq 347. Comparing them with equal interrogation
times yields identical phase and sensitivity (A®pght = A®Pmatter), assuming kery = ko. However,
this equality comes at the cost of needing a substantially longer interferometric arm to increase the
interrogation time for the light gravimeter due to the high value of the speed of light in vacuum. This
requirement of very long arms is the main cause of many of the systematics analyzed in this study.
A further study that considers the use of slow light could help overcome these issues since it would
allow the use of much shorter arms. Enhanced sensitivity could also be achieved using more energetic
photons, but this approach would require significantly more complex optical components.

2.10 Conclusions and perspectives

This chapter presented a comprehensive analysis of light-based gravimetry, demonstrating that measuring
gravity using photons via gravitational redshift is fundamentally equivalent to matter-based approaches.
We derived the general expression for the interferometric phase (Eq. 346) and showed that both
light and matter gravimeters operate on the same physical principle, yielding identical sensitivities
for equal interrogation times when k.yy = ko. However, the high speed of light necessitates extremely
long interferometric arms (d ~ 108 m) to achieve competitive sensitivities, introducing significant
systematic errors from atmospheric effects (particularly refractive index variations contributing ~ 107
rad), beam misalignment (requiring § < 10~ rad), and Doppler shifts from orbital motion. While
the light gravimeter offers conceptual simplicity by eliminating atomic manipulation and laser cooling
systems, these stringent experimental requirements—especially precise alignment over astronomical
distances and atmospheric corrections—present formidable technical challenges. Future work could
explore slow-light implementations to reduce arm length requirements, multi-wavelength differential
measurements to mitigate atmospheric errors, or satellite-based Mach-Zehnder configurations to avoid
retro-reflection complications. The fundamental equivalence established here also suggests potential
applications in testing the universality of gravitational redshift through the parameter « in space-based
experiments.
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Appendix

A. Numerical program to simu-
late the decoherence of the Rabi os-
cillations

In this section, we will provide a heuristic proof of the condition in Eq. 210 through a numerical
simulation. The sequence of pulses of Eq. 14 is applied to a cloud of atoms in free-fall. Thus, since the
duration of the pulses is finite, during the process of Rabi oscillations, every atom not only undergoes
a change in its internal state but also a change in its external state. Let’s suppose that the atom is
initially in the ground state (¢) and has a moment p such that it can be described by |¢(0)) = |g, p).
To make this state evolve, we will apply an algorithm similar to the split-operator method used in
Section 1.8.6. We will consider infinitesimal steps in time and at every step, the state will evolve first
in momentum and then in its internal state through the Rabi oscillations.

The change in momentum due to an infinitesimal step in time for an atom under a free-fall
Hamiltonian (Eq. 140) was calculated in Eq. 154. On the other hand, the most general solution to the
Rabi oscillations is given by [28]

Cy(t) = Cy4(0) cos (L 1C.(0) sin g,

2 2

Qt Ot (348)
C.(t) = C.(0) cos -5~ iCy(0) sin >

For infinitesimal small time steps, this solution can be approximated as

Qt
2 b

4
Ot (349)
5
Therefore, we can use Eqs. 154 and 349 to compute the evolution at every time step. For the first time
step, the change in momentum applied to the initial state (|¢)(0)) = |g,p)) gives

Cy(t) = Cy(0) —iCe(0)

C.(t) & C.(0) — iC,(0)

i (p— hAk_)?

w(an) =exp (- ;=00

by applying the Rabi oscillations on this state gives

At lg.p — Ak},

[ (AL) = exp ( _ %w

At — hAk_
o) lgp - hE

Ot i (p—hAk_)?
— i~ exp < — ﬁTAt le,p — hAk_),

Notice that we have defined
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ma+
h

to distinguish between the momentum transferred in the excited state from that transferred in the
ground state (see Eq. 3). For the second time step, the change in momentum produces

fy = t, (350)

$(2A8)) = exp ( oMK+ (- AR

Ot i (p—hAk_)?+ (p— hAk_ — hAk,)?
—i—exp| — —
2 h 2m

At> lg,p — 2RAK_)

At) le,p — hAk_ — hAkL) ,

while the Rabi oscillations produce

i (p— hAK_)® + (p — 2hAk_)?

6(280) = exp - At o — 200

h 2m
. N 2 _ 2
_Z'Qtexp<—z(p hAk-)” + (p = 2hAk-) At) le,p — 2hAk_)
2 h 2m
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For the third iteration, we follow the same procedure, and so on. Notice that the algorithm becomes
computationally more expensive at each iteration, therefore, the procedure must be stopped after
N time steps, and the amplitude of all the sub-states that ended up in the ground (excited) state
can be summed to compute the global amplitude of the ground (excited) state and from this, the
final population of the corresponding state can be inferred. The following program performs several
simulations of this algorithm with different initial velocities (corresponding to different initial cloud
temperatures [18]). For each simulation, the phase shift of Eq. 211 is computed and recorded as well.
Finally, the phase shift due to the finite pulse duration obtained at each iteration is plotted against the
corresponding visibility of the Rabi oscillations obtained through the simulation. The output of the
program is shown in Fig. 14. By looking at this plot, the condition of Eq. 210 is obtained.

import numpy as np
import matplotlib.pyplot as plt

num_experiments = 10 # Number of simulations

5 rabi_steps = 26 # Number of Rabi oscillation steps

# Constants

hbar = 1le-34

m le-25 # Mass of 87Rb

g 9.8 # Gravitational acceleration

w le4 # Rabi frequency

initial_velocity = 3e-3 # Initial velocity

# Parameters

5 magnetic_acceleration = g / 6 # Magnetic acceleration
; g1l = g + magnetic_acceleration # Acceleration 1
g2 = g - magnetic_acceleration # Acceleration 2

t_pi = np.pi / w # Time for a pi pulse
dt = t_pi / rabi_steps # Time step

iw_dt_2 = -1j * w * dt / 2 # Factor for Rabi oscillations
fp = -1j * dt / (2 * m * hbar) # Factor for temporal evolution
dpil m * gl * dt # Momentum change with gl

dp2 m *x g2 * dt # Momentum change with g2

; # Global results

cef_squared_values = []
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27 phase_values = []

o # perform simulation several times
30 for it in range(l, num_experiments):
31 v = it * initial_velocity

32 p=m* v # Initial momentum

34 phase = (m / (2 * hbar)) * (3 * v *x (gl - g2) * (t_pi ** 2) + ((gl =*x 2) - (g2 =*x
2)) * (t_pi ** 3))
35 phase_values.append (phase)

37 pgv = np.array ([pl)
38 pev np.array ([pl)

10 # begin with all population in ground state

41 cgv = np.array([1 + 0j]) # Initial coefficient g

12 cev = np.array ([0 + 0j]) # Initial coefficient e

13

14 time_values = np.array ([0])

15 cef = [cev[0]]

46 cgf = [cgv[0]]

A7

48 # compute rabi oscillation for rabi_steps

19 for step in range(rabi_steps):

50 time_values = np.append(time_values, time_values[-1] + dt)
51 pgv = np.append(pgv, pgv[-1] + dpil)

52 pev = np.append(pev, pev[-1] + (dpl if step == 0 else dp2))

1 # Apply temporal evolution only to relevant elements
5 cgv *= np.exp(fp * (pgv[-1]1 **x 2))
56 cev *= np.exp(fp * (pev[-1] ** 2))

58 # Rabi oscillations, doubling the number of components
59 cgv_temp = np.concatenate([cgv, iw_dt_2 * cev])

60 cev_temp = np.concatenate([cev, iw_dt_2 * cgvl])

61 cgv, cev = cgv_temp, cev_temp

63 # Double the size of pgv and pev to match cgv and cev
64 pgv = np.concatenate ([pgv, np.full(len(cgv) - len(pgv), pgv[-11)1)
65 pev = np.concatenate ([pev, np.full(len(cev) - len(pev), pev[-1]1)1)

67 # Update the final coefficients
68 cgf.append(np.sum(cgv))

69 cef .append(np.sum(cev))

1 # Add a new time value only after completing all operations
72 time_values = np.append(time_values, time_values[-1] + dt)

74 # Ensure that time_values and cef have the same length
75 time_values = time_values[:len(cef)]

77 cef_squared = np.abs(cef) *x 2

79 # Plot (adjust according to reference data)

80 plt.plot(time_values, cef_squared)

81 plt.xlabel (’time (s)’)

82 plt.ylabel(’|lc_e|"27)

83 plt.text(t_pi / 10, 0.6, f’phase: {phasel}’)
84 plt.pause (0.3)

85

86 cef_squared_values.append(cef_squared[-1])

ss # Final plot

g0 plt.figure ()

00 plt.plot(phase_values, cef_squared_values)
o1 plt.xlabel (’phase’)

o2 plt.ylabel(’lc_e(t=t_pi)|~2’)

03 plt.show()

Listing 1: Python code for the simulation of decoherence of the Rabi oscillations in a magnetic
gravimeter.
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Figure 14: Phase shift due to the finite duration of a m-pulse used to drive Rabi oscillations (Eq. 211)
versus the population of the excited state immediately after the pulse is applied. All the population is
initially in the ground state, thus, full visibility means that after the pulse is applied all the population
is transferred to the excited state. Notice that when the phase shift is of the order of 7, the visibility is
reduced significantly, this establishes the condition in Eq. 210.
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