
 

Universidad Autónoma de San Luis Potosí 

Facultad de Ciencias  

 

 

Estudio teórico del confinamiento cuántico de muchos electrones 
en nanohilos semiconductores y del uso de planos de GaAs de 

alto índice para su autoensamble. 

 

Presenta: 

M. en C. Reyna Méndez Camacho. 

Asesor: 

Dr. Esteban Cruz Hernández, CIACyT-UASLP. 

Co-asesor: 

Dr. Ramón Castañeda Priego, DCI-UGTO. 

 

 

Trabajo de tesis para obtener el grado de Doctor en Ciencias Aplicadas en el 
Área de Nanociencias, Nanotecnología y Energías Alternativas; desarrollada 
en la Coordinación para la Innovación y la Aplicación de la Ciencia y 
Tecnología. 

 

 

San Luis Potosí, S. L. P.,  a 19 de Agosto del 2016. 



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



Universidad Autónoma de San Luis Potosí 

Facultad de Ciencias  

 

Estudio teórico del confinamiento cuántico de muchos electrones en 
nanohilos semiconductores y del uso de planos de GaAs de alto 

índice para su autoensamble. 

 

Presenta: 

M. en C. Reyna Méndez Camacho. 

 

para obtener el grado de Doctor en Ciencias Aplicadas en el Área de 
Nanociencias, Nanotecnología y Energías Alternativas; desarrollada en la 
Coordinación para la Innovación y la Aplicación de la Ciencia y Tecnología-
UASLP. 

 

Comité evaluador 

Asesor:  Dr. Esteban Cruz Hernández, CIACyT-UASLP. 

Co-asesor: Dr. Ramón Castañeda Priego, DCI-UGTO. 

Sinodal externo: Dr. Máximo López López, Física-CINVESTAV. 

Sinodal: Dra. Mildred Quintana, IF-UASLP. 

Sinodal: Dr. Víctor H. Méndez García, CIACyT-UASLP. 

 

 

San Luis Potosí, S. L. P.,  a 19 de Agosto del 2016. 



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



Agradecimientos 

 

 

Quiero agradecer primeramente a mis asesores: El Dr. Esteban Cruz 
Hernández y Dr. Ramón Castañeda Priego, por el tiempo invertido en mi 

aprendizaje. Por su dedicación, orientación, motivación, amistad y confianza 
brindada durante todo este periodo de trabajo. Por aventurarse a realizar 

nuevos estudios mezclando diferentes áreas de investigación. 

 

A mi familia la cual fue y son mi mayor motor para seguir adelante día con día 
en las etapas más difíciles y a mis padres y hermanos porque a pesar de la 

distancia siempre cuento con su apoyo y cariño. 

 

Al grupo SQS: Dr. Víctor Hugo, José Ángel, Irving Eduardo, Eric Eugenio, 
Dr. Antonio del Río, quienes me apoyaron durante los crecimiento, me 

enseñaron lo placentero que es trabajar en equipo y me brindaron su amistad. 

 

A los Drs. Donato Valdés, Miguel Angel Vidal y Angel Gabriel quienes me 
apoyaron en la obtención de las imágenes AFM. 

 

A los Drs. Víctor Hugo, Máximo López y Mildred Quintana por sus 
correcciones a mi trabajo semestre a semestre. 

 

A la CIACyT, por brindarme un lugar agradable de trabajo. 

 

 Al CONACyT por el apoyo económico proporcionado para realizar y obtener 
mi grado de doctorado. 

 



Contenido 

Introducción………………………………………………………1 

Motivación………………………………………………………...3 

Objetivos..………………………………………………………...8 

 

Capítulo I.- Antecedentes 

I.1.- Materiales semiconductores e índices de Miller……………………………...9 

I.1.1.- Índices de Miller……………………………………………………………9 

 I.1.2.-Planos de alto índice de Miller…………………………………………….9 

I.1.3.- Proyección estereográfica y triángulo estereográfico…………...……10 

I.1.4.- Semiconductores III-V……………………………………………………11 

I.1.5- Semiconductores intrínsecos y dopados……………………………….12 

I.2.- Epitaxia por haces moleculares (MBE)………………………………………..14 

I.3.- Estructuras de baja dimensionalidad……………………….………………...16 

I.3.1.- Confinamiento cuántico en heteroestructuras semiconductoras……16 

I.3.2.- Barreras de potencial de confinamiento..………………………...……18 

I.3.3.- Confinamiento 1D: Hilos cuánticos (HCs)..……………………………19 

I.4.- Metodos de fabricación HCs..…………………………………………………..19 

I.4.1- Top-down approach (métodos litográficos)..…………………………...19 

I.4.2- bottom-up approach (métodos auto-ensamble)..………………………20 

I.4.3- Métodos VLS (formación nanocolumnas)..…………………………….20 

I.4.4- Substratos vecinales y substratos de alto índice (HI)..………………..21 

I.5.- Dinámica superficial en el crecimiento de facetas por MBE ..……………22 

I.5.1.- Procesos dinámicos:  step-bunching.………….……………………….22 



1.5.2.- Componente elástica: modelo de Marchenko.………………………23 

I.5.3.- Procesos no lineales: Coarsening.………….…………………………24 

 

Capítulo II.- Marco teórico 

II.1.- Diferentes modelos teóricos de HC.………….………………………………26 

II.1.1- Simulación y modelos teóricos aplicados a HC.………….…………..26 

II. 2. - Cristal de Wigner: electrones en 1D.………….…………………………….31 

II.3.- Tratamiento de interacción de muchos cuerpos: Potencial Yukawa…...32 

II.3.1 Potencial Yukawa en cuántica…………………………………………...32 

II.3.2 Potencial Yukawa en mecánica estadística…………………………….34 

II.4.- Nuestro modelo: Potencial Yukawa para muchos electrones en un HC.34 

II.4.1- HCs de sección transversal circular y cuadrada………………………35 

II.4.2- HCs de paredes infinitas y finitas……………………………………….36 

II.4.3 HCs bajo el efecto de un campo eléctrico externo…………………….37 

II.4.4 HCs acoplados: tunelamiento para un sistema de barreras finitas sin 
potenciales externos……………………………………………………………..37 

 

Capítulo III.- Desarrollo experimental 

III.1.- Difracción de electrones de alta energía difractados  (RHEED, por sus 
siglas en ingles)……………………………………………………………….………..40 

III.2.- Microscopía de Fuerza Atómica(AFM, por sus siglas en inglés)……….41 

III.3.- Condiciones de crecimiento…………………………………………………..42 

 

Capítulo IV.-  Resultados experimentales 

IV.1 Análisis RHEED: formación de nanofacetas…………………………………44 
 

IV.2.- Patrones RHEED y formación de facetas…………………………………...49 



IV.3.- Análisis AFM..…………………………………………………………………... 51 
 
IV.4.- Plano (631) en el triángulo estereográfico……………………………….....55 
 
IV.5.- Nuevas direcciones de facetamiento 1D en substratos AI dentro del 
triángulo estereográfico....……………………………………………………………57 
 
IV.6.-  Evolución del facetamiento 1D en el plano (631)…………………………60 
 

IV.6.1.- Análisis de perfiles AFM……………………………………………….61 
 
IV.7.- Coarsening en superficies GaAs de alto índice…………………………...62 
 

IV.7.1.- homogeneidades mas allá de 1µm2:estructuras 1x-2x…………….63 
 
IV.7.2.- Interacciones elásticas 2D: Estructuras 1x-2x………………………63 
 
IV.7.3.- Análisis ACF: Periodicidad de alto orden……………………………70 
 
IV.7.4.-Coarsening en las primeras etapas: difusión a lo largo de los canales 
……………………………………………………………………………………..73 
 
 

Capítulo V.- Resultados Teóricos: Muchos electrones dentro de  
hilos cuánticos. 

 
 

V.1.- Implementación del Potencial Yukawa a un sistema de  2 electrones en 
HCs cilíndricos y cuadrados con barreras infinitas……………………………..74 
 

V.1.1  El límite κ !∞: electrón libre o material en bulto……………………..74 
 
V.1.2  El límite κ !0: Interacción Coulombica……………………………….75 

 
V.1.3  Densidades electrónicas para los primeros estados confinados: 
sección transversal………………………………………………………………76 
 
V.1.4  Densidades electrónicas para los primeros estados confinados: 
sección longitudinal………………………………………………………………78 
 
V.1.5  Potencial Yukawa y formación de cristal de Wigner en una dimensión. 
……………………………………………………………………………………..80 
 

V.2 Implementación del Potencial Yukawa en un sistema de  2 electrones 
dentro de un Hilo cuántico cilíndrico y cuadrado con barreras finitas……....82 
 



V.2.1 Barreras finitas: sección transversal…………………………………….83 
 
V.2.2 Sección transversal: tunelamiento electrónico…………………………84 
 
V.2.3 Barreras finitas: sección longitudinal……………………………………86 
 

V.3 Barreras finitas:  efecto de un campo eléctrico externo……………………88 
 
V.4 Dos hilos cuadrados paralelos con barreras finitas………………………...91 
 
 
Conclusiones……………………………………………………………...95 

Apéndices……………………………………..…………………………...98 

Referencias………………………………………………………………116 

	



	 1	

INTRODUCCIÓN 

 

La tecnología ha aportado y aporta grandes beneficios a la humanidad. A lo largo 
de la historia, el uso de diferentes tipos de tecnologías ha permitido satisfacer de 
mejor manera necesidades esenciales de alimentación, vestimenta, vivienda, 
protección personal, comunicación o comprensión del mundo. Al crear 
herramientas útiles que simplifican y potencializan una gran cantidad de tareas 
cotidianas, la tecnología juega un papel muy importante en nuestras vidas. 

En las últimas décadas, el surgimiento de dispositivos avanzados (telefonía 
celular, computadoras, internet, láseres, sensores, etc.) ha sido potencializado a 
partir del desarrollo de la nanotecnología, la cual es la tecnología de sistemas a 
escala de nanómetros (10-9 m). El progreso de la nanotecnología ha sido posible 
debido a los avances en las técnicas de fabricación de estructuras nanométricas y 
técnicas avanzadas de microscopía. En el periodo de 1970-1980 fue inventada la 
técnica de epitaxia por haces moleculares (MBE), la cual  se empleó para la 
fabricación de capas ultradelgadas y superredes de alta calidad cristalina. Durante 
este periodo surgieron también los procesos de litografía y grabado para fabricar 
dispositivos a micro y nano-escala. En la década de 1980 y hasta la actualidad, se 
han desarrollado nuevas técnicas epitaxiales tales, como la epitaxia de fase vapor 
mediante precursores metalorgánicos (MOVPE), que permitieron reducir costos al 
permitir fabricar dispositivos a escala industrial.  

En la actualidad existe aún el reto de encontrar procesos que permitan fabricar 
arreglos de nanoestructuras semiconductoras de forma controlada y sin ocupar 
técnicas costosas o lentas tales como los procesos litográficos. Entre estas 
nuevas técnicas en exploración se encuentran las basadas en el auto-ensamble 
de  nanoestructuras. Para el caso particular de los hilos cuánticos, que son las 
nanoestructuras en las que estaremos interesadas en esta tesis,  este auto-
ensamble puede lograrse mediante el crecimiento epitaxial sobre substratos de 
alto índice (AI) que proporcionen la formación de arreglos ordenados de 
estructuras uniformes unidimensionales (1D) de dimensiones nanométricas. Los 
sistemas confinados 1D poseen un enorme potencial tecnológico para mejorar el 
desempeño de dispositivos conocidos (láseres, diodos emisores de luz, 
transistores, celdas solares) y para generar dispositivos con características 
completamente novedosas. 
 
En el presente trabajo estudiamos, por el lado experimental, el uso de substratos 
de alto índice (631) de GaAs para auto-ensamblar nanoestructuras 
semiconductoras 1D, los cuales logren presentar efectos de confinamiento de tipo 
hilo cuántico y, en la parte teórica, la interacción de muchos electrones  en estos 
hilos cuánticos mediante un modelo basado en potenciales tipo Yukawa. 

La distribución de esta tesis es la siguiente: En el capítulo I presentamos una 
breve introducción sobre compuestos  semiconductores III-V y la técnica que 
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utilizamos para los crecimientos. Se introduce además el concepto de 
confinamiento cuántico en diversas dimensiones, el auto-ensamble de 
nanoestructuras semiconductoras por medio de MBE y el uso de substratos de AI. 
Finalmente, se describen los modelos de step-bunching, el modelo elástico de 
Marchenko y la teoría de coarsening; los cuales son comúnmente utilizados para 
describir la formación y evolución de superficies facetadas auto-ensambladas. 

En el capítulo II se desarrolla el marco teórico en el cual presentamos un recuento 
de los diferentes modelos y técnicas de simulación mas utilizados en sistemas tipo 
hilo cuántico. Además, se describe a detalle un nuevo tratamiento, desarrollado en 
este trabajo de tesis, para tratar la interacción de muchos electrones confinados 
en sistemas cuánticos por medio del uso del potencial tipo Yukawa. Tal potencial 
es empleado en este trabajo para sistemas 1D de sección transversal cuadrado y 
circular con barreas finitas e infinitas. Finalmente, se explora el uso de este 
potencial para tratar sistemas 1D bajo efectos de campo eléctrico externo análogo 
a transporte estacionario. 

En el capítulo III presentamos el desarrollo experimental. Se reportan los detalles 
experimentales asociado a las muestras de GaAs crecidas por MBE sobre 
superficies de GaAs de alto índice (631). Se introducen además las técnicas de 
AFM y RHEED utilizadas en el estudio de la morfología superficial de las 
muestras.   

El capítulo IV se divide en resultados experimentales y teóricos. En la sección de 
resultados experimentales reportamos la reproducción de facetamiento uniforme 
en substratos de GaAs(631) en el equipo de MBE instalado en la CIACYT-UASLP. 
Además, explicamos diversos procesos superficiales que surgen en el crecimiento 
sobre substratos de alto índice localizados dentro del triángulo estereográfico y 
proponemos un modelo de formación de facetas en este tipo de planos. 
Adicionalmente, planteamos la existencia de otros planos de AI dentro del 
triángulo estereográfico para la formación de arreglos de nanofacetas periódicas. 
Por otro lado, en la parte de resultados teóricos, presentamos la aplicación y 
estudio sistemático de hilos de sección transversal cuadrada y circular por medio 
del potencial tipo Yukawa, simplificando con ello el tratamiento de sistemas de 
muchos cuerpos. Como se verá, este modelo propuesto además de ser mas 
sencillo de tratar que otros modelos encontrados en la literatura, logra reproducir 
la formación de la molécula de Wigner y facilita el estudio de su dependencia con 
la densidad de portadores de carga. Los resultados obtenidos son comparados 
con resultados teóricos y experimentales sobre la cristalización de Wigner en 
sistemas 1D.  

Finalmente, presentamos las conclusiones principales encontradas en el 
desarrollo de este trabajo y se dan algunas perspectivas y trabajos a futuro que se 
desprenden de nuestros resultados. Los desarrollos matemáticos de algunos 
aspectos de los modelos y métodos para abordar su solución son presentados a 
detalle en los apéndices.  
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MOTIVACIÓN	

Los HCs son sistemas de gran interes por sus propiedades únicas, las cuales 
tienen gran potencial para su aplicación como dispositivos novedosos o para 
explorar nuevos fenomenos físicos tales como la formación de líquidos de 
Luttinger, cristalización de Wigner o transporte balístico en HCs. Entre las 
potenciales aplicaciones podemos mencionar las siguientes:  
 

1. Aplicaciones fotovoltaicas: Una de las potenciales aplicaciones es en celdas 
solares, para las cuales se emplean uniones de materiales dopados tipo p, 
n o i (intrínsecos), ya sean tipo p-n, n-p o p-i-n, esto por medio de hilos tipo 
core/shell. La configuración mas común propuesta para estos dispositivos 
es el arreglo periódico de hilos cuánticos dopados verticales insertado entre 
regiones de un material con un dopaje diferente al de los hilos o el vacío 
(Fig. Ia). Experimentalmente este tipo de arreglos son obtenidos mediante 
el proceso de auto-ensamble. En un dispositivo de este tipo, la presencia de 
un gas de electrones 1D a través de la región de unión dará lugar a una 
colección rápida de los portadores foto generados en la región de los HCs, 
obteniendo una mejora en las propiedades de absorción asociadas a la 
presencia de estados cuánticos confinados en los HCs. En la figura 1b se 
muestra el espectro de absorción de un arreglo de HCs de Si en función de 
la longitud de onda de iluminación. En la figura Ic se muestran los diferentes 
patrones de difracción asociados a distintas geometrías en el arreglo de 
HCs de Si [1,2]. 
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Figura I.- a) Arreglo vertical de HCs propuesto para su aplicación en celdas solares [1], b) 
espectro de absorción para un arreglo de HCs verticales de Si en función de la longitud de 
onda de iluminación, c) patrones de difracción para diferentes arreglos de HCs de Si de la 
figura b) [2]. 
 

2. Aplicaciones fotónicas: La fotónica implica el control de los fotones en el 
espacio libre o en la materia. La manipulación de los fotones en cristales 
semiconductores en bulto y películas delgadas, ha dado como resultado 
avances tales como LEDs y láseres. El éxito continuo de las tecnologías 
fotónicas se basa en el descubrimiento de nuevos materiales ópticos y la 
miniaturización de los dispositivos optoelectrónicos que ofrecen un mejor 
rendimiento, bajo costo y bajo consumo de energía. Para las últimas dos 
décadas, los esfuerzos de todo el mundo en la investigación de los 
nanomateriales ha dado lugar a una amplia colección de nanoestructuras 
donde el tamaño, forma y composición pueden controlarse fácilmente. 
Muchas de esas nanoestructuras presentan propiedades ópticas 
interesantes que podrían tener un impacto significativo en el futuro para la 
tecnología fotónica. El uso de sistemas 1D en dispositivos fotónicos ha sido 
de gran interés recientemente debido a la potencial capacidad de controlar 
la propagación de la luz y mejor rendimiento de láseres semiconductores, 
aprovechando sus propiedades de transporte. Las ventajas potenciales de 
los láseres de HCs podrían hacerlos ideales para una variedad de 
aplicaciones que requieren fuentes de luz coherente con bajo consumo de 
energía y la capacidad de modulación digital de alta velocidad. Las  
técnicas de fabricación para el crecimiento de heteroestructuras de HCs  
para su aplicación en láseres, hasta la fecha se han realizado a través de 
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epitaxia de haces moleculares, micro-fabricación y técnicas de litográfica en 
materiales como GaAs/InP, AlGaN/GaN, InAs/InP, InAs/InGaP. Estas 
técnicas son las mas aptas ya que por medio de ellas se tiene un excelente 
control en la geometría y composición del crecimiento de HCs. Estos 
sistemas regularmente son arreglos uniformes de HCs por medio de auto-
ensamblado o tipo columnar. En la figura 2 se muestran algunos ejemplos 
de aplicaciones de HCs en láseres [3,4]. 

  

 
Figura 2.- a) Arreglos periódicos con diferentes concentraciones de HCs visto por medio 
de SEM para su aplicación en láseres y su respectivo espectro de emisión de luz [3], b) 
Arreglo periódico de hilos columnares vistos mediante SEM[4]. 
 

 
3. Aplicaciones electrónicas: Otra de las aplicaciones de HCs 

semiconductores son en la electrónica, que debido a la baja 
dimensionalidad juegan un papel critico en la determinación de las 
propiedades del material. Por ejemplo: la manipulación del camino seguido 
por los electrones a través de un HC y el efecto en la variación de las 
dimensiones de éste, el dopaje que es un factor clave para aplicaciones en 
dispositivos como los transistores de efecto de campo (FET). Recientes 
estudios han utilizado este tipo de estructuras 1D para el transporte de 
portadores de carga en sistemas de HCs auto-ensamblados. En la literatura 
se reportan FETs desarrollados con HCs de materiales como: Si, Ge y 
GaN. En la figura 3 mostramos algunas de estructuras de HCs que se han 
utilizado para aplicaciones electrónicas tales como: estructuras 
homogéneas, heteroestructuras axiales y heteroestructuras radiales para el 
estudio de diagramas de bandas y su uso como compuertas lógicas [5]. 
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Figura 3.- a) Esquema de la estructura obtenida por TEM de HCs semiconductores 
homogéneos, axiales y radiales, b) Esquema de HC tipo core/Shell de Ge/Si intrínseco 
con su correspondiente diagrama de bandas, gráfica G-V en función de la temperatura y 
transconductancia en función de V, c) imagen de un HC de NiSi/Si y una superred de 
estos HCs, e) curva I-V del sistema mostrado en c), d) Esquema de una compuerta tipo 
NOR construida por medio de un arreglo de HCs con su respectiva gráfica de voltajes [5].  
 
 

4. Aplicaciones como sensores: Debido a la grande relacione de superficie a 
volumen y una longitud de Debye comparable a sus dimensiones, los HCs 
han mostrado un gran potencial para ser utilizados como sensores 
químicos. Recientemente, se ha informado de la detección de una amplia 
gama de productos químicos con diferentes configuraciones de sensores de 
HCs. Un sensor basado en un resistor es uno de los métodos más fáciles 
para llevar a cabo experimentos de detección química, el cual consiste en 
medir el cambio de conductancia del elemento de detección en diferentes 
ambientes. En este tipo de sistemas los HCs son dispersados en un 
sustrato colocando los electrodos por encima de los HCs dispersos, (Fig. 
4a, b ) [6]. Estos HCs típicamente son crecidos por VLS, evaporación 
térmica ablación Laser MBE, entre otras. Algunos ejemplos de HCs como 
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sensores son:  
• El monitoreo de forma intra e inter celular por medio de captación de 

señales eléctricas (Fig. 4c) [7]. 
• Su uso como bio-sensores eléctricos para su aplicación en el área médica 

(Fig. 4d) [8]. 

 

Figura 4.- a) Diagrama esquemático de una estructura  de HC para su uso como sensor 
[6], b) Imagen SEM del dispositivo descrito en el diagrama a), c) HCs usados para el 
monitoreo de células vivas [7], d) Estructura de HC para su uso como bio-sensor con sus 
respectivas respuesta de conductancia y señal eléctrica [8].	
 

Así, una de las principales motivaciones de este trabajo es estudiar más a fondo 
los procesos superficiales en el plano de alto índice (631); lo cual permita 
establecer parámetros óptimos para la fabricación de arreglos uniformes de HCs 
potencialmente aplicables en dispositivos como los descritos anteriormente. 
Además, dado que los modelos teóricos existentes para abordar el problema de 
muchos electrones aplicados a sistemas 1D son complejos y costosos 
computacionalmente, es de gran interés desarrollar un modelo que describa de 
forma sencilla la interacción de un número de electrones tan grande como 1018 – 
1019 cm-3 en estos sistemas . 
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OBJETIVOS 

 

El objetivo principal de este trabajo es obtener superficies facetadas uniformes por 
medio de auto-ensamble en superficies de alto índice para su uso en el 
crecimiento de hilos cuánticos, los cuales nos sirvan para comprobar los 
resultados obtenidos por un modelo propio de la interacción de muchos cuerpos 
en sistemas 1D. Esto conlleva los siguientes objetivos particulares: 

 

1. Encontrar las condiciones experimentales adecuadas que produzcan la 
formación de facetas uniformes en el MBE de la CIACyT-UASLP y analizar 
sus respectivos patrones RHEED, los cuales no habían sido obtenidos 
anteriormente. 

2. Estudiar los procesos superficiales en el plano (631) que dan lugar a la 
formación de facetas uniformes con la finalidad de tener mayor control 
sobre su morfología final. 

3. Realizar un estudio teórico y encontrar un modelo que permita describir la 
evolución de regiones corrugadas uniformes y no uniformes encontradas 
por AFM de muestras de GaAs/GaAs(631).  

4. Relacionar los resultados obtenidos teóricamente con parámetros 
involucrados experimentalmente, con la finalidad de desarrollar un análisis 
teórico predictivo para ser utilizado durante el proceso experimental. 

5.  Estudiar de forma sistemática los modelos y simulaciones existentes que 
son aplicados al problema de la interacción de muchos electrones dentro de 
sistemas de hilos cuánticos. 

6. Proponer un modelo que se adecue al problema de interacción de muchos 
cuerpos que sea simple de tratar, que incorpore parámetros de materiales 
reales y que permita tratar un número tan alto como 1018 electrones por 
cm3, el cual es el numero típico de electrones en un material impurificado. 
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CAPÍTULO I.- ANTECEDENTES 

 

I.1.- Materiales semiconductores e índices de Miller 

Los cristales son materiales sólidos, en los que los átomos, moléculas o iones se 
distribuyen periódicamente, formando una estructura ordenada. Los componentes 
de un cristal se encuentran unidos mediantes enlaces interatómicos de diferentes 
tipos: enlaces metálicos, iónicos, covalentes, fuerzas de van der Waals, entre 
otros. Este arreglo ordenado permite la formación de bandas de energía, las 
cuales a su vez permite diferenciar entre materiales conductores, semiconductores 
o aislantes. En este trabajo estaremos enfocados en estudiar compuestos 
semiconductores III-V, en especifico, los compuestos GaAs y AlGaAs y el como 
con ellos se pueden fabricar arreglos de HCs. 

I.1.1.- Índices de Miller  

Para identificar los planos en los cristales se les asignan 3 números que reciben el 
nombre de índices de Miller. Estos generalmente se indican con las letras (h k l), 
que son números enteros, positivos o negativos, y se calculan fácilmente mediante 
el siguiente procedimiento: 

1. Se define un sistema de ejes coordenados de referencia. Usando un 
sistema de coordenadas de mano derecha, se elige el plano. 

2. Se determinan las intersecciones del plano con los ejes, estas 
intersecciones pueden ser fracciones. 

3. Se obtiene el recíproco de las intersecciones. 
4. Se simplifican las fracciones por medio de la multiplicación de las 

coordenadas por el mínimo común denominador.  

Históricamente, debido a que los planos de bajo índice de Miller (esto es, los que 
pueden representarse con combinaciones: h=k=l=0,1) poseen alta simetría en su 
arreglo atómico superficial y, por lo mismo, son energéticamente estables durante 
el crecimiento (esto es, mantienen su orientación), estos se han utilizado casi 
exclusivamente para el estudio y fabricación de prácticamente todos los 
dispositivos semiconductores. 

En este trabajo de tesis, nosotros estamos interesados en planos que no son de 
bajo índice, con el objetivo de aprovechar su inestabilidad para provocar el auto-
ensamble de nanoestructuras superficiales. 

 

I.1.2.- Planos de Alto Índice de Miller. 

Los planos de altos índice de Miller (AI) son descritos por valores de h, k, l >1. 
Estos planos, al contrario de los de bajo índice, presentan arreglos atómicos 
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superficies complejos y son inestables energéticamente (en el crecimiento, estos 
planos AI tenderán a formar un arreglo de facetas de bajo índice). Algunos 
ejemplos de substratos AI son: (7 7 5), (11 5 2) ó (6 3 1) [9]. Este tipo de 
superficies han sido poco estudiadas y existen relativamente pocos reportes de 
estudios sobre ellas en la literatura. Adicionalmente, prácticamente todos los 
planos de AI, utilizados para la formación de arreglos unidimensionales de facetas, 
se encuentran localizados a lo largo de los bordes del triángulo estereográfico 
(TE).  

En nuestro trabajo de tesis estaremos mas interesados en aquellos planos que, 
como el GaAs(631), no están sobre los bordes, sino dentro del TE. 

 

I.1.3.- Proyección estereográfica y triángulo estereográfico. 

Una proyección estereográfica nos ayuda a representar un sistema 3D en un 
plano 2D, los ángulos entre las caras de un cristal y las relaciones de simetría 
entre ellas. Se genera mediante la proyección de planos cristalinos sobre una 
esfera centrada en el cristal. Las formas cristalinas se proyectan de manera que 
se conserven las relaciones angulares entre las caras y que la proyección permita 
ver claramente la simetría del cristal (Fig. I.1.3.1 a). Si trazamos la perpendicular a 
cada cara del cristal, la intersección de estas líneas con la esfera corresponden a 
un polo, por lo que las caras se vuelven puntos en la esfera. 

Las proyecciones estereográficas tienen las siguientes propiedades: (i) Las 
circunferencias sobre la superficie de la esfera que pasan por el centro de la 
proyección se proyectan sobre rectas en el plano de proyección y viceversa. (ii) 
Las circunferencias sobre la superficie de la esfera que no pasan por el centro de 
la proyección se proyectan sobre circunferencias en el plano de proyección y 
viceversa. (iii) Si dos curvas sobre la superficie de la esfera se cortan en un 
determinado ángulo, sus proyecciones se cortan en el mismo ángulo. (iv) Un cono 
oblicuo es la figura generada por las rectas trazadas desde un punto (vértice del 
cono) a una circunferencia (base del cono), donde el vértice no está en el plano de 
la circunferencia ni en la perpendicular a ese plano por el centro de la 
circunferencia. Llamamos triángulo axial del cono oblicuo o triángulo 
estereográfico (TE) a la intersección del cono con el plano perpendicular a la base 
que pasa por el centro de la base y el vértice del cono (es decir, es la intersección 
del cono con el plano de simetría, como se muestra en la figura I.1.3.1b, triángulo 
formado por los puntos ATG)) [10, 11]. 

En la sección de resultados utilizaremos las proyecciones estereográficas para 
analizar y discutir la posición que ocupa el plano GaAs(631) en el TE. A partir de 
este análisis discutiremos uno de los principales resultados de esta tesis: el 
desarrollo de un criterio para explorar planos de AI dentro del TE para propiciar el 
auto-ensamble de arreglos de facetas 1D. 
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Figura I.1.3.1.- a) Proyección estereográfica de un cristal centrado en el origen de la 
esfera, en este se muestran los planos mas comunes y de bajo índice, b) triangulo 
estereográfico obtenido a partir de la proyección en la esfera mostrada en a), los vértices 
del triángulo se eligen de tal forma que las direcciones que se deseen estudiar se 
encuentren dentro o en los lados del mismo. 

 

I.1.4.- Semiconductores III-V. 

Un material semiconductor es aquel en el cual existe un ancho de banda prohibida 
entre sus bandas de conducción y de valencia lo suficientemente pequeño (menor 
a 7eV) como para poder excitar fácilmente los portadores de carga de la banda de 
valencia y llevarlos a la banda de conducción. Los materiales semiconductores 
pueden ser de un solo tipo de átomo (Si, Ge) o compuesto por dos o más tipos de 
átomos. Entre ellos, los compuestos III-V, compuestos por átomos pertenecientes 
a las columnas III y V de la tabla periódica, son de los materiales más importantes 
para aplicación en dispositivos optoelectrónicos. En la figura I.1.4.1 mostramos 
una gráfica del ancho de banda (gap) y constante de red para materiales 
semiconductores compuestos III-V, observamos que el gap es menor a 10 y la 
constante de red varía entre 4 y 6.5Å . 

En este trabajo se consideran los compuestos semiconductores de GaAs y 
AlGaAs para generar hilos cuánticos (HCs). En la parte de los cálculos teóricos, 
estos materiales pueden ser fácilmente remplazados por otras combinaciones.  
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Figura I.1.4.1.- Semiconductores compuestos III-V en función de la constante de red y la 
energía gap. 

 

I.1.5- Semiconductores intrínsecos y dopados. 

Un material semiconductor intrínseco es un semiconductor puro, es decir, aquel 
que no contiene impurezas. Estos materiales, a temperatura ambiente, se 
comportan como aislantes eléctricos debido a que tiene pocos electrones libres en 
sus bandas de conducción, por ejemplo el GaAs, (ver Figura I.1.6.1 a).  Para 
mejorar las propiedades de conducción eléctricas de los materiales 
semiconductores (necesarias en muchos dispositivos), estos son sometidos a un 
proceso de impurificación, el cual consiste en introducir átomos de otro elemento 
con la finalidad de aumentar el número de portadores de carga libres en el 
material. 

El semiconductor que se obtiene mediante este proceso se denomina 
semiconductor extrínseco y de acuerdo a la impureza existen dos tipos: 

(i) Semiconductor tipo p: Es llamado así al material que tiene átomo de impurezas 
que permiten la formación de huecos sin tener electrones asociados a estos 
huecos. Al semiconductor tipo p, también se le llama donador de huecos. Para el 
caso de materiales semiconductores compuesto, por ejemplo el GaAs, se emplean 
elementos del grupo II como dopantes, que tienen dos electrones de valencia 
como el Berilio (Be), el cual ocupa sitios de Ga, dejando un hueco por cada átomo 
de Be en la red del GaAs (Fig. I.1.5.1b). 

(ii) Semiconductor tipo n: Un material tipo n tiene impurezas que permiten la 
aparición de electrones sin huecos asociados a estos. En este caso el elemento 
diferente aporta electrones, los cuales no se enlazan y por lo tanto se moverán 
fácilmente por la red y como consecuencia la conductividad aumentara. Análogo al 
caso anterior, este tipo de semiconductor tipo n también es llamado donador de 
electrones [12]. En el caso del GaAs, se utilizan elementos del grupo IV como el 
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Si, éste ocupa el lugar del Ga y debido a que tiene 4 electrones, aparece un 
electrón por cada átomo de Si en la red sin un hueco asociado (Fig. I.1.6.1c). 

 

Figura I.1.5.1 .- Configuración de electrones de valencia para GaAs: a) intrínseco, b) tipo p 
y c) tipo n. 

Teóricamente el nivel de impurezas tiene un nivel límite, en la figura I.1.5.2, mostramos 
una gráfica para el límite de impurezas en HCs en función del tamaño de la sección 
transversal de dopaje tipo n y p para diferentes materiales semiconductores compuestos 
[13]. 

El nivel de impurificación es importante en nuestro trabajo debido a las 
aplicaciones de sistemas 1D, ya que estos por su geometría sirven para transporte 
de portadores de carga y fotones. Este nivel de impurificación proporciona al 
sistema portadores que pueden ser movidos fácilmente aplicando un potencial 
eléctrico externo. Para el caso de materiales semiconductores la densidad de 
portadores de carga para el material intrínseco es del orden de 106 cm-3, al 
aumentar esta densidad por medio del proceso antes descrito, se puede lograr 
tener un material dopado (1016-1017 cm-3) hasta llegar a un máximo donde se le 
considera un material semiconductor degenerado (1020 cm-3). Para hilos de GaAs, 
este límite de dopaje es función del tamaño de la sección transversal, teniendo un 
límite de  8x1019 cm-3 (Fig. I.1.5.2). En este trabajo para la parte teórica usaremos 
densidades electrónicas correspondientes al GaAs intrínseco, dopado (1018 cm-3) y 
altamente dopado 1022 cm-3, este último valor experimentalmente no se puede 
tener, pero para cuestiones de cálculo se uso para observar comportamientos de 
sistemas 1D en casos de interacciones débiles.  
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Figura I.1.5.2 .- Límite de dopaje (tipo n lado izquierdo, tipo p lado derecho) para hilos 
cuánticos semiconductores en función del tamaño de la sección transversal [13]. 

 

I.2.- Epitaxia por haces moleculares (MBE). 

Existe una gran variedad de técnicas de crecimiento de materiales cristalinos. 
Entre ellas, las técnicas epitaxiales, las cuales son aquellas en las que el material 
a crecer copia la estructura cristalina del substrato, permiten fabricar películas o 
nanoestructuras cristalinas de gran interés. Las técnicas epitaxiales tales como la 
Epitaxia por Haces Moleculares (MBE) ha permitido el depósito de materiales 
cristalinos de gran calidad.  

La epitaxia por haces moleculares (MBE) es una técnica que permite fabricar 
heteroestructuras de diferentes compuestos semiconductores con gran precisión y 
pureza, debido al ultra alto vacío en el que se trabaja (las presiones base típicas 
de estos sistemas es del orden de 10-11Torr). En un sistema MBE, los átomos o 
moléculas de diversos materiales son depositados en forma de capas, por medio 
de haces moleculares, sobre substratos cristalinos especialmente diseñados y 
procesados para tal proceso. Estos se obtienen a partir de la sublimación de los 
elementos correspondientes, los cuales se encuentran en estado sólido dentro de 
celdas.  

Una de las ventajas del crecimiento epitaxial por MBE es que se puede controlar 
de forma muy precisa el nivel de impurezas en el semiconductor, ya sea tipo p o 
tipo n, dependiendo de las aplicaciones para las que se quiera y el control en el 
espesor de hasta fracciones de monocapas atómicas. En este trabajo empleamos 
esta técnica de MBE para el crecimiento de películas de GaAs sobre substratos de 
GaAs(631) con el fin de encontrar las condiciones necesarias para fabricar 

than kBT ) 26 meV away), the temperature broadening was
safely neglected in the total carrier concentration calculation.
For tetrahedrally structured semiconductors, the valence band
DOS is a sum of the DOS from heavy-hole, light-hole, and
split-off bands with distinct effective masses. As shown in
Figure 2b, the total valence band DOS for the 3D case is
dominated by the heavy-hole band, which has the greatest
effective mass. Also, for n-type indirect-band gap Si and Ge,
multiple conduction band valleys were taken into account
by including a multiplicative degeneracy factor in eq 1.
Figure 3 shows the dependence of maximum achievable

carrier concentration (nlim or plim) on the nanowire width for
the semiconductors investigated. This maximum achievable
carrier concentration is strongly suppressed when the nano-
wire width is below ∼20 nm, typical of semiconductor
nanowires grown by the vapor-liquid-solid approach. There
is an onset width below which the carrier concentration is
zero. This onset corresponds to the width where the ground
level (E11) is raised beyond EF-limit by the quantum confine-

ment. The fine features in the curves at very small widths
reflect single subbands moving across EF-limit and causing
sharp rises in the total carrier concentration. At large
nanowire widths, the maximum achievable carrier concentra-
tions quickly approach bulk values. It should be noted,
however, that parts a and b of Figure 3 are plots of theoretical
limits to carrier concentrations calculated in this model.
Experimentally reported carrier concentrations can be sub-
stantially lower than these limits for mainly two reasons.
First, during growth, most nanowires are not intentionally
doped up to their maximum limit. Second, this model
assumes complete passivation of surface states so as for EF
to be displaced solely by doping. When this condition is not
fulfilled, EF can be pinned by surface states, resulting in
additional doping inefficiency. We performed a survey of
reported carrier concentrations in nanowires, and the obtained
values are all within the limits shown in Figure 3. These
include, for example, n ) 1018-1019 cm-3 in GaN with a
diameter of 67 nm reported by Huang et al.,25 n ) 2 × 1017
cm-3 in InAs with a diameter of 80 nm reported by Bryllert
et al.,26 n ) 7 × 1017 cm-3 in ZnO with a diameter of 42.5
nm reported by Yun et al.,27 and p ) 1018 cm-3 in Si with
a diameter of 15 nm reported by Cui et al.28

We note that the rate at which the carrier concentration
limit is reduced is not the same for all semiconductors. A
characteristic wire width (ac) can be defined as the width at
which the 1D carrier concentration limit equals half of the
maximum bulk carrier concentration. It can be shown from
eq 1 that the ratio of 1D to 3D doping limits is given by the
following dimensionless expression,

where ! ) (p2π2/2mxy
/ a2)/|EF-limit - E0| e 1/2. Therefore, it

is seen that the characteristic ac that makes the ratio in eq 2
be 0.5 obeys a scaling law as

Figure 2. (a) One-dimensional conduction band DOS for GaAs
nanowires of widths 20 and 200 nm plotted from the conduction
band edge to EF-limit (1.705 eV). Three-dimensional DOS is also
shown. (b) One-dimensional valence band DOS for nanowires of
widths 5 and 50 nm compared to 3D DOS. EF-limit (0.167 eV) is
shown. Density of states from heavy-hole, light-hole, and split-off
bands are separately shown for 3D. The total valence band DOS is
dominated by the heavy-hole band.

Figure 3. Maximum achievable electron (a) and hole (b) concen-
trations in various semiconductor nanowires as a function of
nanowire width a.
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superficies nanoacanaladas altamente uniformes. Adicionalmente, los procesos de 
dinámica superficial que se discutirán posteriormente (step-bunching, coarsening) 
son procesos propios del crecimiento por MBE. 

En el crecimiento por MBE, cada elemento es depositado en forma de un haz 
molecular que se hace incidir sobre el substrato cristalino. La incidencia de cada 
haz sobre el substrato es controlado mediante obturadores o una válvulas 
mientras que el flujo es controlado por la temperatura a la que cada material es 
sublimado. Aunado a ello, el crecimiento es monitoreado in-situ por medio de un 
sistema de reflexión de electrones de alta energía difractados (RHEED) cuyo 
patrón es mostrado en una pantalla [14]. Así, por MBE se tiene un enorme control 
sobre espesores de capas depositadas, composición y pureza.  

Por medio de MBE se pueden producir estructuras complejas conformadas de 
distintas capas para su aplicación en diferentes tipos de dispositivos ya sea 
ópticos o electrónicos. En la figura I.2.1.1 a) se muestra una imagen del sistema 
MBE utilizado en este trabajo, el cual se encuentra en las instalaciones de la 
CIACyT-UASLP. Un esquema de la cámara de crecimiento a detalle se muestra 
en el diagrama de la Fig. I.2.1.1 b). Este sistema está equipado con 3 cámaras: 

• Cámara de introducción: como su nombre lo dice, en esta cámara se 
introducen las muestras que se van a crecer y/o las que fueron crecidas 
para ser extraídas. 

• Cámara de transferencia: Aquí son almacenadas las muestras que se van a 
crecer o ya fueron crecidas.  

• Cámara de crecimiento: En esta cámara se ingresan las muestras que se 
desean crecer, las cuales se encuentran colocadas en una base llamada 
molyblock.  

En la cámara de crecimiento se encuentran integradas las celdas de cada fuente 
correspondientes a cada material con su respectivo obturador, en nuestro caso se 
cuenta con 7 materiales: Aluminio (Al), Galio (Ga), Arsénico (As), Berilio (Be), Indio 
(In), Estaño (Sn) y Silicio (Si). La presión del haz de cada material es controlada 
por medio de la temperatura en cada celda. También se encuentra el manipulador 
del substrato, por medio del cual, se puede rotar y mover el molyblock. Con la 
finalidad de minimizar la incorporación de impurezas no deseadas en el 
crecimiento, se hace circular Nitrógeno líquido alrededor de la cámara de 
crecimiento y entorno a las celdas de efusión de cada material. 

Para el presente trabajo de tesis se creció Ga y As a diferentes temperaturas y 
tiempos de depósito (las cuales se presentan mas adelante en la sección de 
desarrollo experimental), sobre substratos de alto índice GaAs(631), con la 
finalidad de reproducir un arreglo superficial de facetas uniformes. Los 
crecimientos fueron monitoreados in-situ por medio de RHEED. 
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Figura I.2.1.1.- a) Equipo utilizado para el crecimiento epitaxial por haces moleculares, 
localizado en la CIACyT-UASLP, b) Diagrama de la cámara de crecimiento por MBE. 

 

I.3.- Estructuras de baja dimensionalidad 

Los efectos de confinamiento cuántico en nanoestructuras semiconductoras 
permiten potencializar los alcances de los compuestos semiconductores. Cuando 
los electrones en un material son restringidos a moverse en una región muy 
pequeña del espacio, se dice que estos se encuentran confinados. Mediante 
técnicas sofisticadas como MBE es posible realizar nanoestructuras en las cuales 
los electrones son confinados en un o mas dimensiones; tales sistemas se 
denominan estructuras de baja dimensionalidad. 
 

I.3.1.- Confinamiento cuántico en heteroestructuras semiconductoras. 

Las heteroestructuras semiconductoras son la base de la gran mayoría de 
dispositivos electrónicos y optoelectrónicos que existen en la actualidad. Estas 
heteroestructuras consisten en la deposición alternada de diferentes materiales 
semiconductores siguiendo algún orden determinado. La creación de 
heteroestructuras con capas delgadas epitaxiales de diferentes materiales fue 
propuesta por primera vez en 1969 por Esaki y Tsu [15]. El uso de diferentes 
materiales en las heteroestructuras otorgan varias ventajas, por ejemplo, (i) 
permite controlar las zonas en las cuales se confinan los portadores de carga, (ii) 
al tener diferente índice de refracción es posible la realización de guías de onda y 
resonadores ópticos y, (iii) se pueden diseñar partes de la estructura que absorban 
o emitan luz a las longitudes de onda deseadas al modificar los materiales que lo 
componen. 

Los efectos cuánticos de una estructura empiezan a ser notables cuando se 
reduce el tamaño de al menos una de sus dimensiones a un espesor del orden de 
la longitud de onda de De-Broglie del electrón en tal material, que viene dada por 
la expresión: 
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λ = ℏ
3m∗k!T

  

donde m* representa la masa efectiva del portador de carga, T  la temperatura y 
k!   la constante de Boltzmann. Para el caso de un electrón en GaAs, esta longitud 
es del orden de 24nm a temperatura ambiente (T = 300K) 

Según el número de dimensiones en las que se confina a los portadores, 
podremos encontrar tres tipos de nanoestructuras. Si sólo confinamos una de las 
direcciones de movimiento de los portadores, tendremos una estructura en la cual 
los portadores son libres de moverse en forma bidimensional (2D). A tal sistema 
se le denomina pozo cuántico. Confinando el movimiento de los portadores en dos 
direcciones obtenemos una estructura en la cual los portadores se mueven en 
forma unidimensional (1D), hilo cuántico, y confinando en las tres direcciones una 
estructura cero-dimensional (0D), punto cuántico (en la cual los portadores no 
pueden moverse en ninguna dirección). Esta diferencia en el confinamiento da 
lugar a cambios sustanciales en la densidad de estados electrónicos permitidos a 
los portadores de carga. La densidad de estados electrónicos representa el 
número de estados disponibles por unidad de volumen y energía. Para un 
semiconductor en bulto o estructura tridimensional, la densidad de estados viene 
dada por: 

dN
dE α

d
dEE

!/! = E!/! , 

para un pozo cuántico tenemos la función escalón, 
dN
dE α

d
dE (E− ε!)

!!!!
= cte, 

para un hilo cuántico tenemos una singularidad, 
dN
dE α

d
dE (E− ε!)!/!

!!!!
= (E− ε!)!!/! 

!!!!
, 

y para un punto cuántico tenemos deltas de Dirac, 
dN
dE α

d
dE Θ(E− ε!)

!!!!
= δ(E− ε!) 

!!!!
, 

siendo εi los niveles discretos de energía, Θ la función escalón de Heaviside y δ la 
función delta de Dirac. La figura 5 muestra la representación gráfica de la 
densidad de estados para un semiconductor en bulto (a) y los tres tipos de 
nanoestructuras (b-d). 
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Figura 5.- Densidad de estados en función de la energía en sistemas con diferente 
dimensionalidad. (a) semiconductor en bulto, (b) pozo cuántico, (c) hilo cuántico y (d) 
punto cuántica. 

 

I.3.2.- Barreras de potencial de confinamiento. 

En las heteroestructuras semiconductoras, el alineamiento de las bandas de 
conducción y de valencia, mostrado en la Figura I.3.2.1, permite la existencia de 
barreras de potencial Ve y Vh para los electrones y huecos, respectivamente. En la 
teoría desarrollada posteriormente para abordar el problema de muchos 
electrones confinados en un HC, cada una de las direcciones de confinamiento es 
tratada como barreras parecidas a las mostradas en la Fig. I.3.2.1. El primer caso, 
es el de un pozo de potencial con barreras infinitas (Fig. I.3.2.1a). Un caso más 
realista es el de barreras finitas, en cual la altura de las barreras están dadas por 
parámetros que dependen del material del pozo, y que pueden ser ligados con 
datos experimentales (Fig. I.3.2.1b). Si la anchura del pozo L es suficientemente 
pequeña (del orden de decenas de nm) podremos inducir el confinamiento 
cuántico de los portadores de carga [16]. Generalmente, estos dos tipos de pozos 
cuánticos se tratan por medio de la ecuación de Schrödinger en una dimensión 
para obtener los estados confinados estacionarios para electrones y huecos. Las 
soluciones  de la ecuación de Schrödinger para estos dos sistemas se reportan a 
detalle en los apéndices A y B. 

 

 

Figura I.3.2.1.- Esquema de las bandas de energía de una heteroestructura del tipo pozo 
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cuántico. a) Pozo con barreras infinitas, la solución de la ecuación de Schrödinger fuera 
del pozo es cero, Eg2 es la banda prohibida del pozo. b) Las energías de la banda 
prohibida de las barreras y del pozo son Eg1 y Eg2, respectivamente, Ve, Vh son las 
energías de confinamiento para el electrón y el hueco, respectivamente. L es la anchura 
del pozo. 

 

I.3.3.- Confinamiento 1D: Hilos cuánticos (HCs). 

Un hilo cuántico es una estructura en una dimensión (1D), en la cual la 
cuantización ocurre en las dos direcciones transversales a la dirección de libre 
circulación de los portadores de carga.  

Dada la forma de los hilos cuánticos, estos pueden ser utilizados como alambres 
conductores de portadores de carga. Debido al confinamiento en la sección 
transversal, las energías en este plano están cuantizadas.  

Existen diferentes efectos observados o predichos en los sistemas de HCs [16,17]:  

• Confinamiento cuántico: restricción de los electrones a moverse en una 
región limitada. 

• Efectos de tunelamiento: Cuando los electrones pasan a través de la 
barrera de potencial se conoce como efecto túnel. Este efecto ha sido 
aprovechado para el desarrollo de microscopios de efecto túnel y para el 
desarrollo de otros dispositivos.  

• Bloqueo de Coulomb: Es el efecto del aumento de la resistencia debido a la 
baja capacitancia. 

• Transporte balístico en 1D 
• Transiciones de energía bien definidas entre los estados confinados 
• Estabilidad térmica de las transiciones ópticas 

 

I.4.- Métodos de fabricación HCs. 

Los métodos para fabricar nanoestructuras pueden ser divididos en dos 
principales grupos: los que parten del material en bulto (top-down) para fabricarlas 
y los que utilizan interacciones superficiales atómicas propias de los materiales 
para obtener el auto-ensamble de las nanoestructuras (bottom-up approach). 
Cada método tiene sus propias ventajas y desventajas. La principal desventaja en 
el método de autoensamble es la falta de control en el ensamble de las 
nanoestructuras. 

I.4.1- Métodos litográficos (Top-down approach) 

Existen diferentes técnicas para obtener hilos cuánticos, una de ellas es por 
grabado por medio de fotolitografía o litografía por haz de electrones. Este proceso 
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consiste en grabar franjas libres de material sobre una estructura de pozo cuántico 
por medio de alguna plantilla, estas franjas pueden ser o no rellenadas con algún 
material (Fig. I.5.1.1). Las desventajas de estos procesos son las imperfecciones 
asociadas al grabado, las bajas densidades y el tamaño del hilo se limita al 
tamaño de la plantilla.  

 

Figura I.5.1.1.- a) Estructura de pozo cuántico obtenida por medio de dos materiales 
diferentes con la distribución mostrada, b) obtención de hilos cuánticos por medio del 
grabado de franjas en el pozo cuántico. 

 

I.4.2- Métodos de auto-ensamble (Bottom-up approach) 

Como se mencionaba anteriormente, se pueden obtener hilos cuánticos 
ordenados por litografía, pero son caros y el proceso está limitado en gran parte al 
tamaño de las plantillas utilizadas para el grabado. Una de las estrategias  para 
obtener hilos cuánticos de forma organizada, con un alto grado de perfección y 
con tamaños característicos de decenas de nanómetros de tamaño, es por medio 
de auto-ensamble, el cual es la organización de un sistema por si mismo cuando 
se le dan las condiciones adecuadas. Uno de los métodos utilizados para el auto-
ensamble de hilos cuánticos en MBE es mediante el control de los parámetros de 
crecimiento y utilizando substratos vecinales (desorientado unos cuantos grados 
en relación a un plano de bajo índice) o de alto índice [18,19]. 

 

I.4.2.1- Método VLS (formación nanocolumnas) 

El método VLS es un mecanismo de crecimiento de estructuras cristalinas 1D que 
es asistida por un catalizador metálico. Por medio de este se pueden crecer 
estructuras tipo whiskers, barras e hilos. En este mecanismo el crecimiento 
anisotrópico del cristal es promovido por la presencia de una aleación líquida 
sobre una superficie sólida. La fase gaseosa está compuesta por las especies que 
van a formar la estructura 1D. La condensación y disolución de vapor conduce a la 
formación de una aleación líquida, posteriormente la concentración de vapor 
aumenta en la aleación y se produce progresivamente la nucleación y crecimiento 
de las estructuras 1D.  Las estructuras obtenidas por medio de este método es de 

Material 1

Material 2

a) b)
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tipo columnar, la figura I.5.3.1 muestra un esquema del mecanismo de 
crecimiento. Para el caso de crecimiento de semiconductores por medio de este 
método se presenta el problema al introducir el catalizador metálico, el cual 
introduce un grado de contaminación lo que trae como consecuencia variación en 
las propiedades del material. 

 

Figura I.5.3.1.- Esquema de crecimiento  por medio del método VLS, para la formación de 
estructuras 1D columnar. 

 

I.4.2.2- Substratos vecinales y substratos de alto índice (HI) 

Los substratos vecinales son aquellos que se obtienen mediante el corte en un 
ángulo relativamente pequeño (~2° ) de una superficie de bajo índice. Esta nueva 
superficie resultante consta de terrazas  con un arreglo atómico idéntico al 
correspondiente de bajo índice, separado  por escalones monoatómicos (Fig. 
I.4.4.1).  

 

Figura I.4.4.1.- Diagrama atómico que describe la obtención de un substrato vecinal. 

 

En MBE el uso de superficies vecinales y superficies de alto índice de Miller (AI), 
han mostrado ser muy adecuadas para inducir la formación de arreglos 
nanométricos 1D, los cuales resultan de la interacción entre la difusión 
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anisotrópica y la minimización de energía superficial [20-23]. En estudios previos 
nosotros reportamos el logro de una notable corrugación nanométrica uniforme en 
capas de GaAs crecidas sobre un sustrato GaAs(631)A [24].  

 

I.5.- Dinámica superficial en el crecimiento de facetas por MBE 

Como en MBE el proceso de crecimiento se lleva a cabo en condiciones de no 
equilibrio, procesos de evolución no lineales, tales como: difusión de átomos que 
llegan a la superficie hasta fijarse en una terraza de altura monoatómica (step-
bunching), inestabilidades serpenteantes y proceso de facetado por 
desvanecimiento de pequeñas facetas y el aumento de la longitud media de las 
que quedan (coarsening) producen una muy rica variedad de efectos de superficie 
de cristal que se deben entender para lograr mejor control tecnológico en la 
formación y optimización de los dispositivos basados en nanoestructuras 
semiconductoras. 
 

I.5.1.- Procesos dinámicos:  difusión superficial y step-bunching. 

Cuando observamos un cristal a pequeñas escalas durante el crecimiento,	 la 
primera observación sorprendente es que el crecimiento por lo general procede a 
través del flujo lateral de escalones monoatómicos. Los átomos que llegan  a la 
superficie, en lugar de pegarse al cristal en el lugar donde han aterrizado, se 
difunden hasta fijarse en una terraza de altura monoatómica (el cual se denomina 
proceso de step-bunching), esto conduce a un movimiento de crecimiento de la 
superficie mediante el movimiento de estos escalones monoatómicos (Fig. I.5.1.1). 
Como se reporta en el trabajo de Burton, Cabrera y Frank en 1951, el análisis de 
crecimiento de los cristales, por lo tanto se puede basar en el análisis del 
movimiento de los escalones [25]. 

 

Figura I.5.1.1.- Modelo step-bunching para la formación de facetas durante el crecimiento 
en una superficie facetada. 
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Considerando un modelo sencillo donde la velocidad de un escalón ! es función 
sólo del ancho ! de las terrazas vecinas mas cercanas: 

! = !! !! + !! !!      I.5.1.1) 

Donde ! es una función que depende del ancho de la terraza vecina y el signo +/-  
hace referencia a la terraza mas cercana del lado derecho e izquierdo, 
respectivamente, suponiendo que la terraza de interés se encuentra en el origen 
Si la distancia promedio entre escalones es !, la velocidad promedio de escalones 
es ! = !! ! + !!(!). Considerando una pequeña perturbación de la posición del 
escalón  ! = exp (!" + !"#), la posición del !-esimo escalón es !" + !!. Por lo que 
tenemos: 

! = 1− cos ! !!! + !"!#(!)!!!   I.5.1.2) 

Donde ! = !! ! !! ! , las perturbaciones son inestables si la parte real de ! es 
positiva, es decir, !!! > 0; hay estabilidad si !!! < 0. Por lo tanto, el origen de la 
inestabilidad tiende hacia la terraza superior de la sensibilidad de la velocidad de 
paso a la anchura de las terrazas vecinas, es decir: !!!!(!) > !!!! !  [25, 26].  

Esta componente del crecimiento en nanoestructuras es importante al inicio del 
crecimiento por MBE sobre superficies monoatómicamente planas. Sin embargo, 
este modelo será discutido mas adelante en la sección de resultados donde se 
presenten los arreglos de facetas 1D obtenidas en las superficies de 
GaAs/GaAs(631) bajo distintas condiciones de crecimiento. 

 

I.5.2.- Componente elástica: modelo de Marchenko. 

V. I. Marchenko [28] estableció el origen elástico de una superficie facetada 
periódicamente en el equilibrio como: 

! = !!"
!"# !" exp 1+ !"#

!!! !!!!     I.5.2.1) 

Donde !  y !  son el módulo de Young y la razón de Poisson del material, 
respectivamente, ! es la distancia atómica, ! es el factor de forma geométrico de 
la formación de las dos facetas que contiene la influencia del tensor de estrés en 
la superficie y ! = !"#$

!"#$!!"#$ con !,! los ánglos de las facetas formadas con la 

orientación original. 

La aproximación de Marchenko es aplicable cuando el periodo lateral de las 
facetas excede el parámetro de red en al menos un orden de magnitud y ha sido 
especialmente exitosa en la descripción de facetamiento superficial de superficies 
vecinales (SV) y en planos de AI localizados a lo largo de los bordes del triángulo 
estereográfico (TE). En los SV se cree que la formación de microfacetas con 
períodos laterales pequeños (L <10 a0), que se presentan durante las etapas 
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iniciales, tienen un origen cinético (donde el proceso de step-bunching es el 
dominante) debido a la difusión anisotrópica sobre los bordes de los escalones. En 
contraste, para los substratos de AI la cinética de crecimiento de 
microfacetamiento no se comprende aún del todo ni tampoco el proceso que haría 
a estas facetas periódicas o que se extienden a largas distancias. En la parte de 
resultados planteamos el tipo de procesos que estarían sucediendo en el caso de 
substratos de AI (631). 

 

I.5.3.- Procesos no lineales: Coarsening. 

Para el caso especial de estructuras facetadas 1D se puede observar el proceso 
por el cual las facetas van engrosando en su dirección lateral, uniéndose unas con 
otras, hasta que se obtiene la formación de una superficie uniforme y estable, con 
facetas del mismo periodo. A este proceso le llamaremos coarsening. Diferentes 
modelos han sido propuestos en la literatura para describir el proceso de 
coarsening superficial los cuales son mostrados en la tabla I.5.3.1 [29-35]. Sin 
embargo, debido al comportamiento complejo intrínseco de este proceso 
altamente no lineal usualmente estos modelos no son directamente comparados 
con datos experimentales. 
 
El interés en la dinámica no lineal de una superficie cristalina proviene 
principalmente de la observación de crecimientos que a menudo presentan 
inhomogeneidades. La dinámica no lineal resultante de las inestabilidades puede 
variar grandemente. Bajo este mecanismo, las superficies pueden ir desde el caos 
espacio-temporal hasta la formación de estructuras estables. El proceso de 
formación de superficies facetadas por medio del proceso de coarsening, el cual 
considera las condiciones experimentales del crecimiento por MBE, es descrito por 
la ecuación de Kuramoto-Sivashinsky uni-dimensional (KS-1D), dada por [36]: 

 

!!! = −ℊ!!!!!! − !"!!! − !!"!!    I.5.3.1) 

 

con ! la función que describe el perfil superficial a tratar, a lo largo de la dirección 
transversal a las  facetas. El término !!!! en la ecuación 1.5.3.1 es el responsable 
de la inestabilidad a largo alcance; el término disipativo !!!!!!  proporciona 
amortiguamiento a pequeña escala y el término no lineal !"!! es el responsable 
de la estabilización por transferencia de energía entre larga y pequeña escala [37]. 
Esta ecuación puede ser resuelta en el espacio de Fourier mas condiciones a la 
frontera periódicas. Apéndice C. 
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Tabla I.5.3.1.- Resumen de modelos desarrollados, la ecuación a resolver y descripción 
de cada modelo, para el estudio de superficies facetas que presentan estructuras tipo 
coarsening [29-35]. 
 

Este tipo de dinámica superficial puede ser clasificado en 3 categorías: 

1. Periodo lateral fijo: No hay presencia de coarsening. La superficie es 
homogénea, es decir, todas las facetas presentan el mismo periodo o 
longitud de onda. 

2. Coarsening perpetuo: En este caso, el periodo o longitud de onda se 
incrementa indefinidamente. 

3. Coarsening interrumpido: Aquí la longitud de onda aumenta hasta llegar a 
un máximo antes de disminuir. 

Este modelo será utilizado más adelante para compararlas directamente con 
imágenes AFM de arreglos de facetas superficiales de muestras de 
GaAs/GaAs(631) crecidas bajo diferentes condiciones de crecimiento por MBE. 

	
Modelos	
teóricos	

Ecuación	que	describe	el	modelo		 Descripción	del	modelo	

.Geometría 
Hiperbolica –
Parabólica PDE. 

	
	

Aplicable	a	crecimiento	isotérmico	
de	cristales	nanofacetados.	[29]	

Sistema	dinámico	
de	Coarsening	 	

Simulación	numérica	de	la	evolución	
de	superficies	facetadas.	[30]	

Modelo	de	
coarsening	

	

Uso	para	camas	granulare	
(partículas	de	vidrio	esféricas),	
dependiente	de	vibraciones	[31]	

Inestabilidad,	
modelo	Step-	
bunching.	 	

Elección de facetas vecinales para 
obtener superficies anisotrópicas 
estresadas. [32]	

Teoría	del	campo	
medio	para	
coarsening	

	

Sistema	dinámico	de	coarsening.	
Descomposición	espinodal.	[33]	

Facetamiento	de	
superficies	
crecidas	con	
diferentes	
orientaciones.	

	

	

	
	

	

Facetamiento	de	superficies	crecidas	
por	MBE,	termodinámicamente	
inestables	en	diferentes	
orientaciones.	[34]	
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Sivashinksy	
conservado	(CKS)		 	

Crecimientos	en	no	equilibrio,		MBE.	
[35]	
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ex situ instrumentation for nanoscale imaging [10–12] are permitting experimentalists to
elucidate the essential physics and chemistry underlying this tantalizing range of nano-faceting
phenomena, and the pace of discovery shows no signs of abating. However, theories which
provide quantitative prediction of such shapes and shape distributions (morphometrics) are still in
their scientific infancy. Since physico-chemical characteristics of nanocrystals are known to exhibit
an exquisite sensitivity to their shape [13], morphometric theories will be crucially important for
the scientific development of engineered materials with prescribed properties for applications
ranging from bio-sensing [14] to green nanotechnologies [15].

Certain planar interfaces of macroscopic single crystals can be thermodynamically induced to
spontaneously decompose into fully faceted morphologies by thermal [16,17], chemical [7,18–21]
or electrochemical means [13,22]. Experimental observations of spinodally decomposing interfaces
[23,24], such as those for thermally quenched Si(111) [17] or the oxygen-induced faceting of
Cu(115) [19], reveal an ensuing coarsening of the resulting fully faceted interfaces, and the
concomitant emergence of scaling regimes, wherein a power law governing the time t evolution
of the characteristic length L of the interface’s morphology appears [16,17],

L∼ tn.

The range of scaling exponents n that have been empirically discerned [25–27] suggest they
depend on the dominant mass-transport mechanisms, and possibly even the symmetry group
of the crystal’s Wulff facets. Furthermore, normalized length distributions of such faceted
morphologies within these scaling regimes (e.g. edge lengths) have also been empirically
observed to be given by universal distributions [17].

Much of the non-equilibrium nano-faceting phenomena noted above lie definitively outside
the predictive scope of purely energetic or purely kinetic considerations [28], but rather reflects
the interface’s kinetically mediated response to free-energy disequilibria [7,13]. The ensuing
thermokinetic interfacial dynamics, which encodes a thermo-mechanical balance between the
local rates of surface-free-energy/bulk-chemical-potential release and a kinetics-induced entropy
production [29], finds expression in multiple length- and time-scale geometric partial differential
equations (PDEs).

The isothermal growth of a nano-faceted crystal into its undercooled melt has been
thermodynamically modelled at a continuum level by Herring, who adapted Wulff’s assumption
that the interfacial energy is (geometrically) non-convex with respect to the unit-normal n
to the interface [30] by also including a dependence on the interfacial curvature [31]. Upon
assuming attachment–detachment kinetics to be the dominant mass-transport mechanism, one
concludes, upon suitable spatio-temporal scaling, that such a one-dimensional Herring interface
C, oriented with interfacial-normal n pointing into the melt (figure 1), evolves according to the
hyperbolic–parabolic, geometric PDE [32]

Vn = Γ̃ (ϑ)κ − ε2(∂2
s κ + 1

2κ
3) + 1, (1.1)

where Vn, ϑ and κ , respectively, denote the normal velocity, local-inclination angle and curvature
of C, ∂s is the partial derivative with respect to the interfacial arc-length s, while the surface
stiffness Γ̃ (ϑ) reflects the anisotropy of the interfacial energy, and ε is a dimensionless
constant that encodes the degree of undercooling. We note in passing that the Burton–
Cabrera–Frank step-flow models for thin-film deposition on crystal substrates [33] may possess
step-bunching instabilities that lead to mound formation, and the coarse-grained description
thereof yields continuum models which qualitatively mimic equation (1.1): see Sec. 4.9.8 of
Michely & Krug [33].

In this article, we analytically characterize the slow facet dynamics that effectively govern the
solutions to equation (1.1) in the slightly undercooled regime 0 < ε≪ 1. To determine this effective
dynamics, which mathematically emerges from equation (1.1) by letting ϵ↘ 0, we develop novel
geometric matched-asymptotic methods; these significantly extend the analysis [34] previously
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Fig. 1. (Color online.) (a) A schematic of a coarsening event. The small facet shrinks in size until it vanishes, causing the annihilation of the bounding
convex/concave corners, and the merger of its two neighbors into a single, larger facet. (b) A visualization of part of the simulation of a large surface,
showing the location of corners colored as in (a); coarsening events occur whenever two corners meet and annihilate.

dxi

dt
= 1

xi+1

[
exp(−xi+2) − exp(−xi)

]
+ 1

xi−1

[
exp(−xi) − exp(−xi−2)

]
. (3)

More recently, the convective form of the Cahn–Hilliard equation (α > 0) has received much attention, appearing in par-
ticular during the solidification of an anisotropic material into an undercooled melt [2]. An asymptotic analysis of the CCH
shows that the resulting CDS for the domain sizes is [13,8]

dxi

dt
= (−1)i

[
1

exp(xi+1) − 1
− 1

exp(xi−1) − 1

]
. (4)

To most clearly communicate the essential features of our algorithm, we will here consider a simpler CDS, encountered
in the directional solidification of binary alloys [35,10]. Under a simple negative effective thermal gradient, the vertical
velocity of each facet is simply proportional to the vertical co-ordinate of its midpoint, leading to a CDS on the facet widths
of

dxi

dt
= 1

4
[2xi − xi−1 − xi+1]. (5)

We are not concerned with the specifics of this system, but for the illustration of a numerical algorithm, it has advantages
over Eqs. (3)–(4). In contrast to Eq. (3), it has a simpler structure, with the rate of change of each domain length depending
only on the nearest neighbors. And, in contrast to Eq. (4), it is continuous for all values of the {xi}. Nevertheless, it shares
important general properties with Eqs. (3)–(4). In particular, we can immediately see that this system will lead to coarsening.
If any particular facet xi is much shorter than the average facet length, then on average, the right-hand side of Eq. (5) is
negative, and the length will continue decreasing until it reaches zero. Assuming that facet slopes alternate, a zero-length
facet causes its own elimination, and also the merger of its two neighbors into a single, larger facet with length equal to
the sum of the neighbors [35]:

(· · · , xi−1, xi, xi+1, · · ·) xi→0+
−−−−→ (· · · , xi−1 + xi+1, · · ·). (6)

A single coarsening event of this nature is illustrated in Fig. 1(a), and a representative simulation of Eq. (5) containing many
such events is illustrated in Fig. 1(b).

By this point, it is clear that the system of equations (5), and any equation with similar behavior, is inherently discon-
tinuous – for every coarsening event (6), the right-hand side of the equation ẋ = f (x) changes qualitatively, not just in its
values but also in its dimensionality. And the coarsening events that cause these discontinuities can happen at any time,
statistically always in between timesteps. Hence, it is necessary to consider the numerical simulation of ODEs with disconti-
nuities. We shall conclude this section by outlining some existing methods for numerical simulation of discontinuous ODEs,
and highlighting important limitations that render them unsuitable for the simulation of large facet ensembles necessary
for statistics.

fective mass (/l2 þ r2) acquires a horizontal velocity ux /
!t1ðl# rÞ=ðl2 þ r2Þ. This velocity is maintained during a
considerable fraction of the vibration cycle !t2, until the
heap collides again with the vibrating plate [3]. So during
the period of each vibration cycle,!t ¼ 1=f, the top of the
heap will be displaced over a distance !x ¼ ux!t2. Since
!t1 and !t2 do not change during a single realization of the
experiment, the time rate of change of the horizontal
position x of the top of the heap (on a time scale much
larger than the duration of a cycle) is thus given by

dx

dt
¼ C

l# r

l2 þ r2
; (1)

with C a constant that can be determined from experimen-
tal or simulation data (cf. Fig. 5).

To derive an analogous equation for the change of the
heap height z, we note that the mass in a heap remains the
same—in good approximation—from one cycle to the
next. This is because the main flow of material is directed
away from the valleys, towards the center of each heap, so
there is hardly any mass being exchanged through the
vertical lines at the valley positions. Thus the total area
contained in a heap at time t, AðtÞ ¼ zðlþ rÞ # 1

2 &
tan"ðl2 þ r2Þ, will still be the same at time tþ !t, indi-
cated by the dashed profile in Fig. 4. Setting AðtÞ ¼ Aðtþ
!tÞ [the latter with z ! zþ!z, l ! lþ !x, and r ! r#
!x], we obtain in the limit of !x, !z ! 0 the desired
equation for the height z:

dz

dt
¼ tan"

l# r

lþ r

dx

dt
¼ C

tan"ðl# rÞ2
ðlþ rÞðl2 þ r2Þ : (2)

To complete the model, we use the fact that in each
cycle, after the heap has shifted, avalanches relax the slope
angles to the value" again. This leads to a relocation of the
ith valley (between peak fxi; zig and fxiþ1; ziþ1g) such that
its horizontal position "xi is given by

"x i ¼
1

2
ðxiþ1 # xiÞ #

1

2 tan"
ðziþ1 # ziÞ: (3)

The change of area due to this relocation of the valleys (the
small grey triangle in Fig. 4) is of second order in dx and
therefore in dt. It thus vanishes in the limit dt ! 0 and the
total mass in the system is conserved.
The model contains one parameter C, which sets the

absolute time scale of the coarsening process. It depends
on particle size and density, gravity, and viscosity, as well
as on the vibration parameters # and a=d, keeping pace
with the Faraday circulation velocity (see [3]). However,
keeping the above parameters fixed, C is simply a constant
and its value can be determined as in Fig. 5. With C given,
one can numerically solve the model equations; we use the
experimental peak positions xiðtÞ, ziðtÞ at t ¼ 4 s to define
our initial condition. The solution [Fig. 2(c)] is seen to
match the experimental and simulated patterns very well.
We conclude that our model accurately captures the essen-
tial features of the process.
Mean life span of the N-heap state.—The model is

ideally suited to study the scaling behavior of the coarsen-
ing process. It allows us to start with an arbitrarily large
number of heaps (which in experiment would require a
forbiddingly long box) and moreover, to perform thou-
sands of different realizations to improve the statistics. In
Fig. 6 we show both the average number of heaps NðtÞ as a
function of time (inset) and the mean life span #N of the
N-heap state as a function of N. The latter is defined as the
average time that elapses from the moment the system
switches from N þ 1 to N heaps until the switch from N
to N # 1 heaps. The black circles represent the average

FIG. 5. Validation of Eq. (1) from the simulation results in
Fig. 2(b). The slope of the fitted line gives the factor C ¼ 0:2&
10#3 m2=s. The data in this figure are taken from the eight heaps
in Fig. 2(b), with each heap being indicated by a different
marker.

FIG. 6. Mean life span of the N heap state #N as a function of
the number of heaps N. The grey circles indicate the experi-
mental data. The black circles indicate the data averaged over
10 000 runs of the model starting with 100 initial heaps. Inset:
Number of heaps as a function of time (cf. Fig. 3).

FIG. 4. Part of a typical heap pattern, indicating the key
parameters used in the coarsening model. The dashed profile
indicates the position of the heap after one time step dt.
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                  (1)λ =
2πc

sin πθ
exp 1 +

2 f 2 (1 – v2)

πEρ⎛
⎝ ⎛

⎝

where E and ν are respectively the Young modulus and the Poisson 
ratio of the material (calculated for the good crystallographic 
orientations), c is an atomic distance, and

     (2)
 

f 2 = (sna nbτ
naττ

nbτ– s )  + 4s s sin22 ( (α + β
2

where α and β are the angles the faces a and b form with the original 
orientation (Fig. 5), and θ = tgα/(tgα + tgβ) a geometrical factor. 
For a given faceted system, the angles α and β can be measured so 
that, for a fi xed value of the edge energy ρ, the period λ(α,β,sτ

na,sτ
nb) 

only depends on the unknown values sτ
na and sτ

nb.
As surfaces having a symmetry axis greater than two have 

isotropic surface stresses, and owing to the chosen vicinal 
orientations (with common zone axis as for example (118) and 
(223) faces in Fig. 2), the set of periods of the vicinal faces that we 
have considered only depends on fi ve unknown quantities: s110

001 ,
s110

113, s110
111, s110

110 and the anisotropic factor χ defi ned by s110
110 = s001

110(1 + χ). 
Thus measuring (by AFM) the periods and the angles α and β of a 
set of completely destabilized vicinal faces (labelled k) is enough to 
obtain a system of equations λk(αk,β k,sτk

nak,sτk
nbk) that can be numerically 

solved to obtain all the unknown quantities. Moreover, the 
hypothesis of local equilibrium enables us to use some of the other 
intermediate states (before the fi nal asymptote but far away from 
the crossover) whose facet orientations are simply determined by the 
angle they form with the mean face, to calculate the surface stress 
of the intermediate surface orientations. However, only some of the 
many numerical solutions of the system have a physical meaning. 
In particular, we consider two important physical constraints. 
Firstly, close to a low-index orientation, step creation has an 
energetic cost but allows the surface stress to be relaxed so that a 
face that belongs to the equilibrium shape is a minimum of surface 

energy but a maximum of surface stress4. Secondly, to the best of our 
knowledge, surface stresses of clean reconstructed surfaces at high 
temperature are known to be positive3,4,28. We fi nd a single numerical 
solution, which verifi es both physical constraints. It corresponds to 
a negative anisotropy factor (χ = –0.40 ± 0.05) quite consistent with 
the structure of the Si(110) surface29. The corresponding surface 
stress plot given in Fig. 6 is calculated for a constant value of ρ but 
the introduction of reasonable edge-energy anisotropy (20%) does 
not affect substantially the surface stress plot. Notice that because of 
the tensorial nature of the surface stress, two branches are necessary 
to represent the surface stress anisotropy of the two perpendicular 
components sτ

n and sω
n (where ω̂ = t̂  ∧ n̂ is the unit vector normal 

to the edge). However, the procedure we describe only gives access 
to the sτ

n component (perpendicular to the common edge τ of the 
facets), that is, between [001] and [110] directions to sn

11–0 and between 
[110] and [100] directions to sn

001 (Fig. 2). For the anisotropic (110) 
surface, we thus have access to the two orthogonal components s110

110  
and s001

110 of the surface stress tensor [s]110. The so-obtained surface 
stress values, connected by a continuous line (simple guide for the 
eyes) are plotted on Fig. 6.

Let us comment on some interesting points: (i) Because in the 
common direction τ̂ (Fig. 2) all the surfaces exhibit more or less the 
same local step geometry (dense row) whereas in the orthogonal 
direction ω̂ the local geometry of the microfacets formed by the step 
and the underneath terrace varies a lot, the surface stress anisotropy 
cannot have the same amplitude for the two branches of the surface 
stress plot. In other words the sτ

n anisotropy must always be larger 
than the sω

n one, so that our procedure gives access to the polar plot of 
the more anisotropic branch of surface stress, that means here to sn

11–0 
anisotropy between [110] and [100] directions and to sn

001 anisotropy 
between [001] and [110] directions (Fig. 6). (ii) The surface stress 
anisotropy is more important than the surface energy anisotropy 
(compare the scales of Figs 1 and 6). This behaviour is quite normal 
as it is well known that surface stress is much more sensitive to 
surface relaxation than surface energy4. (iii) Open surfaces relax 
more easily than dense ones and thus exhibit smaller surface stress; 
as in the case of the (113) surface in comparison with the (111) or 
(001) surfaces. (iv) Our procedure does not give access to the polar 
plot of the weak anisotropic branch (see point (i)). Nevertheless, the 
surface stress anisotropy calculated for several materials4 can be used 
to estimate a zone in which the sω

n branch should appear. For this 
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Figure 5 Schematic representation of the mechanism of kinetic faceting. 
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B. Numerical simulation and morphological statistics

For three different initial length distributions, random
faceted surfaces containing 1 000 000 facets were constructed
by generating two sets of numbers obeying that distribution
and scaled to have equal sums; these random lengths were
then interleaved to generate a periodic faceted surface. The
initial empirical distributions of facet lengths ϱ(l) were

ϱ0,comp(l) = 10
18

χ(1/10,19/10),

ϱ0,exp(l) = exp(−l), (7)

ϱ0,poly(l) = 2
(1 + l)3

.

Hence we have explored initial distributions of facet lengths
with compact support, exponential decay, and polynomial
decay.

Figure 2(a) depicts a representative local patch of surface
evolving under the CDS (5) and (6). There the locations of facet
boundaries (corners) are plotted over time and we see many
instances of the binary coarsening described by the update
rule (6). As the system continues to evolve, all three initial
conditions [Fig. 2(b)] begin to coarsen exponentially, with
the average facet length L(t) ∝ e1.8t at late times [Fig. 2(c)].
The arrival at this rate indicates the attainment of the scaling
state, in which the associated empirical probability distribution
ϱ(l,t), of facet lengths l at time t , is observed to approach a
universal scale-invariant form

ϱ(l,t)
t→+∞−−−−→ 1

L(t)
P

(
l

L(t)

)
, (8)

which is illustrated in Fig. 2(d).

III. MEAN-FIELD THEORY FOR BINARY-COARSENING
FACETED SURFACES

We now turn to a theoretical study of the evolving
facet ensemble associated with the CDS. Our focus is the
formulation of a general theory that sheds light on the
empirical probability distribution ϱ(l,t). Inspired by the LSW
theory, our aim is to formulate an approximation for ϱ by
rationally constructing a mass-transport evolution equation
for a theoretical probability function ρ(l,t), supplemented by
sinks or sources that simultaneously and properly account
for the appropriate coarsening mechanism of the original
CDS. Our closed theory emerges from a number of mean-
field approximations of the underlying facet ensemble; such
approximations are often referred to as mean-field hypotheses.

A. Preliminaries

We begin by introducing a number of quantities derived
from ρ(l,t) that are specific to coarsening systems. First, as
small facets shrink to zero and are removed from the system,
the average length L(t) of the remaining facets increases. This
monotonically increasing quantity is simply the first moment
of ρ:

L(t) ≡
∫ ∞

0
lρ(l,t)dl.

Second, we define the number density n(l,t) by

n(l,t) ≡
(

L0

L(t)

)
ρ(l,t), (9)

where both L0 and L(t) have units of length; hence n(l,t)
and ρ(l,t) have the same units of probability per unit length.
[For convenience, we define L0 ≡ 1 so that n(l,t) describe
number density per unit interface length of surface; however,
we retain the symbol L0 so that all equations retain consistent
units.] Note that the zeroth moment N (t) =

∫
n(l,t)dl, which

counts the total number of facets, decreases as L(t) increases.
However, its first moment

∫
ln(l,t)dl ≡ 1 is a conserved

quantity, reflecting the fact that the conserved quantity in our
coarsening faceted surface is the total interface length.

Finally, we presume that under a closure or mean-field hy-
pothesis of statistically independent neighboring facet lengths,
it is possible to formulate a probabilistic, length-dependent
transport rate

v(l,t) ≡
〈
dli

dt

〉

{i|li=l}
(10)

describing the average rate of length change for facets of length
l at time t .

B. Derivation of an evolution equation

Assuming the existence of v(l,t) implies a population flux
J (l,t)

J (l,t) ≡ n(l,t)v(l,t). (11)

For a generic coarsening system, v(l,t) < 0 in some neighbor-
hood of l = 0; the rate of facet removal is then given by the
population flux into the origin

R(t) ≡ −J (0,t) > 0. (12)

Upon reaching zero length, these facets are removed from
the system. However, critically, according to the coarsening
rule (6), the two neighboring facets must also be removed and
replaced with a new facet having length equal to their sum:

(. . . ,L−,L,L+, . . .)
L→0+−−−→ (. . . ,L− + L+, . . .).

Hence, the coarsening process, in addition to transporting
facets out of the domain at l = 0 at a rate of R(t), induces
both a loss LC(l,t) and a gain GC(l,t) of facets, which
themselves are statistically distributed in length. The shape
of these distributions comes from our closure hypothesis,
which assumes no correlation between neighboring lengths.
Under this hypothesis, the two lost neighbors L− and L+ are
each independently distributed according to the probability
distribution ρ(l,t). In addition, the facetL− + L+ that replaces
them, being the sum of two random variables, must satisfy the
joint probability function

[ρ ∗ ρ](l,t) =
∫ l

0
ρ(s,t)ρ(l − s,t)ds. (13)

Under these considerations, we therefore have

LC(l,t) = 2R(t)ρ(l,t), (14)

GC(l,t) = R(t)[ρ ∗ ρ](l,t), (15)
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g1111512e40 , g111253e31 , g112252e22 , g122253e13 , g2222512e04 ,

d11115d222253d11225d/g0 , d11125d122250.

The summation over repeated indices is assumed.
The nonlinear terms (πh)2/22(πh)4/8 on the right-hand side of Eq. ~17! stem from the projection of the local normal

velocity of the crystallization front on the z axis @cf. Eq. ~9!#. Usually, only a (πh)2 term is present in this type of equation
since it already describes the kinematic effect of the interfacial slope @21#. Moreover, although the two-term expansion that
includes also the (πh)4 term is more accurate for small surface slopes, it can lead to artifacts if the slope of the interface is
large. Therefore, the fourth-order kinematic term in the evolution equation is omitted. Thus, Eq. ~17! is written in the following
form:

ht5
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Equation ~20! is related to those derived in @8,9# for the
faceting of crystal surfaces with unstable orientations when
there is no surface growth. The coefficients m i j characterize
the linear faceting instability of the thermodynamically un-
stable surface, and the coefficients of the nonlinear terms
determine the stable orientations of the appearing facets and
the symmetry of the faceted structure. The linear damping
coefficient n characterizes the stabilizing effect of the addi-
tional energy of edges and determines their widths ~see be-
low!. The new feature is that Eq. ~20! describes the faceting
instability in the course of kinetically controlled crystal
growth, which accounts for the presence of the ‘‘convec-
tive’’ term 1

2 (πh)2. On the other hand, it can be considered
as a generalization of isotropic growth models reviewed in
@21# for the case of an evaporation-condensation growth
mechanism. Other mechanisms of anisotropic growth of
thermodynamically stable surfaces, such as anisotropic kinet-
ics and anisotropic step flow, were considered in @26,31#.
Equation ~20! is now considered here to be a phenomeno-

logical model for the formation of facets and corners in the
kinetically controlled growth of a thermodynamically un-
stable surface, in the simplest case of a constant driving
force.
In the next section a similar evolution equation is derived

for a more complicated case, when the difference between
the crystal and liquid chemical potentials is not constant, but
it is locally coupled to the temperature field in a thermal
diffusion boundary layer near the crystal surface. As an ex-
ample, the solidification of a hypercooled melt is discussed.

IV. SOLIDIFICATION IN A HYPERCOOLED MELT:
EFFECT OF THERMAL DIFFUSION BOUNDARY LAYER

Consider a solidification front rapidly propagating
through a hypercooled melt, so that the rate of solidification
is controlled by the attachment kinetics. In this case the local
velocity, vn , of the crystal growth in the direction normal to
the surface at a given point is given by Eq. ~6!. The tempera-
ture at the interface, Ti , is less than the equilibrium tempera-
ture, Te , given by Eq. ~5!. Taking into account the tempera-
ture dependence of the chemical potentials and expanding
m l ,s(Ti)'m l ,s(Tm)1(]m l ,s /]T)(Ti2Tm), one obtains from
Eq. ~6!

vn5k̄

~

Te2Ti!, ~22!

where k̄5kLv /Tm is the renormalized kinetic coefficient
which is assumed to be constant. Note that Eq. ~22! is valid
for small deviations from the equilibrium. This is not the
case for a hypercooled melt and a nonlinear dependence of
the normal velocity on temperature likely applies @32#. How-
ever, for our purpose, in order to show the effect of the
temperature field on the formation of facets in the course of
kinetically controlled growth of a thermodynamically un-
stable crystal surface, it is sufficient to use Eq. ~22! as an
approximation.
Choose the following scalings: xT /(k̄DT) as the unit

length, xT /(k̄DT)2 as the unit time, where DT5Tm2T
`

is
the difference between the melting temperature at the planar
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temperature field on the formation of facets in the course of
kinetically controlled growth of a thermodynamically un-
stable crystal surface, it is sufficient to use Eq. ~22! as an
approximation.
Choose the following scalings: xT /(k̄DT) as the unit
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velocity of the crystallization front on the z axis @cf. Eq. ~9!#. Usually, only a (πh)2 term is present in this type of equation
since it already describes the kinematic effect of the interfacial slope @21#. Moreover, although the two-term expansion that
includes also the (πh)4 term is more accurate for small surface slopes, it can lead to artifacts if the slope of the interface is
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the linear faceting instability of the thermodynamically un-
stable surface, and the coefficients of the nonlinear terms
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coefficient n characterizes the stabilizing effect of the addi-
tional energy of edges and determines their widths ~see be-
low!. The new feature is that Eq. ~20! describes the faceting
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tive’’ term 1

2 (πh)2. On the other hand, it can be considered
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mechanism. Other mechanisms of anisotropic growth of
thermodynamically stable surfaces, such as anisotropic kinet-
ics and anisotropic step flow, were considered in @26,31#.
Equation ~20! is now considered here to be a phenomeno-

logical model for the formation of facets and corners in the
kinetically controlled growth of a thermodynamically un-
stable surface, in the simplest case of a constant driving
force.
In the next section a similar evolution equation is derived

for a more complicated case, when the difference between
the crystal and liquid chemical potentials is not constant, but
it is locally coupled to the temperature field in a thermal
diffusion boundary layer near the crystal surface. As an ex-
ample, the solidification of a hypercooled melt is discussed.
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EFFECT OF THERMAL DIFFUSION BOUNDARY LAYER
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through a hypercooled melt, so that the rate of solidification
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ture, Te , given by Eq. ~5!. Taking into account the tempera-
ture dependence of the chemical potentials and expanding
m l ,s(Ti)'m l ,s(Tm)1(]m l ,s /]T)(Ti2Tm), one obtains from
Eq. ~6!

vn5k̄

~

Te2Ti!, ~22!

where k̄5kLv /Tm is the renormalized kinetic coefficient
which is assumed to be constant. Note that Eq. ~22! is valid
for small deviations from the equilibrium. This is not the
case for a hypercooled melt and a nonlinear dependence of
the normal velocity on temperature likely applies @32#. How-
ever, for our purpose, in order to show the effect of the
temperature field on the formation of facets in the course of
kinetically controlled growth of a thermodynamically un-
stable crystal surface, it is sufficient to use Eq. ~22! as an
approximation.
Choose the following scalings: xT /(k̄DT) as the unit

length, xT /(k̄DT)2 as the unit time, where DT5Tm2T
`

is
the difference between the melting temperature at the planar

806 PRE 59A. A. GOLOVIN, S. H. DAVIS, AND A. A. NEPOMNYASHCHY

a1152e20 , a125e11 , a2252e02 ,

b11156e30 , b11252e21 , b22152e12 , b22256e03 ,
~19!

g1111512e40 , g111253e31 , g112252e22 , g122253e13 , g2222512e04 ,

d11115d222253d11225d/g0 , d11125d122250.

The summation over repeated indices is assumed.
The nonlinear terms (πh)2/22(πh)4/8 on the right-hand side of Eq. ~17! stem from the projection of the local normal

velocity of the crystallization front on the z axis @cf. Eq. ~9!#. Usually, only a (πh)2 term is present in this type of equation
since it already describes the kinematic effect of the interfacial slope @21#. Moreover, although the two-term expansion that
includes also the (πh)4 term is more accurate for small surface slopes, it can lead to artifacts if the slope of the interface is
large. Therefore, the fourth-order kinematic term in the evolution equation is omitted. Thus, Eq. ~17! is written in the following
form:

ht5
1
2 uπhu21hxx@m111k11hx1l11hy1a11hx

21b11hy
21c11hxhy#1hxy@m121k12hx1l12hy1a12hx

21b12hy
21c12hxhy#

1hyy@m221k22hx1l22hy1a22hx
21b22hy

21c22hxhy#2nπ

4h , ~20!

where

m1152Ge20 , m1252Ge11 , m2252Ge02 ,

k1156Ge30 , k1254Ge21 , k2252Ge12 ,

l1152Ge21 , l1254Ge12 , l2256Ge03 ,

a115G

~

12e401e20!, a125G

~

6e311e11!,

a225G

~

2e221e02!, ~21!

b115G

~

2e221e20!, b125G

~

6e131e11!,

b225G

~

12e041e02!,

c1156Ge31 , c1258Ge22 , c2256Ge13 ,

n5d/D0 .

Equation ~20! is related to those derived in @8,9# for the
faceting of crystal surfaces with unstable orientations when
there is no surface growth. The coefficients m i j characterize
the linear faceting instability of the thermodynamically un-
stable surface, and the coefficients of the nonlinear terms
determine the stable orientations of the appearing facets and
the symmetry of the faceted structure. The linear damping
coefficient n characterizes the stabilizing effect of the addi-
tional energy of edges and determines their widths ~see be-
low!. The new feature is that Eq. ~20! describes the faceting
instability in the course of kinetically controlled crystal
growth, which accounts for the presence of the ‘‘convec-
tive’’ term 1

2 (πh)2. On the other hand, it can be considered
as a generalization of isotropic growth models reviewed in
@21# for the case of an evaporation-condensation growth
mechanism. Other mechanisms of anisotropic growth of
thermodynamically stable surfaces, such as anisotropic kinet-
ics and anisotropic step flow, were considered in @26,31#.
Equation ~20! is now considered here to be a phenomeno-

logical model for the formation of facets and corners in the
kinetically controlled growth of a thermodynamically un-
stable surface, in the simplest case of a constant driving
force.
In the next section a similar evolution equation is derived

for a more complicated case, when the difference between
the crystal and liquid chemical potentials is not constant, but
it is locally coupled to the temperature field in a thermal
diffusion boundary layer near the crystal surface. As an ex-
ample, the solidification of a hypercooled melt is discussed.

IV. SOLIDIFICATION IN A HYPERCOOLED MELT:
EFFECT OF THERMAL DIFFUSION BOUNDARY LAYER

Consider a solidification front rapidly propagating
through a hypercooled melt, so that the rate of solidification
is controlled by the attachment kinetics. In this case the local
velocity, vn , of the crystal growth in the direction normal to
the surface at a given point is given by Eq. ~6!. The tempera-
ture at the interface, Ti , is less than the equilibrium tempera-
ture, Te , given by Eq. ~5!. Taking into account the tempera-
ture dependence of the chemical potentials and expanding
m l ,s(Ti)'m l ,s(Tm)1(]m l ,s /]T)(Ti2Tm), one obtains from
Eq. ~6!

vn5k̄

~

Te2Ti!, ~22!

where k̄5kLv /Tm is the renormalized kinetic coefficient
which is assumed to be constant. Note that Eq. ~22! is valid
for small deviations from the equilibrium. This is not the
case for a hypercooled melt and a nonlinear dependence of
the normal velocity on temperature likely applies @32#. How-
ever, for our purpose, in order to show the effect of the
temperature field on the formation of facets in the course of
kinetically controlled growth of a thermodynamically un-
stable crystal surface, it is sufficient to use Eq. ~22! as an
approximation.
Choose the following scalings: xT /(k̄DT) as the unit

length, xT /(k̄DT)2 as the unit time, where DT5Tm2T
`

is
the difference between the melting temperature at the planar

806 PRE 59A. A. GOLOVIN, S. H. DAVIS, AND A. A. NEPOMNYASHCHY

a1152e20 , a125e11 , a2252e02 ,

b11156e30 , b11252e21 , b22152e12 , b22256e03 ,
~19!

g1111512e40 , g111253e31 , g112252e22 , g122253e13 , g2222512e04 ,

d11115d222253d11225d/g0 , d11125d122250.

The summation over repeated indices is assumed.
The nonlinear terms (πh)2/22(πh)4/8 on the right-hand side of Eq. ~17! stem from the projection of the local normal

velocity of the crystallization front on the z axis @cf. Eq. ~9!#. Usually, only a (πh)2 term is present in this type of equation
since it already describes the kinematic effect of the interfacial slope @21#. Moreover, although the two-term expansion that
includes also the (πh)4 term is more accurate for small surface slopes, it can lead to artifacts if the slope of the interface is
large. Therefore, the fourth-order kinematic term in the evolution equation is omitted. Thus, Eq. ~17! is written in the following
form:

ht5
1
2 uπhu21hxx@m111k11hx1l11hy1a11hx

21b11hy
21c11hxhy#1hxy@m121k12hx1l12hy1a12hx

21b12hy
21c12hxhy#

1hyy@m221k22hx1l22hy1a22hx
21b22hy

21c22hxhy#2nπ

4h , ~20!

where

m1152Ge20 , m1252Ge11 , m2252Ge02 ,

k1156Ge30 , k1254Ge21 , k2252Ge12 ,

l1152Ge21 , l1254Ge12 , l2256Ge03 ,

a115G

~

12e401e20!, a125G

~

6e311e11!,

a225G

~

2e221e02!, ~21!

b115G

~

2e221e20!, b125G

~

6e131e11!,

b225G

~

12e041e02!,

c1156Ge31 , c1258Ge22 , c2256Ge13 ,

n5d/D0 .

Equation ~20! is related to those derived in @8,9# for the
faceting of crystal surfaces with unstable orientations when
there is no surface growth. The coefficients m i j characterize
the linear faceting instability of the thermodynamically un-
stable surface, and the coefficients of the nonlinear terms
determine the stable orientations of the appearing facets and
the symmetry of the faceted structure. The linear damping
coefficient n characterizes the stabilizing effect of the addi-
tional energy of edges and determines their widths ~see be-
low!. The new feature is that Eq. ~20! describes the faceting
instability in the course of kinetically controlled crystal
growth, which accounts for the presence of the ‘‘convec-
tive’’ term 1

2 (πh)2. On the other hand, it can be considered
as a generalization of isotropic growth models reviewed in
@21# for the case of an evaporation-condensation growth
mechanism. Other mechanisms of anisotropic growth of
thermodynamically stable surfaces, such as anisotropic kinet-
ics and anisotropic step flow, were considered in @26,31#.
Equation ~20! is now considered here to be a phenomeno-

logical model for the formation of facets and corners in the
kinetically controlled growth of a thermodynamically un-
stable surface, in the simplest case of a constant driving
force.
In the next section a similar evolution equation is derived

for a more complicated case, when the difference between
the crystal and liquid chemical potentials is not constant, but
it is locally coupled to the temperature field in a thermal
diffusion boundary layer near the crystal surface. As an ex-
ample, the solidification of a hypercooled melt is discussed.

IV. SOLIDIFICATION IN A HYPERCOOLED MELT:
EFFECT OF THERMAL DIFFUSION BOUNDARY LAYER

Consider a solidification front rapidly propagating
through a hypercooled melt, so that the rate of solidification
is controlled by the attachment kinetics. In this case the local
velocity, vn , of the crystal growth in the direction normal to
the surface at a given point is given by Eq. ~6!. The tempera-
ture at the interface, Ti , is less than the equilibrium tempera-
ture, Te , given by Eq. ~5!. Taking into account the tempera-
ture dependence of the chemical potentials and expanding
m l ,s(Ti)'m l ,s(Tm)1(]m l ,s /]T)(Ti2Tm), one obtains from
Eq. ~6!

vn5k̄

~

Te2Ti!, ~22!

where k̄5kLv /Tm is the renormalized kinetic coefficient
which is assumed to be constant. Note that Eq. ~22! is valid
for small deviations from the equilibrium. This is not the
case for a hypercooled melt and a nonlinear dependence of
the normal velocity on temperature likely applies @32#. How-
ever, for our purpose, in order to show the effect of the
temperature field on the formation of facets in the course of
kinetically controlled growth of a thermodynamically un-
stable crystal surface, it is sufficient to use Eq. ~22! as an
approximation.
Choose the following scalings: xT /(k̄DT) as the unit

length, xT /(k̄DT)2 as the unit time, where DT5Tm2T
`

is
the difference between the melting temperature at the planar

806 PRE 59A. A. GOLOVIN, S. H. DAVIS, AND A. A. NEPOMNYASHCHY

!tu = − !y
2!u − !!yu + !y

2u +
1
2

"!yu#2$ . "6#

This partial differential equation "PDE# has been derived in
model of bunches created by an electromigration current.6

Equation "6# was also proposed to represent sand ripples for-
mation close to the instability threshold.12 In the present
physical context the term !y

3u leading to a dispersive drift
must be absent. It is worth noticing that this term can be
removed from Eq. "6# via transformation u→u−!y. More
recently, Politi and ben-Avraham13 showed that the CSK
equation can be mapped into the motion of a system of par-
ticles with attractive interactions, decaying as the inverse of
their distance. The CKS equation is a closely related more
general equation,

!tu = − !y
2%u + !y

2u + !"!yu#2& + ""!yu#2, "7#

where ! and " are real "physical# parameters. This equation
appears in the context of ion beam sputtering.15 The above
equation was also proposed for amorphous thin films in the
presence of potential density variations.16 Equation "7# also
referred to as the snow equation. Under the condition !2

+"2=1, this equation models a snow surface growth based
on solar radiation.17 In this example the unknown u denotes
the surface height of snow relative to a horizontal reference
plane. The equation is proposed by Tiedje et al., in two-
dimensional case, to explain the dynamical behavior of the
ablation hollows or sun cups in terms of the interaction of
solar radiation with the snowpack.

Very recently, Verga18 investigated the influence of the
vicinal surfaces anisotropy on the two-dimensional dynamics
of the meandering instability. In this case the continuum
model reads, for some physical positive parameters A, B, and
C,

!tu = − !x
4u − A!x

3u − !y
2%u + !y

2u + "!yu#2 + B!xu + C!x
2u& .

"8#

Our motivation in the CSK equation stems from an unified
result, presented in Refs. 6, 9, 11, and 15 to describe the
coarsening dynamics. It is shown that the characteristic
length scale of the surface structure and its typical height
grow as 't and t, respectively. Moreover, it is found that this
coarsening has the property that small mounds or cells dis-
appear at the benefit of larger neighbors "Fig. 1#. This phe-
nomenon has been also observed in Ref. 14. In Ref. 16 the
authors concluded that, for Eq. "7# with ! and " being posi-
tive, small mounds vanish and larger mounds grow at the
expense of their smaller neighbors, until they split into
smaller mounds, while in the absence of the term propor-
tional to " "the CKS equation# the large mounds do not spilt.
For the two-dimensional problem %Eq. "8#& Verga showed, by
a numerical study, that the amplitude grows linearly with
time and that the characteristic lengths #x and #y, along both
directions "perpendicular and parallel to the steps#, vary as tnx

and tny for large t, respectively, where nx=0.25 and ny
=0.52. In addition, it is observed that the dynamic in the y
direction "meander# is similar to the dynamic described by
the CKS equation. Note that Eq. "8# may admit an additive
separable solution u"x ,y , t#=u1"x , t#+u2"y , t#, where u1 is a
solution to !tu=−!x

4u−A!x
3u and u2 is a solution to an equa-

tion of the form Eq. "2#.
Despite the different physical context, the previous results

cannot be excluded a priori for the step meandering instabil-
ity on Si"001# surface. To explore analytically the effect of
the step stiffness and diffusion anisotropy on the instability
regime, a nonlinear analysis is reported in Ref. 7. Using a
simplified equation %see Eq. "13# below& the authors obtained
a t1/2 scaling, for large time, and also demonstrated a linear

FIG. 1. Numerical solution of
the modified CKS Eq. "6# with
!=1 according to Ref. 6.
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CAPÍTULO II.- MARCO TEÓRICO 

 

II.1.- Diferentes modelos teóricos de HC 

Para entender a profundidad algunas propiedades, interpretar algunos resultados 
experimentales y predecir nuevos efectos de los HCs; han surgido diferentes 
modelos teóricos y técnicas de simulación que abordan el problema de la 
interacción de electrones en sistemas 1D. A continuación detallaremos algunas de 
las más utilizados.  

 

II.1.1- Simulación y modelos teóricos aplicados a HC. 

 

Teoría del Funcional de la Densidad (DFT) 

La Teoría del Funcional de la Densidad (DFT por sus siglas en inglés), es una 
representación de la mecánica cuántica que utiliza a la densidad electrónica, ρ(r), 
como variable fundamental para describir las propiedades de un sistema, el cual 
puede ser conformado por electrones, átomo, una molécula o un sólido. El uso de 
la densidad electrónica como variable se sustenta en los teoremas de Hohenberg 
y Kohn (HK), las ecuaciones a resolver son la ecuación de Schrödinger y la 
densidad como función de la función de onda: 

− !
!∇

! + !!"" !! = !!!!    II.1.1.1) 

! ! = !! !, ! !!
!
!     II.1.1.2) 

Por medio de DFT se pueden estudiar sistemas 1D tipo hilo cuántico calculando 
comúnmente la distribución de carga en la sección transversal, la energía de 
banda prohibida y la estructura de bandas, como se muestra en la figura II.1.1.1 
[38,39]. 

La ventaja de utilizar el método DFT es debido a que las ecuaciones a resolver 
están en función de la densidad electrónica, es decir, solo en función de 3 
variables y no 3N, donde N es el número de partículas o átomos del sistema a 
tratar, esto ayuda a que el calculo sea menos costoso computacionalmente 
hablando. 

Sin embargo, una de las desventajas de esta técnica es que solo se puede 
trabajar con un número pequeño de átomos (del orden de cientos) y por otra parte 
el cálculo depende de la aproximación del pseudopotencial que se considere, que 
no siempre suele se correcto. 
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Figura II.1.1.1.- a) Distribución de carga en el plano !" para un hilo  de Si en el plano 
(110) de sección transversal d=1.2nm, b) Cálculo de la energía GAP para hilos en el plano 
(110), (111) con su respectiva comparación experimental, c) Densidad electrónica de las 
sub-bandas en función del campo magnético y del espín a T=1 K para un hilo cuántico 
[38,39]. 

Teoría Atomista por Pseudopotencial 

En esta técnica el calculo por pseudopotencial atomista para una nanoestructura 
está compuesta de una serie de diferentes pasos que se muestran en la figura  
II.1.1.2a. La geometría de entrada es determinada a partir de consideraciones 
geométricas y datos experimentales. Las posiciones atómicas son obtenidas por 
minimización del campo de tensión usando el método campo de fuerza de 
valencia simple (VFF). Posteriormente, el potencial del sistema es calculado 
usando una superposición de potenciales atómicos apantallados que son 
ajustados a la estructura de bandas experimental y las funciones de onda LDA. 
Posteriormente, se puede calcular el potencial que se necesita para definir la base 
en la que la ecuación de Schrödinger de la partícula simple puede ser resuelta. 
Para esto se desarrollan dos métodos diferentes, uno que usa una base de ondas 
planas con un corte en la energía y el otro que usa combinaciones lineales de 
tensiones en las bandas del bulto. La ecuación de Schrödinger de la partícula es 
entonces resuelta como un problema de eigen-valores. Con este tipo de 
simulación se puede calcular la energía de transición, la densidad de probabilidad, 
entre otro tipo de observables. La figura II.1.1.2 muestra algunos cálculos 
aplicados a sistemas cuánticos [40]. 
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FIG. 1. Image of the sample geometry. The locations of the three
channels are indicated by dotted lines. Black dots are particles within
the channels. The arrow denotes the driving force that is applied only
to particles within the top channel, termed the primary channel p. The
bottom undriven channels are the secondary channels s1 and s2. The
ratio of the number of particles in each channel is Rs1,p = Ns1/Np

and Rs2,p = Ns2/Np , where Ns1 and Ns2 are the number of particles
in the secondary channels and Np = 16 is the number of particles in
the primary channel. The spacing between channels d is marked in
panel (a). (a) Two channels with Rs1,p = 1.0. (b) Two channels with
Rs1,p = 0.5. (c) Three channels with Rs1,p = 1.0 and Rs2,p = 1.0.
(d) Three channels with Rs1,p = 1.0 and Rs2,p = 1.5.

to the substrate or the effective pinning of the particles by the
substrate is strongly enhanced when the ratio of the number of
particles to the number of substrate minima is an integer or a
rational fraction, as indicated by the appearance of peaks in the
critical depinning force or enhanced ordering of the particles at
the commensurate fillings. In our system, for the two-channel
geometry illustrated in Fig. 1, the particles in the secondary
channel can be regarded as a distortable or moveable periodic
pinning substrate for the particles in the primary channel,
suggesting that enhanced drag or coupling could occur when
the ratio of the number of particles in each channel is an
integer or a rational fraction. The deformability of the substrate
makes our proposed model distinct from Frenkel-Kontrova
systems. Additionally, driven 1D and 2D commensurate-
incommensurate systems often exhibit numerous dynamic
behaviors within the incommensurate regimes, such as when
localized vacancies or interstitials form soliton-like excitations
which move more easily than the particles over the substrate
[40,41]. This suggests that similar phases may be possible in
the coupled-channels drag system we propose here, and we
show that such phases do appear. We also show that when we
make the system more complex by adding a third channel, a
remarkable variety of commensuration effects and dynamic
regimes occur, such as multiple decoupling, recoupling, and
slip transitions, all of which produce pronounced changes in
the velocity response. It is even possible to realize negative

drag effects where the particles in one of the channels move in
the direction opposite to that of the applied drive.

The coupled-channels system we propose could be realized
in colloidal systems. The number of colloids in the different
channels can be controlled readily by optical manipulation and
the colloids in one channel could be driven with an external
field, optically, or using microfluidics. Another possible
realization of this system is in nanowires where 1D Wigner
crystallization of the electrons has occurred; in this case, by
altering the electron density, the particle lattice spacing in one
wire could be varied with respect to that in an adjacent wire.
Realizing such a system could have important implications
for the study of 1D Wigner crystals since the appearance of
commensuration effects would be strong evidence that Wigner
crystal states are forming. In superconducting systems, the
density of magnetic vortices is fixed by the externally applied
magnetic field, so it would be difficult to create 1D channels
that contain different linear densities of vortices; however,
in certain layered systems an additional transverse magnetic
field can be applied to create a second Josephson vortex
lattice which can interact with the pancake vortices in the
planes [42–44]. It has already been shown that using this
technique it is possible to drive only one of the vortex species
and induce a drag on the other vortex species [43,44]. It should
be possible to study fractional commensurate states in such
a vortex system by examining how the drag effect changes
when the ratio of the number of one type of vortices to the
other is varied. A realization of three or more channels with
varied numbers of particles in each channel should again be
possible using colloidal systems or metallic wires. Further, a
superconducting or nanowire system could be used in which
each layer or channel has the same number of particles but
differing amounts of quenched disorder. We note that there are
previous studies of colloidal particles in 2D bilayers [45] where
the particles in the layers are driven in opposite directions;
however, these studies focused on an oscillatory order-disorder
transition, not on the effects of commensuration on decoupling
or the dynamic phases that we consider here for the case of 1D
coupled channels.

The paper is organized as follows: In Sec. II, we describe
our simulation method and sample geometry. We consider
two channels of particles in Sec. III and illustrate a drive-
induced decoupling transition for commensurate channels in
Sec. III A. In Sec. III B we describe the two-step decou-
pling transition that occurs for incommensurate channels that
contain vacancy or interstitial sites that can act like a second
species of particle. The effects of finite temperature and finite
size appear in Sec. III C. Section III D shows that the nonlinear
response of the system can be exploited to create a ratchet
effect, where ac motion in the driven channel induces dc
transport in the drag channel. In Sec. IV we turn to samples
with three channels. We show in Sec. IVA that when the
driven channel is commensurate with the neighboring drag
channel, four different types of coupled and decoupled flow can
occur as the occupancy of the second drag channel is varied,
including regimes of intermittent coupling. In Sec. IV B, the
driven channel is incommensurate with the neighboring drag
channel and we find a complex series of coupling-decoupling
transitions that produce a significant amount of structure in
the velocity-force curves. In Sec. IV C, we consider in detail
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FIG. 5. The force Fc at the transition from the locked to unlocked
phase vs. Rs1,p in two-channel samples with different values of a.
(a) At d/a = 0.44, commensuration peaks occur at Rs1,p = 1.0,
2.0, and 3.0. Fractional peaks and anomalies appear at Rs1,p = 0.5,
1.5, and 2.5. (b) At d/a = 0.67, there are commensuration peaks
at Rs1,p = 0.5, 1.0, 1.5, and 2.0. (c) At d/a = 1.0, the strongest
commensuration peaks appear at Rs1,p = 1 and 0.5.

Figure 5(b) also has clear peaks in Fc at Rs1,p = 2.0, 1.5, and
0.5, while above Rs1,p = 2.0 within our resolution there are
no peaks or regions where the system is locked. In the regions
with Fc = 0 where the locked phase is absent, the second
decoupling transition still appears at higher drives and can be
detected as the point at which Vs1 changes from increasing to
decreasing with increasing FD . For higher particle densities
and fixed d, the commensurability effects still persist as
shown in Fig. 5(c) for d/a = 1.0. Here, peaks in Fc occur
at Rs1,p = 0.5, 1.0, and 2.0.

The appearance of the commensuration effects at integer
and fractional fillings suggests that this system exhibits
the same behavior found for the depinning of repulsively
interacting particles on a 1D fixed periodic potential; however,
there are several differences between the two systems. For
particles on a fixed periodic potential, the depinning force Fc

at fields where the particle-particle interactions cancel due to
symmetry equals the maximum value of the pinning force Fp

so Fc = Fp at fillings 1/12, 1/8, 1/6, 1/4, 1/2, and 1.0. For
the drag system shown in Fig. 5, this does not occur and there
is even a trend for Fc to increase at the lowest fillings. This is
because the substrate potential created by the particles in p is
not fixed but can distort since the particles in either channel can
shift. At Rs1,p = 1.0, the periodic potential is fairly rigid due
to the matching of the particle positions in p and s1, and any
distortion of the particles in p is energetically unfavorable.
In contrast, at very low fillings such as Rs1,p = 0.125, the
particles in p distort near the locations of the particles in
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FIG. 6. (Color online) Vs1 vs. FD for the system in Fig. 5(b) with
d/a = 0.67. (a) Rs1,p = 0.562, 0.625, 0.6875, and 0.75, from top
to bottom. (Inset) Detail of the Rs1,p = 0.6875 curve from the main
panel. (b) Rs1,p = 0.8125, 0.875, 0.9375, and 1.0, from bottom to top.
(c) Rs1,p = 1.0625, 1.125, 1.1875, and 1.25, from top to bottom.

s1 in order to create a localized lowering of the density in
p above each particle in s1. As a result, the particles in s1
no longer experience the same periodic potential from p that
was present for the commensurate case of Rs1,p = 1.0. Even at
Rs1,p = 0.5, the particles in p can distort, reducing the strength
of the coupling to the particles in s1.

In order to better understand the changes in dynamics at the
different fillings, in Fig. 6 we plot Vs1 as a function of FD for
varied Rs1,p in a system with d/a = 0.67. At Rs1,p = 0.5, a
single decoupling transition occurs and Vs1 is a monotonically
decreasing function. For Rs1,p = 0.562 and 0.625, shown in
Fig. 6(a), there is a clear double-peak structure in Vs1 with
one peak falling at the depinning of the incommensurations
and the second peak appearing at the unlocking transition. At
Rs1,p = 0.6875 in Fig. 6(a), there is now a three-peak structure
in Vs1. The first peak, shown in the inset of Fig. 6(a), falls at the
transition out of the completely locked phase at FD = 0.11.
The second and largest peak is at FD = 0.3, while a third broad
peak also appears that is centered at FD = 1.45. The broad
peak is the remnant of the second peak in Vs1 found for Rs1,p =
0.562 and 0.625; with increasing Rs1,p, this peak broadens and
the center shifts to higher values of FD . For 0.11 < FD < 0.3,
the particles in s1 are almost completely locked but there is a
single incommensuration which has begun to slip. For Rs1,p =
0.75, the initial peak is lost and the decoupling transition peak
now falls at FD = 0.11. There is also a very broad maximum
centered at FD = 4.0. Another interesting feature is that at
higher FD such as at FD = 6.0, Vs1 for Rs1,p = 0.75 is higher
than Vs1 at the lower values of Rs1,p, even though at low FD

Rs1,p showed the lowest value of Vs1. This suggests that at high
values of FD , additional drag is produced by the interaction
between the incommensurations in s1 and the particles in p.

In Fig. 6(b) we plot Vs1 versus FD for Rs1,p = 0.8125,
0.875, 0.9375, and 1.0. The maximum value of Vs1 increases
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of two coupled potential wells [3], if the electron is put
into one of the two wires, i.e., in a state which is a lin-
ear combination of the even and odd states, it oscillates
between the two wires with frequency v ! D´!h̄, where
D´ ! ´o 2 ´e. This result is shown in Fig. 1 as obtained
by a numerical solution of the time-dependent Schrödinger
equation. The material parameters of GaAs have been
used. The initial condition along the x axis has been taken
as the ground state of an infinite square well having the
same lateral extension L of the single wire; along the “free”
y direction a minimum uncertainty wave packet has been
assumed for simplicity (a different choice for the longi-
tudinal part of the initial state does not compromise the
operation performed by the gate):

c"x, y# !

s

2
L
cos$p"x 2 x0#%

1
p

s
p

2p
3 e2" y2y0!2s#2

eik0y . (1)

The values of the parameters used in the calculations are
specified in the caption of Fig. 1.
Let us now consider two wires separated by a poten-

tial barrier of height V0 enough to prevent tunneling of
the electron. A “window” is introduced between the two
wires, defined by a region of length LW where the central
barrier height is lowered to a value VW . By adjusting the
parameters of this coupling-potential window and the ve-
locity of the electron, the system can be designed in such a
way as to produce an assigned transfer process of the wave
function between the two wires while the electron crosses
the region of the window.
This effect is illustrated in Fig. 2. In Fig. 2a the win-

dow is such that the electron undergoes half a period of
oscillation. If the electron is injected into the left wire, it
will exit from the right wire and vice versa. In Fig. 2b a
shorter window equally splits the wave function between
the two wires.
The physical properties discussed above suggest that the

considered couple of wires can be used as a quantum bit.
The two states of the bit are represented by the electron in
the transverse ground state of each of the two wires. The
dynamical evolution occurring in the coupling-window re-
gion implements a quantum logic gate. In the case of
Fig. 2a, the NOT operation is realized by transferring the
electron from one wire to the other.
In order to implement the CNOT gate two qbits must be

considered. To this purpose the following structure has
been studied. A NOT gate is first realized similar to the one
shown in Fig. 2a, where, however, the coupling window
corresponds to five half periods of the electron wave func-
tion between the two wires (referred to in the following
as wires 1 and 2 or “data qbit”). The functionality of
the NOT gate is preserved also for this case, as confirmed
by numerical simulations, shown in Fig. 3a. Another
couple of wires (the control qbit) is added to this quantum
bit. One of them (wire 3) is symmetrically located above

FIG. 2. Electron density in the two wires of Fig. 1 at different
times, where the coupling region is reduced to a suitable window
in order to realize (a) a complete transfer of the electron from
the left to the right wire (NOT gate) and (b) an equal splitting
of the wave function between the two wires (see text). Again it
is assumed that at t ! 0 the electron is confined in the left wire
with the same longitudinal central wave vector as in Fig. 1.

the two wires of the NOT gate at a distance such that
Coulomb interaction between electrons in different wires
is effective. The second wire of the control qbit (wire
4) is located far enough from the other three in order to
prevent any Coulomb interaction or electron transfer. The
two states of the control qbit are again defined as the two
transverse ground states of wires 3 and 4. The structure
realizes a CNOT gate as follows. Suppose that an electron
coherently propagates along one of the two wires of the
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gion implements a quantum logic gate. In the case of
Fig. 2a, the NOT operation is realized by transferring the
electron from one wire to the other.
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been studied. A NOT gate is first realized similar to the one
shown in Fig. 2a, where, however, the coupling window
corresponds to five half periods of the electron wave func-
tion between the two wires (referred to in the following
as wires 1 and 2 or “data qbit”). The functionality of
the NOT gate is preserved also for this case, as confirmed
by numerical simulations, shown in Fig. 3a. Another
couple of wires (the control qbit) is added to this quantum
bit. One of them (wire 3) is symmetrically located above

FIG. 2. Electron density in the two wires of Fig. 1 at different
times, where the coupling region is reduced to a suitable window
in order to realize (a) a complete transfer of the electron from
the left to the right wire (NOT gate) and (b) an equal splitting
of the wave function between the two wires (see text). Again it
is assumed that at t ! 0 the electron is confined in the left wire
with the same longitudinal central wave vector as in Fig. 1.

the two wires of the NOT gate at a distance such that
Coulomb interaction between electrons in different wires
is effective. The second wire of the control qbit (wire
4) is located far enough from the other three in order to
prevent any Coulomb interaction or electron transfer. The
two states of the control qbit are again defined as the two
transverse ground states of wires 3 and 4. The structure
realizes a CNOT gate as follows. Suppose that an electron
coherently propagates along one of the two wires of the
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new absorption peaks show up in !k2!!", the imaginary
part of the dielectric function along the wire axis.

Our calculations are carried out within DFT using
norm-conserving pseudopotentials [18] with a plane-
wave basis set. Periodic-boundary conditions are em-
ployed in the xy plane with supercells large enough to
eliminate the interaction between neighboring wires. It is
found that a 5-Å separation between two closest H atoms
on neighboring wires is sufficient to make such interac-
tion negligible (<1 meV per H atom on average). The
energy cutoff for the plane waves is in the range of 15–
20 Ry. The Monkhorst-Pack k-point meshes of 1# 1# 4
to 1# 1# 8 are found to provide sufficient accuracy in
the calculation of total energies and forces. Summarized
in Table I are the diameter of the wires and the number of
atoms in the supercells used in our calculation.

We first relax the atomic configurations of our SiNWs,
and the electronic structure is studied for the fully re-
laxed structures. Bulk Si is known to have an indirect
band gap of 1.17 eV, with the conduction-band minima
located at about 85% along ! to X. Therefore, there are
six equivalent conduction-band minima on $x, $y, and
$z axes, with a transverse mass (0.1905) much less than
the longitudinal mass (0.9163). When [110] wires are
formed, two of these minima on $z will be projected
onto "!! based on the effective-mass approximation, ex-
hibiting both the large mass and the small mass in the
confinement plane. The band edge associated with the
large mass will be least upshifted due to confinement,
giving rise to a direct gap. In contrast, the projection
along the [111] direction is expected to produce an indi-
rect gap in large [111] wires. Indeed, we do find an
indirect gap for wires with diameter larger than 2 nm.
However, the difference between the indirect and direct
gaps is very small (less than 0.05 eV). Therefore, only the
direct LDA energy gaps (ELDA

g ) are plotted in Fig. 2,
which shows the size dependence of band gap for
the [110] and [111] wires. Since the effective mass in the
confinement plane for the [111] wires is smaller than the
relevant counterpart (the longitudinal mass) for the [110]
wires, the energy upshift is expected to be larger for the
[111] wires. Hence, in addition to a size dependence, the
energy gap also depends on orientation.

It is well known that the Kohn-Sham energy gap is not
the quasiparticle gap, and that the LDA gap is always
smaller than the observed value. This can be corrected by
evaluating the self-energy operator in the GW approxi-
mation [19]. We have calculated the GW quasiparticle
gaps (EGWg ) for the two thinnest [110] wires as well as
for bulk silicon. Both the LDA gaps and the GW correc-
tions greatly increase as d decreases.We fit these band gap
values with a function of Eg;bulk % const# !1=d"", where
Eg;bulk is the bulk gap value from LDA or GW, and " is
found to be approximately 1.7. The value " & 2 is
expected using an effective-mass particle-in-a-box ap-
proach [16]. For bulk silicon, ELDA

g & 0:58 eV, indicated
by the solid line in Fig. 2, and the GW correction is about
0.5 eV, which uplifts the gap to 1.08 eV. The GW correc-
tions are 1.62 eV ( & 3:12–1:50)and 1.29 eV (&2:32–1:03)
for the two [110] wires with d & 1:20 and 1.60 nm, re-
spectively. These are more than twice or 3 times the
correction found in the bulk. An interesting finding here
is that the self-energy correction, which increases mono-
tonically with decreasing diameter, exhibits a rather
strong size dependence also. In the past, this important
variation has been neglected by postulating a size-
independent constant correction that is usually obtained
from the bulk [13]. This will inevitably introduce signifi-
cant errors in the calculated optical gaps.

Also shown in Fig. 2 are the measured band gaps [6] for
SiNWs along [112] and [110]. Since most of the measured
gaps were for wires along [112] in this experiment, the
comparison with our theoretical prediction (the dotted
line) should be viewed with caution. The single point for
a [110] wire agrees very well with our theoretical
value. Still, the experimental data shows generally good

TABLE I. Diameter (d) and the number of Si and H atoms
for the wires in our supercell calculation.

[110] d (nm) Si H [111] d (nm) Si H

0.92 38 30
1.20 16 12 1.31 62 42
1.60 42 20 1.69 110 54
2.20 76 28 2.07 170 66
2.60 110 36 2.46 218 78
3.30 172 44 2.84 302 90
4.02 250 52 3.23 398 102
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FIG. 2 (color online). LDA band gaps calculated for [110]
(empty squares) and [111] (empty circles) wires, and the
GW-corrected gaps (filled squares) for the two thinnest [110]
wires and bulk Si, compared with the measured gaps for [112]
wires (+) and a [110] wire (*). The dotted, dashed, and long-
dashed lines are fitted to the data points (see text). The LDA
band gap of bulk Si is indicated by the solid line, and the bulk
GW gap is marked around d & 8:0 nm for convenience.
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agreement with theGW-corrected curve, though for small
wires the discrepancy becomes appreciable. This, in turn,
confirms that the orientation dependence of band gaps
become more significant in small wires, e.g., d < 2:2 nm
in this case.

In Fig. 3, the characteristics of the electronic states in
[110] wires is illustrated in a band-by-band fashion using
the wire with d ! 1:2 nm. (The structure of this wire is
shown in Fig. 1.) The charge density is plotted in the xy
plane after averaging along the axial direction. Shown are
the results for the first six valence bands, the highest
occupied band (band 38), and one band in between
(band 18), as well as the lowest conduction band (band
39). The evolution can be semiquantitatively explained by
the simple model of a particle confined in an infinite
cylindrical potential well. If the radius of the cylindrical
well is denoted by r0 ! d=2, the stationary solutions can
be found analytically as  nl"r;!# / Jl""nlr=r0# cos"l!#
or Jl""nlr=r0# sin"l!#, where l ! 0; 1; 2; . . . , and"nl is the
nth zero of the lth Bessel function Jl"x# that determines
the nodal structure in the radial direction. The eigenval-
ues are then Enl ! !h2"2

nl="2m$r20#, where m$ is the effec-
tive mass. All energy levels except for l ! 0 are therefore
doubly degenerated. We find that the calculated charge
density distribution for real wires indeed follows these
features characterized by the quantum numbers fn; lg, as
can be seen in Fig. 3. For instance, the values of fn; lg for

the first few bands in Fig. 3 are f1; 0g for band 1, f1; 1g for
bands 2 and 3, f1; 2g for bands 4 and 5, and f2; 0g for band
6. For higher bands, such correspondence to the simple
model becomes less precise.

The optical properties are studied by computing the
complex dielectric function, #"!# ! #1"!# % i #2"!#, in
which the imaginary part #2"!# is closely related to the
optical absorption at a given frequency !. A knowledge
of #2"!# over a wide frequency range allows one to obtain
#1"!# using the Kramers-Kronig relation. #2"!# can be
written as [20]

#2"!# !
4$2e2 !h
m2!2

X

ij

2

"2$#3
Z

BZ
dkjMij"k#j2 %&!'!ij"k#(;

where the integral is over all states in the Brillouin zone
and the sum is over all combinations between the valence
band i and the conduction band j, whose wave functions
and energy levels are denoted as f i, Eig and f j, Ejg,
respectively. The matrix element between bands i and j at
k can then be written as Mij"k# ! h j"k#jêe ) pj i"k#i,
and !h!ij"k# ! Ej ' Ei. Here êe and p denote the polar-
ization vector and the momentum operator, respectively.
Using our GW-corrected band gaps (Fig. 2), a scissor
operator is applied to move all conduction bands up by
the amount of the GW correction in the calculations of
#2"!#. The spin-orbit interaction and excitonic effect are
not included in this calculation.

Figure 4 shows the calculated #2"!# for three thinnest
wires along [110] and bulk Si. #2"!# are evaluated for the
polarization along the axial (z) direction [#k2"!#] and in
the xy plane [#?2 "!#]. Although the fundamental gap is
direct in the wires, the matrix elements are still vanish-
ingly small near the gap. Even for the smallest wire (d !
1:2 nm), the allowed dipole transition does not show up
until 1 eVabove the fundamental gap. It is ready to see that
#2"!# demonstrates strong anisotropy in two polarization
directions for d < 2:2 nm, where the overall spectrum of
#?2 "!# is shifted to higher frequency compared to #k2"!#,
and the relative shift becomes larger as d decreases. At
d ! 2:2 nm, #k2"!# and #?2 "!# almost merge together and
exhibit features in bulk Si except for an energy shift.
Similar anisotropy is also found in a previous semiem-
pirical tight-binding study [14] for a Si wire of 0.77 nm
oriented in the [100] direction. Here we confirm this
anisotropy from first-principles studies and illustrate its
evolution as the wire diameter decreases. Our calculation
predicts that a size of about 2 nm or smaller is needed to
exhibit the anisotropic absorption in SiNWs.

Another interesting feature in Fig. 4 is that the absorp-
tion peak in #k2"!# associated with the main peak (black
dots) in bulk Si seems to remain approximately 3.0 eV
above EGWg in the nanowires, while the absorption edge
(vertical dashed lines) moves toward EGWg (arrows) as d
decreases. The latter is a consequence of mixing the bulk
states in finite-sized wires, leading to an enhancement of

a b c

FIG. 3 (color online). Electronic charge distribution in the xy
plane (integrated along the wire axis) for the [110] wire with
d ! 1:20 nm. The band indices are shown in each figure. The
top panels marked with a, b, and c are the results of a simple
model for bands 1, 2, and 3, respectively (see text). The high
(low) density region is indicated by red/dark (blue/light).
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Conductance matrix.—Now we are in a position to
find the full conductance matrix for the capacitively
coupled wire. The particle current in the wire is expressed
through the density difference z of right- and left-moving
electrons [15] as I

p

sx, vd ≠ ey
F

z sx, vd,

z ≠ rv,0sxd 2
iq

F

n
F

2

3
Z L

0
dx

0 sgnsx 2 x

0deiq

F

jx2x

0jfvsx0d ,

where fvsxd is the self-consistent potential (8). The
displacement current, directed from the gate to the wire,
has the density j

d

sxd ≠ ivervsxd.
The conductance matrix Gabsvd relates the current

Ia,v at contact a to the voltage Vb,v applied at con-
tact b (a, b ≠ 1, 2, 3): Ia,v ≠ GabsvdVb,v . With the
definitions

Gv ≠ 2g

e
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h

s1 1 gde2iqL 1 s1 2 gdeiqL

s1 1 gd2
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2iqL 2 s1 2 gd2
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iqL
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iqL

,

(10)

the conductance matrix takes a form

G svd ≠

0
B@

Gv Ḡv 2Gv 2 Ḡv

Ḡv Gv 2Gv 2 Ḡv

2Gv 2 Ḡv 2Gv 2 Ḡv 2Gv 1 2Ḡv

1
CA .

(11)
The matrix G has the following properties [3]: First, it
is symmetric, which reflects the fact that the geometry
considered here is symmetric under the exchange of the
left and right reservoirs, and no magnetic field is present.
Then,

P
a Gab ≠ 0, which restates current conservation.

Finally, the property
P

b Gab ≠ 0 manifests the fact that
a simultaneous shift of all potentials Vb by the same
amount does not produce any current (gauge invariance).
Furthermore, dissipation of power requires that the matrix
ReG is positive definite. Equation (11) can, after some
algebra, also be obtained from formulas of Ref. [10].
In the static limit v ≠ 0 one reproduces the known

result [5,10]: G ≠ 2Ḡ ≠ e

2yh, with no current flowing
through the gate. Another limiting case is g ≠ 0 [15],
where one finds G ≠ 2Ḡ ≠ se2yhd s1 2 iq

F

Ly2d21.
Generally, all the components of the conductance matrix
are oscillating functions of frequency (for g fi 0) with
the period 2py

F

sgLd21. In particular, the real part of the
conductance reaches zero with a period 2py

F

sgLd21. It
has been suggested that measurement of this period should
be used to determine the interaction constant [12,13].
However, this period is a consequence of the linearization
of the spectrum near the Fermi energy and not really
a signature of an interacting system. Furthermore, this
frequency is already in the absence of interactions of the
order of an electron transit frequency and therefore rather
high. A better strategy consists in analyzing one of the
purely capacitive conductances. In particular, we consider

G33svd ≠ 2sGv 1 Ḡvd, which we call the gate conduc-
tance. The real and imaginary parts of the frequency
dependence of the gate conductance G33svd are displayed
in Fig. 2. The real part shows peaks around v ≠ spy

F

y
gLd s2n 1 1d, n [ Z . The height of each peak is equal
to 4 times the conductance quantum e

2yh (and thus inde-
pendent of g), while the width decreases with decreasing
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Conductance matrix.—Now we are in a position to
find the full conductance matrix for the capacitively
coupled wire. The particle current in the wire is expressed
through the density difference z of right- and left-moving
electrons [15] as I

p

sx, vd ≠ ey
F

z sx, vd,

z ≠ rv,0sxd 2
iq

F

n
F

2

3
Z L

0
dx

0 sgnsx 2 x

0deiq

F

jx2x

0jfvsx0d ,

where fvsxd is the self-consistent potential (8). The
displacement current, directed from the gate to the wire,
has the density j

d

sxd ≠ ivervsxd.
The conductance matrix Gabsvd relates the current

Ia,v at contact a to the voltage Vb,v applied at con-
tact b (a, b ≠ 1, 2, 3): Ia,v ≠ GabsvdVb,v . With the
definitions

Gv ≠ 2g

e

2

h

s1 1 gde2iqL 1 s1 2 gdeiqL

s1 1 gd2
e

2iqL 2 s1 2 gd2
e

iqL

,

Ḡv ≠ 2
e

2

h

4g

s1 1 gd2
e

2iqL 2 s1 2 gd2
e

iqL

,

(10)

the conductance matrix takes a form

G svd ≠

0
B@

Gv Ḡv 2Gv 2 Ḡv

Ḡv Gv 2Gv 2 Ḡv

2Gv 2 Ḡv 2Gv 2 Ḡv 2Gv 1 2Ḡv

1
CA .

(11)
The matrix G has the following properties [3]: First, it
is symmetric, which reflects the fact that the geometry
considered here is symmetric under the exchange of the
left and right reservoirs, and no magnetic field is present.
Then,

P
a Gab ≠ 0, which restates current conservation.

Finally, the property
P

b Gab ≠ 0 manifests the fact that
a simultaneous shift of all potentials Vb by the same
amount does not produce any current (gauge invariance).
Furthermore, dissipation of power requires that the matrix
ReG is positive definite. Equation (11) can, after some
algebra, also be obtained from formulas of Ref. [10].
In the static limit v ≠ 0 one reproduces the known

result [5,10]: G ≠ 2Ḡ ≠ e

2yh, with no current flowing
through the gate. Another limiting case is g ≠ 0 [15],
where one finds G ≠ 2Ḡ ≠ se2yhd s1 2 iq

F

Ly2d21.
Generally, all the components of the conductance matrix
are oscillating functions of frequency (for g fi 0) with
the period 2py

F

sgLd21. In particular, the real part of the
conductance reaches zero with a period 2py

F

sgLd21. It
has been suggested that measurement of this period should
be used to determine the interaction constant [12,13].
However, this period is a consequence of the linearization
of the spectrum near the Fermi energy and not really
a signature of an interacting system. Furthermore, this
frequency is already in the absence of interactions of the
order of an electron transit frequency and therefore rather
high. A better strategy consists in analyzing one of the
purely capacitive conductances. In particular, we consider

G33svd ≠ 2sGv 1 Ḡvd, which we call the gate conduc-
tance. The real and imaginary parts of the frequency
dependence of the gate conductance G33svd are displayed
in Fig. 2. The real part shows peaks around v ≠ spy
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calculated using a superposition of screened atomic potentials which are fitted to the experimental 
band structure and LDA wavefunctions. Once we have calculated the potential we need to define a 
basis set in which the single particle Schrödinger equation will be solved. We have developed two 
different methods, one that uses a simple planewave basis set up to a certain energy cut-off 
(ESCAN[2]) and the other which uses a linear combination of strained bulk bands (SLCBB[3]). The 
single-particle Schrödinger equation is then solved as an interior eigenvalue problem, i.e. only a few 
eigenstates near the band gap are computed using the folded spectrum method. Once the single-
particle energies and wave functions have been obtained the next step is to calculate the electronic 
excitations of the quantum dot. This task is accomplished using the configuration interaction (CI) 
method after first calculating the Coulomb and exchange integrals. Finally we calculate different 
properties of the system such as absorption and emission spectrum (see Figure 1 for a full list) based 
on post processing of the outputs of the other codes. This pioneering methodology was developed by 
Zunger, Wang, Franceschetti and collaborators in the period 1995 to 2003.   
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Figure 1: Flowchart of the computational method developed for the electronic structure of large 
nanosystems (vff  denotes the valence force field model). 
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Figure 7. (a) Calculated quasiparticle tunneling probability densities for 1–6 holes in reciprocal space [20]. (b) Two possible charging
scenarios for holes. (c) Quasiparticle tunneling probability density for the first hole from experiment (left), a calculation for a dot with circular
base (middle), and a calculation for an elliptical base (right).

of the exciton wavefunctions on the dot-localized basis set [69].
From the right-hand side of figure 6 we can see that the degree
of entanglement as a function of electric field is peaked at
a certain electric field achievable experimentally [122–126]
(−5.4 kV cm−1 in our specific case) and can reach 80%.
The left-hand side of figure 6 shows that at this specific
electric field the peaks in oscillator strength originating from
the exciton states |1⟩ and |2⟩ anticross, and |1⟩ becomes dark.
This optical signature may be used by experimentalists in the
future to identify the electric field needed to achieve maximum
entanglement in specific dot molecules. The theoretical
results can be further analyzed to understand, in terms of
electron and hole localization on either one of the two dots,
the way the particles conspire to create entangled states and
what are the limiting and driving factors [69, 101] such as
the effect of geometry, composition, dot-separation and the
ensuing strain on tunneling and Coulomb interactions. From
this understanding, we could construct a simplified model
Hamiltonian with few and well defined parameters [93].

3.3. Wavefunction imaging

In section 2.8.3, we described the formalism used to
calculate tunneling amplitudes from correlated many-body
wavefunctions. We will illustrate it by an application
to magnetotunneling spectroscopy (MTS) of self-assembled
InAs quantum dots grown by the Stranskii–Krastanov
method [127, 128]. We choose this system because
of the availability of recent measurements [20]. The
experimental method is based on capacitance–voltage (C–
V ) spectroscopy [15, 99, 129–132], where the energy of the
quantum dot states can be shifted by an applied out-of-plane
voltage to allow electron (or hole) to tunnel into the dots
controllably. Additionally, a magnetic field B is applied in
plane. The tunneling rate can be measured and compared
to the theoretical calculations [20]. Figure 7(a) shows the
theoretical results for the tunneling amplitude of holes mapped

out in k-space for an InAs lens-shaped quantum dot with an
elliptical base of 26 nm in the [11̄0] and 25 nm in the [110]
direction and 3.5 nm height. The labels mh → nh describe
the process of tunneling the mth hole into the dot already
filled with n holes. The arrows with labels [110] and [11̄0]
describe the crystallographic directions in real space. From
the figure, it is clear that tunneling of the first and second
holes occurs into an S-like state. We can quantitatively analyze
the orbital momentum character of the final state and it is
indeed more than 95% l = 0. The tunneling of the third
and fourth holes occurs into P-like states. For the fifth hole,
4h → 5h, the situation is interesting since it is the signature
of the tunneling into the D state. Indeed, 82% of the final
state, in which the hole tunnels, is given by a configuration with
dominant D character. In figure 7(b), we show that the filling
sequence expected from the Aufbau principle would lead to
a tunneling into a second P state (labeled P2 in figure 7(b)).
However, holes 5 and 6 entirely skip the P2 shell to tunnel
directly into the D shell, in contrast to the expectation from
the Aufbau principle. This result is confirmed by a side-by-
side comparison of experiment and theory [20]. In figure 7(c)
we show a contour plot for the experimental MTS result for
the tunneling of the first hole along with theoretical results for
a dot with circular base of 25 nm diameter and for a dot with
ellipsoidal base of 24 × 26 nm2. The comparison of theory
and experiment shows a better fit for the elongated dot. These
results should illustrate the capability to draw conclusions
on dot morphology, difficult to get by other means, and on
unexpected many-body effects.

4. Summary and outlook

We have described an approach to obtain accurate properties,
including excitations, of semiconductor nanostructures of
realistic and relevant sizes. The approach is based on
empirical or semiempirical pseudopotentials and configuration
interaction. The critical steps that allow us to treat million

15

numerical approach. We use recently developed energy opti-
mization methods33,34 to optimize a Jastrow-Slater-type trial
wave function !T!R"=J!R"D!R".35 To build the Slater de-
terminant D!R", we considered three qualitatively different
types of orbitals: "!r"e#in$ with "!r" fixed !i.e., angular plane
waves", LSDA orbitals, and floating gaussians.23 Most of the
results presented here were obtained using floating gaussians
as they provide a better description in the strongly localized
regime—a comparison is given below. After optimizing the
variational parameters !Jastrow parameters as well as, sepa-
rately, the positions and radial/angular widths of the floating
gaussians", we then perform a diffusion Monte Carlo !DMC"
calculation to project the trial wave function onto the fixed-
node approximation of the true ground state.36 The fixed-
node DMC energy is an upper bound on the true energy and
depends only on the nodes of !T obtained from VMC.

The density plots of Figs. 1 and 2 give an overview of
different scenarios that can occur in an inhomogeneous quan-
tum wire depending on the gate potential landscape. In the

longer wire, Fig. 1, $0=1.5 generates a low-density region of
length 75, or 0.73 %m for GaAs. Potential A, which is close
to a square barrier in sharpness, gives rise to three interesting
phenomena: !i" the ripples in the high-density part of the ring
are Friedel oscillations !1 maximum per 2 electrons". This is
a signature of weak interactions; the electrons are in a liq-
uidlike state. !ii" The modulation in the low-density part of
the wire shows 4 electrons that are individually localized.
!iii" There is a large gap separating the liquid and crystal
phases, causing the low-density region to be in the Coulomb
blockade regime. This effect has been observed experimen-
tally, but the origin was not understood.15–18,31

For a smoother potential step, the size of the gap de-
creases !potential B in Fig. 1" and eventually disappears !po-
tential C". Finally, for the Gaussian-shaped potential D, lo-
calization is very weak. Note that potential C appears to
exhibit the smooth connection between localized and liquid
electrons which is a precondition for the Matveev
scenario13,14 for the 0.7 effect.

As the length of the low-density region is reduced, the
number of localized electrons decreases. In the extreme case,
the low-density region becomes like the saddle potential of a
quantum point contact. Figure 2 shows that for a short con-
striction, a single electron is localized in the low-density re-
gion, with substantial barriers to the high-density “leads,” as
in LSDA calculations.9,10,30 In contrast to the LSDA calcula-
tions, the spin of the localized electron here is not static—it
changes as the electron tunnels to the leads, yielding a spin
density of zero. Thus our QMC calculations verify that the
zero-temperature preconditions for the “Kondo
scenario”4,9,10 for the 0.7 structure can be satisfied.

The results in Figs. 1 and 2 show that !1" it is possible to
have localized electrons in a low-density region distinctly
separated from the liquid leads and !2" an abrupt potential
barrier with a flat plateau enhances both localization and the
gap between liquid and crystal regions.

Figure 3 presents how localization develops as the gate
potential increases. For the rest of the Rapid Communication
we focus on potential B !s=4", for which the width of the
potential riser is #60 nm. When Vg=0.4, the density modu-

FIG. 2. !Color online" For a short constriction, the two-
dimensional ground-state density, showing a single localized elec-
tron. !Vg=0.5H!, $0=0.7, and N=30, yielding a length of
0.34 %m."

FIG. 1. !Color online" Two-dimensional ground-state density &
for gate potentials of different shape $all with Vg=0.8 !in units of
H!" and N=31%. Potentials A, B, and C have s=15, 4, and 2, re-
spectively. D is obtained using a Gaussian with an angular width of
1.2 radians. Potential B is used in most of the Rapid
Communication.
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FIG. 3. Electron density as the low-density region is depleted.
Vg !in units of H!" is varied for potential shape B !s=4, N=31";
each curve is shifted vertically by 20 %m−1 with respect to the one
below. For Vg=0.4, 8 electrons are localized. As Vg increases, lo-
calization becomes stronger and a gap forms at the crystal-liquid
boundary—the system is in the Coulomb blockade regime.
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4k̃F= !
r̃s

, r̃s being the effective density in the system. Using
these conventions, the structure factor for several different
numbers of electrons is plotted in Fig. 10.

In addition to the formation of a broad peak in the S!k" at
4kF around N=80, which corresponds to r̃s=2.3, the density
profile n!x"= #$i"!x−xi"% of the electrons also shows a clear
cut sign of the transition. At low densities, the electrons are
distributed in order to minimize the interparticle repulsion.
This leads to N oscillations in the density profile of the wire,
a configuration also called “Wigner molecule,” !Ref. 52"
which corresponds to the 4kF peak in the S!k". When the
density is increased, the number of peaks in the density pro-
file is reduced by a factor of 2, the Pauli exclusion principle
between like spin particles is the only factor that prevents the
electrons form crossing each other. At the same time the 4kF
peak in the S!k" disappears and only a 2kF singularity is
present. The density is plotted in Fig. 11 for half of the wire
as the system is symmetric under inversion around its center.
This plot also suggests a transition near N=80.

Surprisingly, the calculations with the confinement poten-
tial and the infinite wire give very similar structure factors in
the vicinity of the transition, suggesting that the interparticle
correlations are not strongly affected by the external confine-
ment at those densities. At lower densities the peak at 4kF is
much larger for the homogeneous system because of the lim-
ited number of particles in the finite wire. Both the infinite
and finite wires show a transition from a system with 2kF
correlations to a state where correlations have a 2rs period-
icity. The crossover occurs around rs=2.3, which corre-
sponds to the density of 22 #m−1 in a GaAs heterostructure.
This is very close to the density found by Steinberg et al.
!20 #m−1" for the localization transition in wires where one
subband is occupied. However it seems that in the experi-
ment the localization involves only few particles !up to 12 in
the highest density localized state", i.e., only a section of the
wire takes part in the transition. This is an important differ-
ence with respect to our calculations where the transition
takes place throughout the system in a quite homogeneous
way. In our case the fluctuations of the particles around the
Wigner peaks are a combined effect of the broken transla-
tional symmetry induced by the external confining potential
and the strong correlations which causes the particles to repel
each other. A nonhomogeneous behavior is found at the edge
of the wire where the confining potential in Eq. !14" turns
upward. As one can see in Fig. 11, the density variations are
larger near the edge, which can be understood in terms of a
local mean-field description. At the edge of the wire the ef-
fective chemical potential #0−V!x" is smaller, corresponding
locally to a fluid at much lower density.

Apart from these features, we did not find any evidence
for a Wigner correlated patch embedded in a liquidlike sys-
tem, although these seem to be found in the experiments.
Therefore it may be essential to take into account other fac-
tors that can affect the experimental results. For instance, one
of the top metallic gates used to tune the upper wire density
could induce a plateau in the external potential, nucleating a
Wigner region as suggested in Refs. 30 and 53. Notice how-
ever that the densities of our homogeneous system should be
compared with the densities at the plateau, which are experi-
mentally determined.12 On the other hand, the role of disor-
der is not clear. Although in the liquid phase the system is in
a ballistic regime, when the conductance is quantized the
disorder could take over in the localized phase and affect the
charge distribution in the wire. AlAs wires, where the disor-
der is stronger, revealed conductance resonances explained
in terms of Coulomb blockade !CB" physics.54 CB behavior
has also been found in the localized phase of GaAs wires.12

Even if there are features that still need explanation, our
calculations show that the electronic correlation plays a very
important role at the experimental conditions, as the
2kF-to-4kF correlations transition takes place exactly in the
proximity of the critical density for localization found in the
experiment. In addition to this result, which is the main out-
come of the paper, we also determined the charge and spin
velocities by means of the QMC method explained in Sec. II
and the effective J coupling via the WKB approach. We
computed those quantities close to the transition for the ho-
mogeneous wire with rs=1.25 !40 #m−1". The charge veloc-
ity turns out to be v$=2.33vF. The corresponding LL param-

0

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

1 1.5 2 2.5 3 3.5 4 4.5 5

S
(k

)

k/kF

N=100, r~s = 1.8
N=90, r~s = 2.0
N=80, r~s = 2.3
N=70, r~s = 2.6
N=60, r~s = 3.1
N=40, r~s = 4.7

0

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

1 1.5 2 2.5 3 3.5 4 4.5 5

S
(k

)

k/kF

N=100, r~s = 1.8
N=90, r~s = 2.0
N=80, r~s = 2.3
N=70, r~s = 2.6
N=60, r~s = 3.1
N=40, r~s = 4.7

FIG. 10. !Color online" Static structure factor for a wire as in
Fig. 9, but with finite length. S!k" is plotted for 40, 60, 70, 80, 90,
and 100 electrons. The corresponding effective densities r̃s are re-
ported in the legend. The magnitude of the error bars is comparable
with the point size.
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a)	 b)	

a)	 b)	 netic field, the subbands bottoms are pushed up above EF,
which causes further decrease of the filling factor and dimin-
ishing screening efficiency. As a result, the width of the com-
pressible strip decreases until the upper subbands become
completely depopulated and the incompressible strip forms
again in the middle of the wire, see Fig. 5!e". This is accom-
panied by a gradual decrease of the density polarization Pn to
zero. The shrinkage of the compressible strip in the middle
of the wire can be also clearly traced in the evolution of the
current density distribution, shown in the middle panels of
Figs. 5!b"–5!e". It is interesting to note that the compressible
regions are not formed for the outermost edge states corre-
sponding to the lowest subbands N=1 and 2. This is because
that in the field interval under study the extension of the
wave function is larger than the width of the compressible
strip predicted by the Chklovskii et al. theory.2 The onset of
the formation of the compressible strips can be seen in Fig.
5!e" for B=2.5 T. Note that the effect of the formation/
nonformation of the compressible strips in quantum wires
was discussed in detail by Suzuki and Ando for the case of
spinless electrons.12

The described above picture of evolution of the density
polarization qualitatively holds for all other polarization
loops. We stress that in all the loops only two upper, partially
occupied spin-resolved subbands contribute to the spin po-
larization, whereas remaining subbands are fully !and
equally" populated and thus do no contribute to the total spin
polarization. When magnetic field exceeds B=2.6 T, only
two subbands survive in the quantum wire. With further in-
crease of magnetic field the upper !spin-up" subband gradu-
ally depopulates and the density polarization Pn grows lin-
early until it reaches 100% when only the spin-down
subband remains in the wire.

It should be also stressed that within Hartree approxima-
tion two outermost spin-up and spin-down edge states are not
spatially polarized !i.e., they are situated at practically the
same distance from the wire edges, see Fig. 5".

Figures 4!c" and 4!d" show the conductance G! for
spin-up and spin-down states and its relative spin polariza-
tion PG= !G↑−G↓" / !G↑+G↓". The spin polarization PG fol-
lows a similar behavior as the density polarization Pn with
one subtle difference. Namely, the density polarization Pn is
always positive because spin-up states always lie in energy
below the corresponding spin-down states, and, therefore
n↑!y"−n↓!y""0. In contrast, the spin polarization of the cur-
rent, after reaching zero, does not immediately rise as the
magnetic field increases, but, instead, becomes negative be-
fore raising again. Note that this is accompanied by a small
!but noticeable" increase of the total current #at B$1.5 T,
3 T see Fig. 4!c"%. This effect can be traced back to the
self-consistent band structure as explained below. Figure 6
shows a closeup of the upper subbands N=3,4 for the mag-
netic field B=1.5 T, i.e., when the current polarization is
negative. Because the spin-up/down subbands are not flat,
for certain energies E#EF the upper !spin-down" subband
can give rise to several propagating states, whereas the lower
!spin-up" subband corresponds to only one propagating state,
see Fig. 6. According to the Landauer formula !31" all propa-
gating states contribute equally to the total current. Because
of this and due to the fact that the spin-down subband is
situated closer to the Fermi energy, the total current for the
spin-down electrons is larger than the current for the spin-up
ones. This explains the negative spin polarization of the cur-
rent and the increase of the total current at the magnetic
fields just above the subband depopulation. We are not aware
of the discussion of this effect in the current literature. The
available experimental data, see, e.g., Fig. 2 of Ref. 38 show-
ing a nonmonotonic dependence of the conductance of a
quantum wire as a function of magnetic field, are consistent
with the predicted behavior of the total current. Note that this
feature in the conductance also survives within the DFT ap-
proach !see below, Fig. 7".

Figures 4!c" and 4!d" also show the conductance and its
spin polarization calculated according to the Chklovskii et al.

FIG. 5. !Color online" !a" Spatially resolved difference in the electron densities n↑!y"−n↓!y" as a function of B calculated within Hartree
approximation. !b"–!e" The subband structure for the magnetic fields indicated in !a" #see also Fig. 4!b"%. Upper panel: The filling factor $!y"
for spin-up and spin-down electrons. Middle panel: the current density distribution !in arbitrary units" for spin-up and spin-down electrons
calculated according to Eq. !32". Lower panel: magnetosubband structure for spin-up and spin-down electrons !solid and dashed lines
correspondingly". Fat solid and dashed lines indicate the total confining potential, Eq. !10", for, respectively, spin-up and spin-down
electrons. Temperature T=1 K.
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netic field, the subbands bottoms are pushed up above EF,
which causes further decrease of the filling factor and dimin-
ishing screening efficiency. As a result, the width of the com-
pressible strip decreases until the upper subbands become
completely depopulated and the incompressible strip forms
again in the middle of the wire, see Fig. 5!e". This is accom-
panied by a gradual decrease of the density polarization Pn to
zero. The shrinkage of the compressible strip in the middle
of the wire can be also clearly traced in the evolution of the
current density distribution, shown in the middle panels of
Figs. 5!b"–5!e". It is interesting to note that the compressible
regions are not formed for the outermost edge states corre-
sponding to the lowest subbands N=1 and 2. This is because
that in the field interval under study the extension of the
wave function is larger than the width of the compressible
strip predicted by the Chklovskii et al. theory.2 The onset of
the formation of the compressible strips can be seen in Fig.
5!e" for B=2.5 T. Note that the effect of the formation/
nonformation of the compressible strips in quantum wires
was discussed in detail by Suzuki and Ando for the case of
spinless electrons.12

The described above picture of evolution of the density
polarization qualitatively holds for all other polarization
loops. We stress that in all the loops only two upper, partially
occupied spin-resolved subbands contribute to the spin po-
larization, whereas remaining subbands are fully !and
equally" populated and thus do no contribute to the total spin
polarization. When magnetic field exceeds B=2.6 T, only
two subbands survive in the quantum wire. With further in-
crease of magnetic field the upper !spin-up" subband gradu-
ally depopulates and the density polarization Pn grows lin-
early until it reaches 100% when only the spin-down
subband remains in the wire.

It should be also stressed that within Hartree approxima-
tion two outermost spin-up and spin-down edge states are not
spatially polarized !i.e., they are situated at practically the
same distance from the wire edges, see Fig. 5".

Figures 4!c" and 4!d" show the conductance G! for
spin-up and spin-down states and its relative spin polariza-
tion PG= !G↑−G↓" / !G↑+G↓". The spin polarization PG fol-
lows a similar behavior as the density polarization Pn with
one subtle difference. Namely, the density polarization Pn is
always positive because spin-up states always lie in energy
below the corresponding spin-down states, and, therefore
n↑!y"−n↓!y""0. In contrast, the spin polarization of the cur-
rent, after reaching zero, does not immediately rise as the
magnetic field increases, but, instead, becomes negative be-
fore raising again. Note that this is accompanied by a small
!but noticeable" increase of the total current #at B$1.5 T,
3 T see Fig. 4!c"%. This effect can be traced back to the
self-consistent band structure as explained below. Figure 6
shows a closeup of the upper subbands N=3,4 for the mag-
netic field B=1.5 T, i.e., when the current polarization is
negative. Because the spin-up/down subbands are not flat,
for certain energies E#EF the upper !spin-down" subband
can give rise to several propagating states, whereas the lower
!spin-up" subband corresponds to only one propagating state,
see Fig. 6. According to the Landauer formula !31" all propa-
gating states contribute equally to the total current. Because
of this and due to the fact that the spin-down subband is
situated closer to the Fermi energy, the total current for the
spin-down electrons is larger than the current for the spin-up
ones. This explains the negative spin polarization of the cur-
rent and the increase of the total current at the magnetic
fields just above the subband depopulation. We are not aware
of the discussion of this effect in the current literature. The
available experimental data, see, e.g., Fig. 2 of Ref. 38 show-
ing a nonmonotonic dependence of the conductance of a
quantum wire as a function of magnetic field, are consistent
with the predicted behavior of the total current. Note that this
feature in the conductance also survives within the DFT ap-
proach !see below, Fig. 7".

Figures 4!c" and 4!d" also show the conductance and its
spin polarization calculated according to the Chklovskii et al.

FIG. 5. !Color online" !a" Spatially resolved difference in the electron densities n↑!y"−n↓!y" as a function of B calculated within Hartree
approximation. !b"–!e" The subband structure for the magnetic fields indicated in !a" #see also Fig. 4!b"%. Upper panel: The filling factor $!y"
for spin-up and spin-down electrons. Middle panel: the current density distribution !in arbitrary units" for spin-up and spin-down electrons
calculated according to Eq. !32". Lower panel: magnetosubband structure for spin-up and spin-down electrons !solid and dashed lines
correspondingly". Fat solid and dashed lines indicate the total confining potential, Eq. !10", for, respectively, spin-up and spin-down
electrons. Temperature T=1 K.
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Figura II.1.1.2.- a) Algoritmo de la teoría atomista por pseudopotencial, b) energías de 
transición y proyecciones para una estructura de InAs/InP, c y d) calculo de la densidad 
de probabilidad de tunelamiento [40]. 

 

Monte Carlo Cuántico Variacional. 

Las simulaciones mediante Monte Carlo cuántico variacional, por su parte, 
constituye una técnica computacional muy útil para describir sistemas de muchas 
partículas cuánticas. En este método lo que se hace es definir un Hamiltoniano 
(H), donde, a diferencia de Monte Carlo Clásico, la parte cinética, que involucra al 
momento, es la contribución mas difícil de tratar. Una vez definido H se propone 
una función de onda de prueba “ansatz” la cual debe ser elegida cuidadosamente 
porque de esta depende obtener un buen resultado. 

De inicio se propone una configuración inicial, seguido se calcula la función de 
onda, después se mueve un electrón, esto computacionalmente es menos costoso 
que mover todos los electrones a la vez, se calcula la nueva función de onda. El 
criterio ahora para aceptar o rechazar el movimiento se basa en la razón de la 
nueva función de onda y la anterior. Por medio de Monte Carlo Cuántico se puede 
calcular el perfil de densidad dependiente del tipo de potencial para un hilo finito, 
como se muestra en la figura II.1.1.3 [41, 42]. 

 

Figura  II.1.1.3.- a) Perfil de densidad para electrones dentro de un hilo finito, b) Densidad 
2D  del estado base para un sistema 1D tipo hilo cuántico en función del tipo de potencial. 
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FIG. 1. Image of the sample geometry. The locations of the three
channels are indicated by dotted lines. Black dots are particles within
the channels. The arrow denotes the driving force that is applied only
to particles within the top channel, termed the primary channel p. The
bottom undriven channels are the secondary channels s1 and s2. The
ratio of the number of particles in each channel is Rs1,p = Ns1/Np

and Rs2,p = Ns2/Np , where Ns1 and Ns2 are the number of particles
in the secondary channels and Np = 16 is the number of particles in
the primary channel. The spacing between channels d is marked in
panel (a). (a) Two channels with Rs1,p = 1.0. (b) Two channels with
Rs1,p = 0.5. (c) Three channels with Rs1,p = 1.0 and Rs2,p = 1.0.
(d) Three channels with Rs1,p = 1.0 and Rs2,p = 1.5.

to the substrate or the effective pinning of the particles by the
substrate is strongly enhanced when the ratio of the number of
particles to the number of substrate minima is an integer or a
rational fraction, as indicated by the appearance of peaks in the
critical depinning force or enhanced ordering of the particles at
the commensurate fillings. In our system, for the two-channel
geometry illustrated in Fig. 1, the particles in the secondary
channel can be regarded as a distortable or moveable periodic
pinning substrate for the particles in the primary channel,
suggesting that enhanced drag or coupling could occur when
the ratio of the number of particles in each channel is an
integer or a rational fraction. The deformability of the substrate
makes our proposed model distinct from Frenkel-Kontrova
systems. Additionally, driven 1D and 2D commensurate-
incommensurate systems often exhibit numerous dynamic
behaviors within the incommensurate regimes, such as when
localized vacancies or interstitials form soliton-like excitations
which move more easily than the particles over the substrate
[40,41]. This suggests that similar phases may be possible in
the coupled-channels drag system we propose here, and we
show that such phases do appear. We also show that when we
make the system more complex by adding a third channel, a
remarkable variety of commensuration effects and dynamic
regimes occur, such as multiple decoupling, recoupling, and
slip transitions, all of which produce pronounced changes in
the velocity response. It is even possible to realize negative

drag effects where the particles in one of the channels move in
the direction opposite to that of the applied drive.

The coupled-channels system we propose could be realized
in colloidal systems. The number of colloids in the different
channels can be controlled readily by optical manipulation and
the colloids in one channel could be driven with an external
field, optically, or using microfluidics. Another possible
realization of this system is in nanowires where 1D Wigner
crystallization of the electrons has occurred; in this case, by
altering the electron density, the particle lattice spacing in one
wire could be varied with respect to that in an adjacent wire.
Realizing such a system could have important implications
for the study of 1D Wigner crystals since the appearance of
commensuration effects would be strong evidence that Wigner
crystal states are forming. In superconducting systems, the
density of magnetic vortices is fixed by the externally applied
magnetic field, so it would be difficult to create 1D channels
that contain different linear densities of vortices; however,
in certain layered systems an additional transverse magnetic
field can be applied to create a second Josephson vortex
lattice which can interact with the pancake vortices in the
planes [42–44]. It has already been shown that using this
technique it is possible to drive only one of the vortex species
and induce a drag on the other vortex species [43,44]. It should
be possible to study fractional commensurate states in such
a vortex system by examining how the drag effect changes
when the ratio of the number of one type of vortices to the
other is varied. A realization of three or more channels with
varied numbers of particles in each channel should again be
possible using colloidal systems or metallic wires. Further, a
superconducting or nanowire system could be used in which
each layer or channel has the same number of particles but
differing amounts of quenched disorder. We note that there are
previous studies of colloidal particles in 2D bilayers [45] where
the particles in the layers are driven in opposite directions;
however, these studies focused on an oscillatory order-disorder
transition, not on the effects of commensuration on decoupling
or the dynamic phases that we consider here for the case of 1D
coupled channels.

The paper is organized as follows: In Sec. II, we describe
our simulation method and sample geometry. We consider
two channels of particles in Sec. III and illustrate a drive-
induced decoupling transition for commensurate channels in
Sec. III A. In Sec. III B we describe the two-step decou-
pling transition that occurs for incommensurate channels that
contain vacancy or interstitial sites that can act like a second
species of particle. The effects of finite temperature and finite
size appear in Sec. III C. Section III D shows that the nonlinear
response of the system can be exploited to create a ratchet
effect, where ac motion in the driven channel induces dc
transport in the drag channel. In Sec. IV we turn to samples
with three channels. We show in Sec. IVA that when the
driven channel is commensurate with the neighboring drag
channel, four different types of coupled and decoupled flow can
occur as the occupancy of the second drag channel is varied,
including regimes of intermittent coupling. In Sec. IV B, the
driven channel is incommensurate with the neighboring drag
channel and we find a complex series of coupling-decoupling
transitions that produce a significant amount of structure in
the velocity-force curves. In Sec. IV C, we consider in detail

061404-2

REICHHARDT, BAIRNSFATHER, AND OLSON REICHHARDT PHYSICAL REVIEW E 83, 061404 (2011)

0 0.5 1 1.5 2 2.5 3
Rs1,p

0

1

2

3

F c

0 0.5 1 1.5 2Rs1,p

0

1

2

F c

0 0.5 1 1.5 2
Rs1,p

0

0.5

1

F c

(a)

(b)

(c)

FIG. 5. The force Fc at the transition from the locked to unlocked
phase vs. Rs1,p in two-channel samples with different values of a.
(a) At d/a = 0.44, commensuration peaks occur at Rs1,p = 1.0,
2.0, and 3.0. Fractional peaks and anomalies appear at Rs1,p = 0.5,
1.5, and 2.5. (b) At d/a = 0.67, there are commensuration peaks
at Rs1,p = 0.5, 1.0, 1.5, and 2.0. (c) At d/a = 1.0, the strongest
commensuration peaks appear at Rs1,p = 1 and 0.5.

Figure 5(b) also has clear peaks in Fc at Rs1,p = 2.0, 1.5, and
0.5, while above Rs1,p = 2.0 within our resolution there are
no peaks or regions where the system is locked. In the regions
with Fc = 0 where the locked phase is absent, the second
decoupling transition still appears at higher drives and can be
detected as the point at which Vs1 changes from increasing to
decreasing with increasing FD . For higher particle densities
and fixed d, the commensurability effects still persist as
shown in Fig. 5(c) for d/a = 1.0. Here, peaks in Fc occur
at Rs1,p = 0.5, 1.0, and 2.0.

The appearance of the commensuration effects at integer
and fractional fillings suggests that this system exhibits
the same behavior found for the depinning of repulsively
interacting particles on a 1D fixed periodic potential; however,
there are several differences between the two systems. For
particles on a fixed periodic potential, the depinning force Fc

at fields where the particle-particle interactions cancel due to
symmetry equals the maximum value of the pinning force Fp

so Fc = Fp at fillings 1/12, 1/8, 1/6, 1/4, 1/2, and 1.0. For
the drag system shown in Fig. 5, this does not occur and there
is even a trend for Fc to increase at the lowest fillings. This is
because the substrate potential created by the particles in p is
not fixed but can distort since the particles in either channel can
shift. At Rs1,p = 1.0, the periodic potential is fairly rigid due
to the matching of the particle positions in p and s1, and any
distortion of the particles in p is energetically unfavorable.
In contrast, at very low fillings such as Rs1,p = 0.125, the
particles in p distort near the locations of the particles in
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FIG. 6. (Color online) Vs1 vs. FD for the system in Fig. 5(b) with
d/a = 0.67. (a) Rs1,p = 0.562, 0.625, 0.6875, and 0.75, from top
to bottom. (Inset) Detail of the Rs1,p = 0.6875 curve from the main
panel. (b) Rs1,p = 0.8125, 0.875, 0.9375, and 1.0, from bottom to top.
(c) Rs1,p = 1.0625, 1.125, 1.1875, and 1.25, from top to bottom.

s1 in order to create a localized lowering of the density in
p above each particle in s1. As a result, the particles in s1
no longer experience the same periodic potential from p that
was present for the commensurate case of Rs1,p = 1.0. Even at
Rs1,p = 0.5, the particles in p can distort, reducing the strength
of the coupling to the particles in s1.

In order to better understand the changes in dynamics at the
different fillings, in Fig. 6 we plot Vs1 as a function of FD for
varied Rs1,p in a system with d/a = 0.67. At Rs1,p = 0.5, a
single decoupling transition occurs and Vs1 is a monotonically
decreasing function. For Rs1,p = 0.562 and 0.625, shown in
Fig. 6(a), there is a clear double-peak structure in Vs1 with
one peak falling at the depinning of the incommensurations
and the second peak appearing at the unlocking transition. At
Rs1,p = 0.6875 in Fig. 6(a), there is now a three-peak structure
in Vs1. The first peak, shown in the inset of Fig. 6(a), falls at the
transition out of the completely locked phase at FD = 0.11.
The second and largest peak is at FD = 0.3, while a third broad
peak also appears that is centered at FD = 1.45. The broad
peak is the remnant of the second peak in Vs1 found for Rs1,p =
0.562 and 0.625; with increasing Rs1,p, this peak broadens and
the center shifts to higher values of FD . For 0.11 < FD < 0.3,
the particles in s1 are almost completely locked but there is a
single incommensuration which has begun to slip. For Rs1,p =
0.75, the initial peak is lost and the decoupling transition peak
now falls at FD = 0.11. There is also a very broad maximum
centered at FD = 4.0. Another interesting feature is that at
higher FD such as at FD = 6.0, Vs1 for Rs1,p = 0.75 is higher
than Vs1 at the lower values of Rs1,p, even though at low FD

Rs1,p showed the lowest value of Vs1. This suggests that at high
values of FD , additional drag is produced by the interaction
between the incommensurations in s1 and the particles in p.

In Fig. 6(b) we plot Vs1 versus FD for Rs1,p = 0.8125,
0.875, 0.9375, and 1.0. The maximum value of Vs1 increases
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of two coupled potential wells [3], if the electron is put
into one of the two wires, i.e., in a state which is a lin-
ear combination of the even and odd states, it oscillates
between the two wires with frequency v ! D´!h̄, where
D´ ! ´o 2 ´e. This result is shown in Fig. 1 as obtained
by a numerical solution of the time-dependent Schrödinger
equation. The material parameters of GaAs have been
used. The initial condition along the x axis has been taken
as the ground state of an infinite square well having the
same lateral extension L of the single wire; along the “free”
y direction a minimum uncertainty wave packet has been
assumed for simplicity (a different choice for the longi-
tudinal part of the initial state does not compromise the
operation performed by the gate):

c"x, y# !
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L
cos$p"x 2 x0#%
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2p
3 e2" y2y0!2s#2
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The values of the parameters used in the calculations are
specified in the caption of Fig. 1.
Let us now consider two wires separated by a poten-

tial barrier of height V0 enough to prevent tunneling of
the electron. A “window” is introduced between the two
wires, defined by a region of length LW where the central
barrier height is lowered to a value VW . By adjusting the
parameters of this coupling-potential window and the ve-
locity of the electron, the system can be designed in such a
way as to produce an assigned transfer process of the wave
function between the two wires while the electron crosses
the region of the window.
This effect is illustrated in Fig. 2. In Fig. 2a the win-

dow is such that the electron undergoes half a period of
oscillation. If the electron is injected into the left wire, it
will exit from the right wire and vice versa. In Fig. 2b a
shorter window equally splits the wave function between
the two wires.
The physical properties discussed above suggest that the

considered couple of wires can be used as a quantum bit.
The two states of the bit are represented by the electron in
the transverse ground state of each of the two wires. The
dynamical evolution occurring in the coupling-window re-
gion implements a quantum logic gate. In the case of
Fig. 2a, the NOT operation is realized by transferring the
electron from one wire to the other.
In order to implement the CNOT gate two qbits must be

considered. To this purpose the following structure has
been studied. A NOT gate is first realized similar to the one
shown in Fig. 2a, where, however, the coupling window
corresponds to five half periods of the electron wave func-
tion between the two wires (referred to in the following
as wires 1 and 2 or “data qbit”). The functionality of
the NOT gate is preserved also for this case, as confirmed
by numerical simulations, shown in Fig. 3a. Another
couple of wires (the control qbit) is added to this quantum
bit. One of them (wire 3) is symmetrically located above

FIG. 2. Electron density in the two wires of Fig. 1 at different
times, where the coupling region is reduced to a suitable window
in order to realize (a) a complete transfer of the electron from
the left to the right wire (NOT gate) and (b) an equal splitting
of the wave function between the two wires (see text). Again it
is assumed that at t ! 0 the electron is confined in the left wire
with the same longitudinal central wave vector as in Fig. 1.

the two wires of the NOT gate at a distance such that
Coulomb interaction between electrons in different wires
is effective. The second wire of the control qbit (wire
4) is located far enough from the other three in order to
prevent any Coulomb interaction or electron transfer. The
two states of the control qbit are again defined as the two
transverse ground states of wires 3 and 4. The structure
realizes a CNOT gate as follows. Suppose that an electron
coherently propagates along one of the two wires of the
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ear combination of the even and odd states, it oscillates
between the two wires with frequency v ! D´!h̄, where
D´ ! ´o 2 ´e. This result is shown in Fig. 1 as obtained
by a numerical solution of the time-dependent Schrödinger
equation. The material parameters of GaAs have been
used. The initial condition along the x axis has been taken
as the ground state of an infinite square well having the
same lateral extension L of the single wire; along the “free”
y direction a minimum uncertainty wave packet has been
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wires, defined by a region of length LW where the central
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The two states of the bit are represented by the electron in
the transverse ground state of each of the two wires. The
dynamical evolution occurring in the coupling-window re-
gion implements a quantum logic gate. In the case of
Fig. 2a, the NOT operation is realized by transferring the
electron from one wire to the other.
In order to implement the CNOT gate two qbits must be

considered. To this purpose the following structure has
been studied. A NOT gate is first realized similar to the one
shown in Fig. 2a, where, however, the coupling window
corresponds to five half periods of the electron wave func-
tion between the two wires (referred to in the following
as wires 1 and 2 or “data qbit”). The functionality of
the NOT gate is preserved also for this case, as confirmed
by numerical simulations, shown in Fig. 3a. Another
couple of wires (the control qbit) is added to this quantum
bit. One of them (wire 3) is symmetrically located above

FIG. 2. Electron density in the two wires of Fig. 1 at different
times, where the coupling region is reduced to a suitable window
in order to realize (a) a complete transfer of the electron from
the left to the right wire (NOT gate) and (b) an equal splitting
of the wave function between the two wires (see text). Again it
is assumed that at t ! 0 the electron is confined in the left wire
with the same longitudinal central wave vector as in Fig. 1.

the two wires of the NOT gate at a distance such that
Coulomb interaction between electrons in different wires
is effective. The second wire of the control qbit (wire
4) is located far enough from the other three in order to
prevent any Coulomb interaction or electron transfer. The
two states of the control qbit are again defined as the two
transverse ground states of wires 3 and 4. The structure
realizes a CNOT gate as follows. Suppose that an electron
coherently propagates along one of the two wires of the
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new absorption peaks show up in !k2!!", the imaginary
part of the dielectric function along the wire axis.

Our calculations are carried out within DFT using
norm-conserving pseudopotentials [18] with a plane-
wave basis set. Periodic-boundary conditions are em-
ployed in the xy plane with supercells large enough to
eliminate the interaction between neighboring wires. It is
found that a 5-Å separation between two closest H atoms
on neighboring wires is sufficient to make such interac-
tion negligible (<1 meV per H atom on average). The
energy cutoff for the plane waves is in the range of 15–
20 Ry. The Monkhorst-Pack k-point meshes of 1# 1# 4
to 1# 1# 8 are found to provide sufficient accuracy in
the calculation of total energies and forces. Summarized
in Table I are the diameter of the wires and the number of
atoms in the supercells used in our calculation.

We first relax the atomic configurations of our SiNWs,
and the electronic structure is studied for the fully re-
laxed structures. Bulk Si is known to have an indirect
band gap of 1.17 eV, with the conduction-band minima
located at about 85% along ! to X. Therefore, there are
six equivalent conduction-band minima on $x, $y, and
$z axes, with a transverse mass (0.1905) much less than
the longitudinal mass (0.9163). When [110] wires are
formed, two of these minima on $z will be projected
onto "!! based on the effective-mass approximation, ex-
hibiting both the large mass and the small mass in the
confinement plane. The band edge associated with the
large mass will be least upshifted due to confinement,
giving rise to a direct gap. In contrast, the projection
along the [111] direction is expected to produce an indi-
rect gap in large [111] wires. Indeed, we do find an
indirect gap for wires with diameter larger than 2 nm.
However, the difference between the indirect and direct
gaps is very small (less than 0.05 eV). Therefore, only the
direct LDA energy gaps (ELDA

g ) are plotted in Fig. 2,
which shows the size dependence of band gap for
the [110] and [111] wires. Since the effective mass in the
confinement plane for the [111] wires is smaller than the
relevant counterpart (the longitudinal mass) for the [110]
wires, the energy upshift is expected to be larger for the
[111] wires. Hence, in addition to a size dependence, the
energy gap also depends on orientation.

It is well known that the Kohn-Sham energy gap is not
the quasiparticle gap, and that the LDA gap is always
smaller than the observed value. This can be corrected by
evaluating the self-energy operator in the GW approxi-
mation [19]. We have calculated the GW quasiparticle
gaps (EGWg ) for the two thinnest [110] wires as well as
for bulk silicon. Both the LDA gaps and the GW correc-
tions greatly increase as d decreases.We fit these band gap
values with a function of Eg;bulk % const# !1=d"", where
Eg;bulk is the bulk gap value from LDA or GW, and " is
found to be approximately 1.7. The value " & 2 is
expected using an effective-mass particle-in-a-box ap-
proach [16]. For bulk silicon, ELDA

g & 0:58 eV, indicated
by the solid line in Fig. 2, and the GW correction is about
0.5 eV, which uplifts the gap to 1.08 eV. The GW correc-
tions are 1.62 eV ( & 3:12–1:50)and 1.29 eV (&2:32–1:03)
for the two [110] wires with d & 1:20 and 1.60 nm, re-
spectively. These are more than twice or 3 times the
correction found in the bulk. An interesting finding here
is that the self-energy correction, which increases mono-
tonically with decreasing diameter, exhibits a rather
strong size dependence also. In the past, this important
variation has been neglected by postulating a size-
independent constant correction that is usually obtained
from the bulk [13]. This will inevitably introduce signifi-
cant errors in the calculated optical gaps.

Also shown in Fig. 2 are the measured band gaps [6] for
SiNWs along [112] and [110]. Since most of the measured
gaps were for wires along [112] in this experiment, the
comparison with our theoretical prediction (the dotted
line) should be viewed with caution. The single point for
a [110] wire agrees very well with our theoretical
value. Still, the experimental data shows generally good

TABLE I. Diameter (d) and the number of Si and H atoms
for the wires in our supercell calculation.

[110] d (nm) Si H [111] d (nm) Si H

0.92 38 30
1.20 16 12 1.31 62 42
1.60 42 20 1.69 110 54
2.20 76 28 2.07 170 66
2.60 110 36 2.46 218 78
3.30 172 44 2.84 302 90
4.02 250 52 3.23 398 102
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FIG. 2 (color online). LDA band gaps calculated for [110]
(empty squares) and [111] (empty circles) wires, and the
GW-corrected gaps (filled squares) for the two thinnest [110]
wires and bulk Si, compared with the measured gaps for [112]
wires (+) and a [110] wire (*). The dotted, dashed, and long-
dashed lines are fitted to the data points (see text). The LDA
band gap of bulk Si is indicated by the solid line, and the bulk
GW gap is marked around d & 8:0 nm for convenience.
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agreement with theGW-corrected curve, though for small
wires the discrepancy becomes appreciable. This, in turn,
confirms that the orientation dependence of band gaps
become more significant in small wires, e.g., d < 2:2 nm
in this case.

In Fig. 3, the characteristics of the electronic states in
[110] wires is illustrated in a band-by-band fashion using
the wire with d ! 1:2 nm. (The structure of this wire is
shown in Fig. 1.) The charge density is plotted in the xy
plane after averaging along the axial direction. Shown are
the results for the first six valence bands, the highest
occupied band (band 38), and one band in between
(band 18), as well as the lowest conduction band (band
39). The evolution can be semiquantitatively explained by
the simple model of a particle confined in an infinite
cylindrical potential well. If the radius of the cylindrical
well is denoted by r0 ! d=2, the stationary solutions can
be found analytically as  nl"r;!# / Jl""nlr=r0# cos"l!#
or Jl""nlr=r0# sin"l!#, where l ! 0; 1; 2; . . . , and"nl is the
nth zero of the lth Bessel function Jl"x# that determines
the nodal structure in the radial direction. The eigenval-
ues are then Enl ! !h2"2

nl="2m$r20#, where m$ is the effec-
tive mass. All energy levels except for l ! 0 are therefore
doubly degenerated. We find that the calculated charge
density distribution for real wires indeed follows these
features characterized by the quantum numbers fn; lg, as
can be seen in Fig. 3. For instance, the values of fn; lg for

the first few bands in Fig. 3 are f1; 0g for band 1, f1; 1g for
bands 2 and 3, f1; 2g for bands 4 and 5, and f2; 0g for band
6. For higher bands, such correspondence to the simple
model becomes less precise.

The optical properties are studied by computing the
complex dielectric function, #"!# ! #1"!# % i #2"!#, in
which the imaginary part #2"!# is closely related to the
optical absorption at a given frequency !. A knowledge
of #2"!# over a wide frequency range allows one to obtain
#1"!# using the Kramers-Kronig relation. #2"!# can be
written as [20]

#2"!# !
4$2e2 !h
m2!2

X

ij

2

"2$#3
Z

BZ
dkjMij"k#j2 %&!'!ij"k#(;

where the integral is over all states in the Brillouin zone
and the sum is over all combinations between the valence
band i and the conduction band j, whose wave functions
and energy levels are denoted as f i, Eig and f j, Ejg,
respectively. The matrix element between bands i and j at
k can then be written as Mij"k# ! h j"k#jêe ) pj i"k#i,
and !h!ij"k# ! Ej ' Ei. Here êe and p denote the polar-
ization vector and the momentum operator, respectively.
Using our GW-corrected band gaps (Fig. 2), a scissor
operator is applied to move all conduction bands up by
the amount of the GW correction in the calculations of
#2"!#. The spin-orbit interaction and excitonic effect are
not included in this calculation.

Figure 4 shows the calculated #2"!# for three thinnest
wires along [110] and bulk Si. #2"!# are evaluated for the
polarization along the axial (z) direction [#k2"!#] and in
the xy plane [#?2 "!#]. Although the fundamental gap is
direct in the wires, the matrix elements are still vanish-
ingly small near the gap. Even for the smallest wire (d !
1:2 nm), the allowed dipole transition does not show up
until 1 eVabove the fundamental gap. It is ready to see that
#2"!# demonstrates strong anisotropy in two polarization
directions for d < 2:2 nm, where the overall spectrum of
#?2 "!# is shifted to higher frequency compared to #k2"!#,
and the relative shift becomes larger as d decreases. At
d ! 2:2 nm, #k2"!# and #?2 "!# almost merge together and
exhibit features in bulk Si except for an energy shift.
Similar anisotropy is also found in a previous semiem-
pirical tight-binding study [14] for a Si wire of 0.77 nm
oriented in the [100] direction. Here we confirm this
anisotropy from first-principles studies and illustrate its
evolution as the wire diameter decreases. Our calculation
predicts that a size of about 2 nm or smaller is needed to
exhibit the anisotropic absorption in SiNWs.

Another interesting feature in Fig. 4 is that the absorp-
tion peak in #k2"!# associated with the main peak (black
dots) in bulk Si seems to remain approximately 3.0 eV
above EGWg in the nanowires, while the absorption edge
(vertical dashed lines) moves toward EGWg (arrows) as d
decreases. The latter is a consequence of mixing the bulk
states in finite-sized wires, leading to an enhancement of

a b c

FIG. 3 (color online). Electronic charge distribution in the xy
plane (integrated along the wire axis) for the [110] wire with
d ! 1:20 nm. The band indices are shown in each figure. The
top panels marked with a, b, and c are the results of a simple
model for bands 1, 2, and 3, respectively (see text). The high
(low) density region is indicated by red/dark (blue/light).
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Conductance matrix.—Now we are in a position to
find the full conductance matrix for the capacitively
coupled wire. The particle current in the wire is expressed
through the density difference z of right- and left-moving
electrons [15] as I

p

sx, vd ≠ ey
F

z sx, vd,

z ≠ rv,0sxd 2
iq

F

n
F

2

3
Z L

0
dx

0 sgnsx 2 x

0deiq

F

jx2x

0jfvsx0d ,

where fvsxd is the self-consistent potential (8). The
displacement current, directed from the gate to the wire,
has the density j

d

sxd ≠ ivervsxd.
The conductance matrix Gabsvd relates the current

Ia,v at contact a to the voltage Vb,v applied at con-
tact b (a, b ≠ 1, 2, 3): Ia,v ≠ GabsvdVb,v . With the
definitions

Gv ≠ 2g

e

2

h

s1 1 gde2iqL 1 s1 2 gdeiqL

s1 1 gd2
e

2iqL 2 s1 2 gd2
e

iqL

,

Ḡv ≠ 2
e

2

h

4g

s1 1 gd2
e

2iqL 2 s1 2 gd2
e

iqL

,

(10)

the conductance matrix takes a form

G svd ≠

0
B@

Gv Ḡv 2Gv 2 Ḡv

Ḡv Gv 2Gv 2 Ḡv

2Gv 2 Ḡv 2Gv 2 Ḡv 2Gv 1 2Ḡv

1
CA .

(11)
The matrix G has the following properties [3]: First, it
is symmetric, which reflects the fact that the geometry
considered here is symmetric under the exchange of the
left and right reservoirs, and no magnetic field is present.
Then,

P
a Gab ≠ 0, which restates current conservation.

Finally, the property
P

b Gab ≠ 0 manifests the fact that
a simultaneous shift of all potentials Vb by the same
amount does not produce any current (gauge invariance).
Furthermore, dissipation of power requires that the matrix
ReG is positive definite. Equation (11) can, after some
algebra, also be obtained from formulas of Ref. [10].
In the static limit v ≠ 0 one reproduces the known

result [5,10]: G ≠ 2Ḡ ≠ e

2yh, with no current flowing
through the gate. Another limiting case is g ≠ 0 [15],
where one finds G ≠ 2Ḡ ≠ se2yhd s1 2 iq

F

Ly2d21.
Generally, all the components of the conductance matrix
are oscillating functions of frequency (for g fi 0) with
the period 2py

F

sgLd21. In particular, the real part of the
conductance reaches zero with a period 2py

F

sgLd21. It
has been suggested that measurement of this period should
be used to determine the interaction constant [12,13].
However, this period is a consequence of the linearization
of the spectrum near the Fermi energy and not really
a signature of an interacting system. Furthermore, this
frequency is already in the absence of interactions of the
order of an electron transit frequency and therefore rather
high. A better strategy consists in analyzing one of the
purely capacitive conductances. In particular, we consider

G33svd ≠ 2sGv 1 Ḡvd, which we call the gate conduc-
tance. The real and imaginary parts of the frequency
dependence of the gate conductance G33svd are displayed
in Fig. 2. The real part shows peaks around v ≠ spy

F

y
gLd s2n 1 1d, n [ Z . The height of each peak is equal
to 4 times the conductance quantum e

2yh (and thus inde-
pendent of g), while the width decreases with decreasing
g. In contrast, the imaginary part of G33svd changes
sign at these points, and exhibits extrema of height 2e

2yh

(sharp ones for small g) at the points

V
n

≠
y

F

gL

∑
ps2n 1 1d 6 arccos

1 2 g

2

1 1 g

2

∏
.

All elements of the conductance matrix Gab are char-
acterized by the common denominator s1 1 gd2

e

2iqL 2
s1 2 gd2

e

iqL, which has zeros at frequencies

v
n

≠
y

F

gL

∑
np 2 i ln 1 1 g

1 2 g

∏
. (12)

a)

2

1
2

3

π π

Re G

Ω

2

1

3

4

33

2

1

b)

π 2π Ω

Im G

3
2

-2

1

-1

33

FIG. 2. One period of the frequency dependence of the real
(a) and imaginary (b) parts of the gate conductance G33svd (in
units e

2yh). The parameter g is equal to 1 (curve 1), 0.3 (2),
and 0.1 (3); the argument is V ≠ vLgyy
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calculated using a superposition of screened atomic potentials which are fitted to the experimental 
band structure and LDA wavefunctions. Once we have calculated the potential we need to define a 
basis set in which the single particle Schrödinger equation will be solved. We have developed two 
different methods, one that uses a simple planewave basis set up to a certain energy cut-off 
(ESCAN[2]) and the other which uses a linear combination of strained bulk bands (SLCBB[3]). The 
single-particle Schrödinger equation is then solved as an interior eigenvalue problem, i.e. only a few 
eigenstates near the band gap are computed using the folded spectrum method. Once the single-
particle energies and wave functions have been obtained the next step is to calculate the electronic 
excitations of the quantum dot. This task is accomplished using the configuration interaction (CI) 
method after first calculating the Coulomb and exchange integrals. Finally we calculate different 
properties of the system such as absorption and emission spectrum (see Figure 1 for a full list) based 
on post processing of the outputs of the other codes. This pioneering methodology was developed by 
Zunger, Wang, Franceschetti and collaborators in the period 1995 to 2003.   
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Input Geometry
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Calculate the Crystal  Potential
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3: screening;  4: surface polarization; 5: piezoelectric potential
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Figure 1: Flowchart of the computational method developed for the electronic structure of large 
nanosystems (vff  denotes the valence force field model). 
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Figure 7. (a) Calculated quasiparticle tunneling probability densities for 1–6 holes in reciprocal space [20]. (b) Two possible charging
scenarios for holes. (c) Quasiparticle tunneling probability density for the first hole from experiment (left), a calculation for a dot with circular
base (middle), and a calculation for an elliptical base (right).

of the exciton wavefunctions on the dot-localized basis set [69].
From the right-hand side of figure 6 we can see that the degree
of entanglement as a function of electric field is peaked at
a certain electric field achievable experimentally [122–126]
(−5.4 kV cm−1 in our specific case) and can reach 80%.
The left-hand side of figure 6 shows that at this specific
electric field the peaks in oscillator strength originating from
the exciton states |1⟩ and |2⟩ anticross, and |1⟩ becomes dark.
This optical signature may be used by experimentalists in the
future to identify the electric field needed to achieve maximum
entanglement in specific dot molecules. The theoretical
results can be further analyzed to understand, in terms of
electron and hole localization on either one of the two dots,
the way the particles conspire to create entangled states and
what are the limiting and driving factors [69, 101] such as
the effect of geometry, composition, dot-separation and the
ensuing strain on tunneling and Coulomb interactions. From
this understanding, we could construct a simplified model
Hamiltonian with few and well defined parameters [93].

3.3. Wavefunction imaging

In section 2.8.3, we described the formalism used to
calculate tunneling amplitudes from correlated many-body
wavefunctions. We will illustrate it by an application
to magnetotunneling spectroscopy (MTS) of self-assembled
InAs quantum dots grown by the Stranskii–Krastanov
method [127, 128]. We choose this system because
of the availability of recent measurements [20]. The
experimental method is based on capacitance–voltage (C–
V ) spectroscopy [15, 99, 129–132], where the energy of the
quantum dot states can be shifted by an applied out-of-plane
voltage to allow electron (or hole) to tunnel into the dots
controllably. Additionally, a magnetic field B is applied in
plane. The tunneling rate can be measured and compared
to the theoretical calculations [20]. Figure 7(a) shows the
theoretical results for the tunneling amplitude of holes mapped

out in k-space for an InAs lens-shaped quantum dot with an
elliptical base of 26 nm in the [11̄0] and 25 nm in the [110]
direction and 3.5 nm height. The labels mh → nh describe
the process of tunneling the mth hole into the dot already
filled with n holes. The arrows with labels [110] and [11̄0]
describe the crystallographic directions in real space. From
the figure, it is clear that tunneling of the first and second
holes occurs into an S-like state. We can quantitatively analyze
the orbital momentum character of the final state and it is
indeed more than 95% l = 0. The tunneling of the third
and fourth holes occurs into P-like states. For the fifth hole,
4h → 5h, the situation is interesting since it is the signature
of the tunneling into the D state. Indeed, 82% of the final
state, in which the hole tunnels, is given by a configuration with
dominant D character. In figure 7(b), we show that the filling
sequence expected from the Aufbau principle would lead to
a tunneling into a second P state (labeled P2 in figure 7(b)).
However, holes 5 and 6 entirely skip the P2 shell to tunnel
directly into the D shell, in contrast to the expectation from
the Aufbau principle. This result is confirmed by a side-by-
side comparison of experiment and theory [20]. In figure 7(c)
we show a contour plot for the experimental MTS result for
the tunneling of the first hole along with theoretical results for
a dot with circular base of 25 nm diameter and for a dot with
ellipsoidal base of 24 × 26 nm2. The comparison of theory
and experiment shows a better fit for the elongated dot. These
results should illustrate the capability to draw conclusions
on dot morphology, difficult to get by other means, and on
unexpected many-body effects.

4. Summary and outlook

We have described an approach to obtain accurate properties,
including excitations, of semiconductor nanostructures of
realistic and relevant sizes. The approach is based on
empirical or semiempirical pseudopotentials and configuration
interaction. The critical steps that allow us to treat million

15

numerical approach. We use recently developed energy opti-
mization methods33,34 to optimize a Jastrow-Slater-type trial
wave function !T!R"=J!R"D!R".35 To build the Slater de-
terminant D!R", we considered three qualitatively different
types of orbitals: "!r"e#in$ with "!r" fixed !i.e., angular plane
waves", LSDA orbitals, and floating gaussians.23 Most of the
results presented here were obtained using floating gaussians
as they provide a better description in the strongly localized
regime—a comparison is given below. After optimizing the
variational parameters !Jastrow parameters as well as, sepa-
rately, the positions and radial/angular widths of the floating
gaussians", we then perform a diffusion Monte Carlo !DMC"
calculation to project the trial wave function onto the fixed-
node approximation of the true ground state.36 The fixed-
node DMC energy is an upper bound on the true energy and
depends only on the nodes of !T obtained from VMC.

The density plots of Figs. 1 and 2 give an overview of
different scenarios that can occur in an inhomogeneous quan-
tum wire depending on the gate potential landscape. In the

longer wire, Fig. 1, $0=1.5 generates a low-density region of
length 75, or 0.73 %m for GaAs. Potential A, which is close
to a square barrier in sharpness, gives rise to three interesting
phenomena: !i" the ripples in the high-density part of the ring
are Friedel oscillations !1 maximum per 2 electrons". This is
a signature of weak interactions; the electrons are in a liq-
uidlike state. !ii" The modulation in the low-density part of
the wire shows 4 electrons that are individually localized.
!iii" There is a large gap separating the liquid and crystal
phases, causing the low-density region to be in the Coulomb
blockade regime. This effect has been observed experimen-
tally, but the origin was not understood.15–18,31

For a smoother potential step, the size of the gap de-
creases !potential B in Fig. 1" and eventually disappears !po-
tential C". Finally, for the Gaussian-shaped potential D, lo-
calization is very weak. Note that potential C appears to
exhibit the smooth connection between localized and liquid
electrons which is a precondition for the Matveev
scenario13,14 for the 0.7 effect.

As the length of the low-density region is reduced, the
number of localized electrons decreases. In the extreme case,
the low-density region becomes like the saddle potential of a
quantum point contact. Figure 2 shows that for a short con-
striction, a single electron is localized in the low-density re-
gion, with substantial barriers to the high-density “leads,” as
in LSDA calculations.9,10,30 In contrast to the LSDA calcula-
tions, the spin of the localized electron here is not static—it
changes as the electron tunnels to the leads, yielding a spin
density of zero. Thus our QMC calculations verify that the
zero-temperature preconditions for the “Kondo
scenario”4,9,10 for the 0.7 structure can be satisfied.

The results in Figs. 1 and 2 show that !1" it is possible to
have localized electrons in a low-density region distinctly
separated from the liquid leads and !2" an abrupt potential
barrier with a flat plateau enhances both localization and the
gap between liquid and crystal regions.

Figure 3 presents how localization develops as the gate
potential increases. For the rest of the Rapid Communication
we focus on potential B !s=4", for which the width of the
potential riser is #60 nm. When Vg=0.4, the density modu-

FIG. 2. !Color online" For a short constriction, the two-
dimensional ground-state density, showing a single localized elec-
tron. !Vg=0.5H!, $0=0.7, and N=30, yielding a length of
0.34 %m."

FIG. 1. !Color online" Two-dimensional ground-state density &
for gate potentials of different shape $all with Vg=0.8 !in units of
H!" and N=31%. Potentials A, B, and C have s=15, 4, and 2, re-
spectively. D is obtained using a Gaussian with an angular width of
1.2 radians. Potential B is used in most of the Rapid
Communication.
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FIG. 3. Electron density as the low-density region is depleted.
Vg !in units of H!" is varied for potential shape B !s=4, N=31";
each curve is shifted vertically by 20 %m−1 with respect to the one
below. For Vg=0.4, 8 electrons are localized. As Vg increases, lo-
calization becomes stronger and a gap forms at the crystal-liquid
boundary—the system is in the Coulomb blockade regime.
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4k̃F= !
r̃s

, r̃s being the effective density in the system. Using
these conventions, the structure factor for several different
numbers of electrons is plotted in Fig. 10.

In addition to the formation of a broad peak in the S!k" at
4kF around N=80, which corresponds to r̃s=2.3, the density
profile n!x"= #$i"!x−xi"% of the electrons also shows a clear
cut sign of the transition. At low densities, the electrons are
distributed in order to minimize the interparticle repulsion.
This leads to N oscillations in the density profile of the wire,
a configuration also called “Wigner molecule,” !Ref. 52"
which corresponds to the 4kF peak in the S!k". When the
density is increased, the number of peaks in the density pro-
file is reduced by a factor of 2, the Pauli exclusion principle
between like spin particles is the only factor that prevents the
electrons form crossing each other. At the same time the 4kF
peak in the S!k" disappears and only a 2kF singularity is
present. The density is plotted in Fig. 11 for half of the wire
as the system is symmetric under inversion around its center.
This plot also suggests a transition near N=80.

Surprisingly, the calculations with the confinement poten-
tial and the infinite wire give very similar structure factors in
the vicinity of the transition, suggesting that the interparticle
correlations are not strongly affected by the external confine-
ment at those densities. At lower densities the peak at 4kF is
much larger for the homogeneous system because of the lim-
ited number of particles in the finite wire. Both the infinite
and finite wires show a transition from a system with 2kF
correlations to a state where correlations have a 2rs period-
icity. The crossover occurs around rs=2.3, which corre-
sponds to the density of 22 #m−1 in a GaAs heterostructure.
This is very close to the density found by Steinberg et al.
!20 #m−1" for the localization transition in wires where one
subband is occupied. However it seems that in the experi-
ment the localization involves only few particles !up to 12 in
the highest density localized state", i.e., only a section of the
wire takes part in the transition. This is an important differ-
ence with respect to our calculations where the transition
takes place throughout the system in a quite homogeneous
way. In our case the fluctuations of the particles around the
Wigner peaks are a combined effect of the broken transla-
tional symmetry induced by the external confining potential
and the strong correlations which causes the particles to repel
each other. A nonhomogeneous behavior is found at the edge
of the wire where the confining potential in Eq. !14" turns
upward. As one can see in Fig. 11, the density variations are
larger near the edge, which can be understood in terms of a
local mean-field description. At the edge of the wire the ef-
fective chemical potential #0−V!x" is smaller, corresponding
locally to a fluid at much lower density.

Apart from these features, we did not find any evidence
for a Wigner correlated patch embedded in a liquidlike sys-
tem, although these seem to be found in the experiments.
Therefore it may be essential to take into account other fac-
tors that can affect the experimental results. For instance, one
of the top metallic gates used to tune the upper wire density
could induce a plateau in the external potential, nucleating a
Wigner region as suggested in Refs. 30 and 53. Notice how-
ever that the densities of our homogeneous system should be
compared with the densities at the plateau, which are experi-
mentally determined.12 On the other hand, the role of disor-
der is not clear. Although in the liquid phase the system is in
a ballistic regime, when the conductance is quantized the
disorder could take over in the localized phase and affect the
charge distribution in the wire. AlAs wires, where the disor-
der is stronger, revealed conductance resonances explained
in terms of Coulomb blockade !CB" physics.54 CB behavior
has also been found in the localized phase of GaAs wires.12

Even if there are features that still need explanation, our
calculations show that the electronic correlation plays a very
important role at the experimental conditions, as the
2kF-to-4kF correlations transition takes place exactly in the
proximity of the critical density for localization found in the
experiment. In addition to this result, which is the main out-
come of the paper, we also determined the charge and spin
velocities by means of the QMC method explained in Sec. II
and the effective J coupling via the WKB approach. We
computed those quantities close to the transition for the ho-
mogeneous wire with rs=1.25 !40 #m−1". The charge veloc-
ity turns out to be v$=2.33vF. The corresponding LL param-
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FIG. 10. !Color online" Static structure factor for a wire as in
Fig. 9, but with finite length. S!k" is plotted for 40, 60, 70, 80, 90,
and 100 electrons. The corresponding effective densities r̃s are re-
ported in the legend. The magnitude of the error bars is comparable
with the point size.
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a)	 b)	 netic field, the subbands bottoms are pushed up above EF,
which causes further decrease of the filling factor and dimin-
ishing screening efficiency. As a result, the width of the com-
pressible strip decreases until the upper subbands become
completely depopulated and the incompressible strip forms
again in the middle of the wire, see Fig. 5!e". This is accom-
panied by a gradual decrease of the density polarization Pn to
zero. The shrinkage of the compressible strip in the middle
of the wire can be also clearly traced in the evolution of the
current density distribution, shown in the middle panels of
Figs. 5!b"–5!e". It is interesting to note that the compressible
regions are not formed for the outermost edge states corre-
sponding to the lowest subbands N=1 and 2. This is because
that in the field interval under study the extension of the
wave function is larger than the width of the compressible
strip predicted by the Chklovskii et al. theory.2 The onset of
the formation of the compressible strips can be seen in Fig.
5!e" for B=2.5 T. Note that the effect of the formation/
nonformation of the compressible strips in quantum wires
was discussed in detail by Suzuki and Ando for the case of
spinless electrons.12

The described above picture of evolution of the density
polarization qualitatively holds for all other polarization
loops. We stress that in all the loops only two upper, partially
occupied spin-resolved subbands contribute to the spin po-
larization, whereas remaining subbands are fully !and
equally" populated and thus do no contribute to the total spin
polarization. When magnetic field exceeds B=2.6 T, only
two subbands survive in the quantum wire. With further in-
crease of magnetic field the upper !spin-up" subband gradu-
ally depopulates and the density polarization Pn grows lin-
early until it reaches 100% when only the spin-down
subband remains in the wire.

It should be also stressed that within Hartree approxima-
tion two outermost spin-up and spin-down edge states are not
spatially polarized !i.e., they are situated at practically the
same distance from the wire edges, see Fig. 5".

Figures 4!c" and 4!d" show the conductance G! for
spin-up and spin-down states and its relative spin polariza-
tion PG= !G↑−G↓" / !G↑+G↓". The spin polarization PG fol-
lows a similar behavior as the density polarization Pn with
one subtle difference. Namely, the density polarization Pn is
always positive because spin-up states always lie in energy
below the corresponding spin-down states, and, therefore
n↑!y"−n↓!y""0. In contrast, the spin polarization of the cur-
rent, after reaching zero, does not immediately rise as the
magnetic field increases, but, instead, becomes negative be-
fore raising again. Note that this is accompanied by a small
!but noticeable" increase of the total current #at B$1.5 T,
3 T see Fig. 4!c"%. This effect can be traced back to the
self-consistent band structure as explained below. Figure 6
shows a closeup of the upper subbands N=3,4 for the mag-
netic field B=1.5 T, i.e., when the current polarization is
negative. Because the spin-up/down subbands are not flat,
for certain energies E#EF the upper !spin-down" subband
can give rise to several propagating states, whereas the lower
!spin-up" subband corresponds to only one propagating state,
see Fig. 6. According to the Landauer formula !31" all propa-
gating states contribute equally to the total current. Because
of this and due to the fact that the spin-down subband is
situated closer to the Fermi energy, the total current for the
spin-down electrons is larger than the current for the spin-up
ones. This explains the negative spin polarization of the cur-
rent and the increase of the total current at the magnetic
fields just above the subband depopulation. We are not aware
of the discussion of this effect in the current literature. The
available experimental data, see, e.g., Fig. 2 of Ref. 38 show-
ing a nonmonotonic dependence of the conductance of a
quantum wire as a function of magnetic field, are consistent
with the predicted behavior of the total current. Note that this
feature in the conductance also survives within the DFT ap-
proach !see below, Fig. 7".

Figures 4!c" and 4!d" also show the conductance and its
spin polarization calculated according to the Chklovskii et al.

FIG. 5. !Color online" !a" Spatially resolved difference in the electron densities n↑!y"−n↓!y" as a function of B calculated within Hartree
approximation. !b"–!e" The subband structure for the magnetic fields indicated in !a" #see also Fig. 4!b"%. Upper panel: The filling factor $!y"
for spin-up and spin-down electrons. Middle panel: the current density distribution !in arbitrary units" for spin-up and spin-down electrons
calculated according to Eq. !32". Lower panel: magnetosubband structure for spin-up and spin-down electrons !solid and dashed lines
correspondingly". Fat solid and dashed lines indicate the total confining potential, Eq. !10", for, respectively, spin-up and spin-down
electrons. Temperature T=1 K.
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pressible strip decreases until the upper subbands become
completely depopulated and the incompressible strip forms
again in the middle of the wire, see Fig. 5!e". This is accom-
panied by a gradual decrease of the density polarization Pn to
zero. The shrinkage of the compressible strip in the middle
of the wire can be also clearly traced in the evolution of the
current density distribution, shown in the middle panels of
Figs. 5!b"–5!e". It is interesting to note that the compressible
regions are not formed for the outermost edge states corre-
sponding to the lowest subbands N=1 and 2. This is because
that in the field interval under study the extension of the
wave function is larger than the width of the compressible
strip predicted by the Chklovskii et al. theory.2 The onset of
the formation of the compressible strips can be seen in Fig.
5!e" for B=2.5 T. Note that the effect of the formation/
nonformation of the compressible strips in quantum wires
was discussed in detail by Suzuki and Ando for the case of
spinless electrons.12

The described above picture of evolution of the density
polarization qualitatively holds for all other polarization
loops. We stress that in all the loops only two upper, partially
occupied spin-resolved subbands contribute to the spin po-
larization, whereas remaining subbands are fully !and
equally" populated and thus do no contribute to the total spin
polarization. When magnetic field exceeds B=2.6 T, only
two subbands survive in the quantum wire. With further in-
crease of magnetic field the upper !spin-up" subband gradu-
ally depopulates and the density polarization Pn grows lin-
early until it reaches 100% when only the spin-down
subband remains in the wire.

It should be also stressed that within Hartree approxima-
tion two outermost spin-up and spin-down edge states are not
spatially polarized !i.e., they are situated at practically the
same distance from the wire edges, see Fig. 5".

Figures 4!c" and 4!d" show the conductance G! for
spin-up and spin-down states and its relative spin polariza-
tion PG= !G↑−G↓" / !G↑+G↓". The spin polarization PG fol-
lows a similar behavior as the density polarization Pn with
one subtle difference. Namely, the density polarization Pn is
always positive because spin-up states always lie in energy
below the corresponding spin-down states, and, therefore
n↑!y"−n↓!y""0. In contrast, the spin polarization of the cur-
rent, after reaching zero, does not immediately rise as the
magnetic field increases, but, instead, becomes negative be-
fore raising again. Note that this is accompanied by a small
!but noticeable" increase of the total current #at B$1.5 T,
3 T see Fig. 4!c"%. This effect can be traced back to the
self-consistent band structure as explained below. Figure 6
shows a closeup of the upper subbands N=3,4 for the mag-
netic field B=1.5 T, i.e., when the current polarization is
negative. Because the spin-up/down subbands are not flat,
for certain energies E#EF the upper !spin-down" subband
can give rise to several propagating states, whereas the lower
!spin-up" subband corresponds to only one propagating state,
see Fig. 6. According to the Landauer formula !31" all propa-
gating states contribute equally to the total current. Because
of this and due to the fact that the spin-down subband is
situated closer to the Fermi energy, the total current for the
spin-down electrons is larger than the current for the spin-up
ones. This explains the negative spin polarization of the cur-
rent and the increase of the total current at the magnetic
fields just above the subband depopulation. We are not aware
of the discussion of this effect in the current literature. The
available experimental data, see, e.g., Fig. 2 of Ref. 38 show-
ing a nonmonotonic dependence of the conductance of a
quantum wire as a function of magnetic field, are consistent
with the predicted behavior of the total current. Note that this
feature in the conductance also survives within the DFT ap-
proach !see below, Fig. 7".

Figures 4!c" and 4!d" also show the conductance and its
spin polarization calculated according to the Chklovskii et al.

FIG. 5. !Color online" !a" Spatially resolved difference in the electron densities n↑!y"−n↓!y" as a function of B calculated within Hartree
approximation. !b"–!e" The subband structure for the magnetic fields indicated in !a" #see also Fig. 4!b"%. Upper panel: The filling factor $!y"
for spin-up and spin-down electrons. Middle panel: the current density distribution !in arbitrary units" for spin-up and spin-down electrons
calculated according to Eq. !32". Lower panel: magnetosubband structure for spin-up and spin-down electrons !solid and dashed lines
correspondingly". Fat solid and dashed lines indicate the total confining potential, Eq. !10", for, respectively, spin-up and spin-down
electrons. Temperature T=1 K.
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FIG. 1. Image of the sample geometry. The locations of the three
channels are indicated by dotted lines. Black dots are particles within
the channels. The arrow denotes the driving force that is applied only
to particles within the top channel, termed the primary channel p. The
bottom undriven channels are the secondary channels s1 and s2. The
ratio of the number of particles in each channel is Rs1,p = Ns1/Np

and Rs2,p = Ns2/Np , where Ns1 and Ns2 are the number of particles
in the secondary channels and Np = 16 is the number of particles in
the primary channel. The spacing between channels d is marked in
panel (a). (a) Two channels with Rs1,p = 1.0. (b) Two channels with
Rs1,p = 0.5. (c) Three channels with Rs1,p = 1.0 and Rs2,p = 1.0.
(d) Three channels with Rs1,p = 1.0 and Rs2,p = 1.5.

to the substrate or the effective pinning of the particles by the
substrate is strongly enhanced when the ratio of the number of
particles to the number of substrate minima is an integer or a
rational fraction, as indicated by the appearance of peaks in the
critical depinning force or enhanced ordering of the particles at
the commensurate fillings. In our system, for the two-channel
geometry illustrated in Fig. 1, the particles in the secondary
channel can be regarded as a distortable or moveable periodic
pinning substrate for the particles in the primary channel,
suggesting that enhanced drag or coupling could occur when
the ratio of the number of particles in each channel is an
integer or a rational fraction. The deformability of the substrate
makes our proposed model distinct from Frenkel-Kontrova
systems. Additionally, driven 1D and 2D commensurate-
incommensurate systems often exhibit numerous dynamic
behaviors within the incommensurate regimes, such as when
localized vacancies or interstitials form soliton-like excitations
which move more easily than the particles over the substrate
[40,41]. This suggests that similar phases may be possible in
the coupled-channels drag system we propose here, and we
show that such phases do appear. We also show that when we
make the system more complex by adding a third channel, a
remarkable variety of commensuration effects and dynamic
regimes occur, such as multiple decoupling, recoupling, and
slip transitions, all of which produce pronounced changes in
the velocity response. It is even possible to realize negative

drag effects where the particles in one of the channels move in
the direction opposite to that of the applied drive.

The coupled-channels system we propose could be realized
in colloidal systems. The number of colloids in the different
channels can be controlled readily by optical manipulation and
the colloids in one channel could be driven with an external
field, optically, or using microfluidics. Another possible
realization of this system is in nanowires where 1D Wigner
crystallization of the electrons has occurred; in this case, by
altering the electron density, the particle lattice spacing in one
wire could be varied with respect to that in an adjacent wire.
Realizing such a system could have important implications
for the study of 1D Wigner crystals since the appearance of
commensuration effects would be strong evidence that Wigner
crystal states are forming. In superconducting systems, the
density of magnetic vortices is fixed by the externally applied
magnetic field, so it would be difficult to create 1D channels
that contain different linear densities of vortices; however,
in certain layered systems an additional transverse magnetic
field can be applied to create a second Josephson vortex
lattice which can interact with the pancake vortices in the
planes [42–44]. It has already been shown that using this
technique it is possible to drive only one of the vortex species
and induce a drag on the other vortex species [43,44]. It should
be possible to study fractional commensurate states in such
a vortex system by examining how the drag effect changes
when the ratio of the number of one type of vortices to the
other is varied. A realization of three or more channels with
varied numbers of particles in each channel should again be
possible using colloidal systems or metallic wires. Further, a
superconducting or nanowire system could be used in which
each layer or channel has the same number of particles but
differing amounts of quenched disorder. We note that there are
previous studies of colloidal particles in 2D bilayers [45] where
the particles in the layers are driven in opposite directions;
however, these studies focused on an oscillatory order-disorder
transition, not on the effects of commensuration on decoupling
or the dynamic phases that we consider here for the case of 1D
coupled channels.

The paper is organized as follows: In Sec. II, we describe
our simulation method and sample geometry. We consider
two channels of particles in Sec. III and illustrate a drive-
induced decoupling transition for commensurate channels in
Sec. III A. In Sec. III B we describe the two-step decou-
pling transition that occurs for incommensurate channels that
contain vacancy or interstitial sites that can act like a second
species of particle. The effects of finite temperature and finite
size appear in Sec. III C. Section III D shows that the nonlinear
response of the system can be exploited to create a ratchet
effect, where ac motion in the driven channel induces dc
transport in the drag channel. In Sec. IV we turn to samples
with three channels. We show in Sec. IVA that when the
driven channel is commensurate with the neighboring drag
channel, four different types of coupled and decoupled flow can
occur as the occupancy of the second drag channel is varied,
including regimes of intermittent coupling. In Sec. IV B, the
driven channel is incommensurate with the neighboring drag
channel and we find a complex series of coupling-decoupling
transitions that produce a significant amount of structure in
the velocity-force curves. In Sec. IV C, we consider in detail
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FIG. 5. The force Fc at the transition from the locked to unlocked
phase vs. Rs1,p in two-channel samples with different values of a.
(a) At d/a = 0.44, commensuration peaks occur at Rs1,p = 1.0,
2.0, and 3.0. Fractional peaks and anomalies appear at Rs1,p = 0.5,
1.5, and 2.5. (b) At d/a = 0.67, there are commensuration peaks
at Rs1,p = 0.5, 1.0, 1.5, and 2.0. (c) At d/a = 1.0, the strongest
commensuration peaks appear at Rs1,p = 1 and 0.5.

Figure 5(b) also has clear peaks in Fc at Rs1,p = 2.0, 1.5, and
0.5, while above Rs1,p = 2.0 within our resolution there are
no peaks or regions where the system is locked. In the regions
with Fc = 0 where the locked phase is absent, the second
decoupling transition still appears at higher drives and can be
detected as the point at which Vs1 changes from increasing to
decreasing with increasing FD . For higher particle densities
and fixed d, the commensurability effects still persist as
shown in Fig. 5(c) for d/a = 1.0. Here, peaks in Fc occur
at Rs1,p = 0.5, 1.0, and 2.0.

The appearance of the commensuration effects at integer
and fractional fillings suggests that this system exhibits
the same behavior found for the depinning of repulsively
interacting particles on a 1D fixed periodic potential; however,
there are several differences between the two systems. For
particles on a fixed periodic potential, the depinning force Fc

at fields where the particle-particle interactions cancel due to
symmetry equals the maximum value of the pinning force Fp

so Fc = Fp at fillings 1/12, 1/8, 1/6, 1/4, 1/2, and 1.0. For
the drag system shown in Fig. 5, this does not occur and there
is even a trend for Fc to increase at the lowest fillings. This is
because the substrate potential created by the particles in p is
not fixed but can distort since the particles in either channel can
shift. At Rs1,p = 1.0, the periodic potential is fairly rigid due
to the matching of the particle positions in p and s1, and any
distortion of the particles in p is energetically unfavorable.
In contrast, at very low fillings such as Rs1,p = 0.125, the
particles in p distort near the locations of the particles in
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FIG. 6. (Color online) Vs1 vs. FD for the system in Fig. 5(b) with
d/a = 0.67. (a) Rs1,p = 0.562, 0.625, 0.6875, and 0.75, from top
to bottom. (Inset) Detail of the Rs1,p = 0.6875 curve from the main
panel. (b) Rs1,p = 0.8125, 0.875, 0.9375, and 1.0, from bottom to top.
(c) Rs1,p = 1.0625, 1.125, 1.1875, and 1.25, from top to bottom.

s1 in order to create a localized lowering of the density in
p above each particle in s1. As a result, the particles in s1
no longer experience the same periodic potential from p that
was present for the commensurate case of Rs1,p = 1.0. Even at
Rs1,p = 0.5, the particles in p can distort, reducing the strength
of the coupling to the particles in s1.

In order to better understand the changes in dynamics at the
different fillings, in Fig. 6 we plot Vs1 as a function of FD for
varied Rs1,p in a system with d/a = 0.67. At Rs1,p = 0.5, a
single decoupling transition occurs and Vs1 is a monotonically
decreasing function. For Rs1,p = 0.562 and 0.625, shown in
Fig. 6(a), there is a clear double-peak structure in Vs1 with
one peak falling at the depinning of the incommensurations
and the second peak appearing at the unlocking transition. At
Rs1,p = 0.6875 in Fig. 6(a), there is now a three-peak structure
in Vs1. The first peak, shown in the inset of Fig. 6(a), falls at the
transition out of the completely locked phase at FD = 0.11.
The second and largest peak is at FD = 0.3, while a third broad
peak also appears that is centered at FD = 1.45. The broad
peak is the remnant of the second peak in Vs1 found for Rs1,p =
0.562 and 0.625; with increasing Rs1,p, this peak broadens and
the center shifts to higher values of FD . For 0.11 < FD < 0.3,
the particles in s1 are almost completely locked but there is a
single incommensuration which has begun to slip. For Rs1,p =
0.75, the initial peak is lost and the decoupling transition peak
now falls at FD = 0.11. There is also a very broad maximum
centered at FD = 4.0. Another interesting feature is that at
higher FD such as at FD = 6.0, Vs1 for Rs1,p = 0.75 is higher
than Vs1 at the lower values of Rs1,p, even though at low FD

Rs1,p showed the lowest value of Vs1. This suggests that at high
values of FD , additional drag is produced by the interaction
between the incommensurations in s1 and the particles in p.

In Fig. 6(b) we plot Vs1 versus FD for Rs1,p = 0.8125,
0.875, 0.9375, and 1.0. The maximum value of Vs1 increases
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of two coupled potential wells [3], if the electron is put
into one of the two wires, i.e., in a state which is a lin-
ear combination of the even and odd states, it oscillates
between the two wires with frequency v ! D´!h̄, where
D´ ! ´o 2 ´e. This result is shown in Fig. 1 as obtained
by a numerical solution of the time-dependent Schrödinger
equation. The material parameters of GaAs have been
used. The initial condition along the x axis has been taken
as the ground state of an infinite square well having the
same lateral extension L of the single wire; along the “free”
y direction a minimum uncertainty wave packet has been
assumed for simplicity (a different choice for the longi-
tudinal part of the initial state does not compromise the
operation performed by the gate):

c"x, y# !

s

2
L
cos$p"x 2 x0#%

1
p

s
p

2p
3 e2" y2y0!2s#2

eik0y . (1)

The values of the parameters used in the calculations are
specified in the caption of Fig. 1.
Let us now consider two wires separated by a poten-

tial barrier of height V0 enough to prevent tunneling of
the electron. A “window” is introduced between the two
wires, defined by a region of length LW where the central
barrier height is lowered to a value VW . By adjusting the
parameters of this coupling-potential window and the ve-
locity of the electron, the system can be designed in such a
way as to produce an assigned transfer process of the wave
function between the two wires while the electron crosses
the region of the window.
This effect is illustrated in Fig. 2. In Fig. 2a the win-

dow is such that the electron undergoes half a period of
oscillation. If the electron is injected into the left wire, it
will exit from the right wire and vice versa. In Fig. 2b a
shorter window equally splits the wave function between
the two wires.
The physical properties discussed above suggest that the

considered couple of wires can be used as a quantum bit.
The two states of the bit are represented by the electron in
the transverse ground state of each of the two wires. The
dynamical evolution occurring in the coupling-window re-
gion implements a quantum logic gate. In the case of
Fig. 2a, the NOT operation is realized by transferring the
electron from one wire to the other.
In order to implement the CNOT gate two qbits must be

considered. To this purpose the following structure has
been studied. A NOT gate is first realized similar to the one
shown in Fig. 2a, where, however, the coupling window
corresponds to five half periods of the electron wave func-
tion between the two wires (referred to in the following
as wires 1 and 2 or “data qbit”). The functionality of
the NOT gate is preserved also for this case, as confirmed
by numerical simulations, shown in Fig. 3a. Another
couple of wires (the control qbit) is added to this quantum
bit. One of them (wire 3) is symmetrically located above

FIG. 2. Electron density in the two wires of Fig. 1 at different
times, where the coupling region is reduced to a suitable window
in order to realize (a) a complete transfer of the electron from
the left to the right wire (NOT gate) and (b) an equal splitting
of the wave function between the two wires (see text). Again it
is assumed that at t ! 0 the electron is confined in the left wire
with the same longitudinal central wave vector as in Fig. 1.

the two wires of the NOT gate at a distance such that
Coulomb interaction between electrons in different wires
is effective. The second wire of the control qbit (wire
4) is located far enough from the other three in order to
prevent any Coulomb interaction or electron transfer. The
two states of the control qbit are again defined as the two
transverse ground states of wires 3 and 4. The structure
realizes a CNOT gate as follows. Suppose that an electron
coherently propagates along one of the two wires of the
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of two coupled potential wells [3], if the electron is put
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between the two wires with frequency v ! D´!h̄, where
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3 e2" y2y0!2s#2

eik0y . (1)

The values of the parameters used in the calculations are
specified in the caption of Fig. 1.
Let us now consider two wires separated by a poten-

tial barrier of height V0 enough to prevent tunneling of
the electron. A “window” is introduced between the two
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considered. To this purpose the following structure has
been studied. A NOT gate is first realized similar to the one
shown in Fig. 2a, where, however, the coupling window
corresponds to five half periods of the electron wave func-
tion between the two wires (referred to in the following
as wires 1 and 2 or “data qbit”). The functionality of
the NOT gate is preserved also for this case, as confirmed
by numerical simulations, shown in Fig. 3a. Another
couple of wires (the control qbit) is added to this quantum
bit. One of them (wire 3) is symmetrically located above
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new absorption peaks show up in !k2!!", the imaginary
part of the dielectric function along the wire axis.

Our calculations are carried out within DFT using
norm-conserving pseudopotentials [18] with a plane-
wave basis set. Periodic-boundary conditions are em-
ployed in the xy plane with supercells large enough to
eliminate the interaction between neighboring wires. It is
found that a 5-Å separation between two closest H atoms
on neighboring wires is sufficient to make such interac-
tion negligible (<1 meV per H atom on average). The
energy cutoff for the plane waves is in the range of 15–
20 Ry. The Monkhorst-Pack k-point meshes of 1# 1# 4
to 1# 1# 8 are found to provide sufficient accuracy in
the calculation of total energies and forces. Summarized
in Table I are the diameter of the wires and the number of
atoms in the supercells used in our calculation.

We first relax the atomic configurations of our SiNWs,
and the electronic structure is studied for the fully re-
laxed structures. Bulk Si is known to have an indirect
band gap of 1.17 eV, with the conduction-band minima
located at about 85% along ! to X. Therefore, there are
six equivalent conduction-band minima on $x, $y, and
$z axes, with a transverse mass (0.1905) much less than
the longitudinal mass (0.9163). When [110] wires are
formed, two of these minima on $z will be projected
onto "!! based on the effective-mass approximation, ex-
hibiting both the large mass and the small mass in the
confinement plane. The band edge associated with the
large mass will be least upshifted due to confinement,
giving rise to a direct gap. In contrast, the projection
along the [111] direction is expected to produce an indi-
rect gap in large [111] wires. Indeed, we do find an
indirect gap for wires with diameter larger than 2 nm.
However, the difference between the indirect and direct
gaps is very small (less than 0.05 eV). Therefore, only the
direct LDA energy gaps (ELDA

g ) are plotted in Fig. 2,
which shows the size dependence of band gap for
the [110] and [111] wires. Since the effective mass in the
confinement plane for the [111] wires is smaller than the
relevant counterpart (the longitudinal mass) for the [110]
wires, the energy upshift is expected to be larger for the
[111] wires. Hence, in addition to a size dependence, the
energy gap also depends on orientation.

It is well known that the Kohn-Sham energy gap is not
the quasiparticle gap, and that the LDA gap is always
smaller than the observed value. This can be corrected by
evaluating the self-energy operator in the GW approxi-
mation [19]. We have calculated the GW quasiparticle
gaps (EGWg ) for the two thinnest [110] wires as well as
for bulk silicon. Both the LDA gaps and the GW correc-
tions greatly increase as d decreases.We fit these band gap
values with a function of Eg;bulk % const# !1=d"", where
Eg;bulk is the bulk gap value from LDA or GW, and " is
found to be approximately 1.7. The value " & 2 is
expected using an effective-mass particle-in-a-box ap-
proach [16]. For bulk silicon, ELDA

g & 0:58 eV, indicated
by the solid line in Fig. 2, and the GW correction is about
0.5 eV, which uplifts the gap to 1.08 eV. The GW correc-
tions are 1.62 eV ( & 3:12–1:50)and 1.29 eV (&2:32–1:03)
for the two [110] wires with d & 1:20 and 1.60 nm, re-
spectively. These are more than twice or 3 times the
correction found in the bulk. An interesting finding here
is that the self-energy correction, which increases mono-
tonically with decreasing diameter, exhibits a rather
strong size dependence also. In the past, this important
variation has been neglected by postulating a size-
independent constant correction that is usually obtained
from the bulk [13]. This will inevitably introduce signifi-
cant errors in the calculated optical gaps.

Also shown in Fig. 2 are the measured band gaps [6] for
SiNWs along [112] and [110]. Since most of the measured
gaps were for wires along [112] in this experiment, the
comparison with our theoretical prediction (the dotted
line) should be viewed with caution. The single point for
a [110] wire agrees very well with our theoretical
value. Still, the experimental data shows generally good

TABLE I. Diameter (d) and the number of Si and H atoms
for the wires in our supercell calculation.

[110] d (nm) Si H [111] d (nm) Si H

0.92 38 30
1.20 16 12 1.31 62 42
1.60 42 20 1.69 110 54
2.20 76 28 2.07 170 66
2.60 110 36 2.46 218 78
3.30 172 44 2.84 302 90
4.02 250 52 3.23 398 102
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FIG. 2 (color online). LDA band gaps calculated for [110]
(empty squares) and [111] (empty circles) wires, and the
GW-corrected gaps (filled squares) for the two thinnest [110]
wires and bulk Si, compared with the measured gaps for [112]
wires (+) and a [110] wire (*). The dotted, dashed, and long-
dashed lines are fitted to the data points (see text). The LDA
band gap of bulk Si is indicated by the solid line, and the bulk
GW gap is marked around d & 8:0 nm for convenience.
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agreement with theGW-corrected curve, though for small
wires the discrepancy becomes appreciable. This, in turn,
confirms that the orientation dependence of band gaps
become more significant in small wires, e.g., d < 2:2 nm
in this case.

In Fig. 3, the characteristics of the electronic states in
[110] wires is illustrated in a band-by-band fashion using
the wire with d ! 1:2 nm. (The structure of this wire is
shown in Fig. 1.) The charge density is plotted in the xy
plane after averaging along the axial direction. Shown are
the results for the first six valence bands, the highest
occupied band (band 38), and one band in between
(band 18), as well as the lowest conduction band (band
39). The evolution can be semiquantitatively explained by
the simple model of a particle confined in an infinite
cylindrical potential well. If the radius of the cylindrical
well is denoted by r0 ! d=2, the stationary solutions can
be found analytically as  nl"r;!# / Jl""nlr=r0# cos"l!#
or Jl""nlr=r0# sin"l!#, where l ! 0; 1; 2; . . . , and"nl is the
nth zero of the lth Bessel function Jl"x# that determines
the nodal structure in the radial direction. The eigenval-
ues are then Enl ! !h2"2

nl="2m$r20#, where m$ is the effec-
tive mass. All energy levels except for l ! 0 are therefore
doubly degenerated. We find that the calculated charge
density distribution for real wires indeed follows these
features characterized by the quantum numbers fn; lg, as
can be seen in Fig. 3. For instance, the values of fn; lg for

the first few bands in Fig. 3 are f1; 0g for band 1, f1; 1g for
bands 2 and 3, f1; 2g for bands 4 and 5, and f2; 0g for band
6. For higher bands, such correspondence to the simple
model becomes less precise.

The optical properties are studied by computing the
complex dielectric function, #"!# ! #1"!# % i #2"!#, in
which the imaginary part #2"!# is closely related to the
optical absorption at a given frequency !. A knowledge
of #2"!# over a wide frequency range allows one to obtain
#1"!# using the Kramers-Kronig relation. #2"!# can be
written as [20]

#2"!# !
4$2e2 !h
m2!2

X

ij

2

"2$#3
Z

BZ
dkjMij"k#j2 %&!'!ij"k#(;

where the integral is over all states in the Brillouin zone
and the sum is over all combinations between the valence
band i and the conduction band j, whose wave functions
and energy levels are denoted as f i, Eig and f j, Ejg,
respectively. The matrix element between bands i and j at
k can then be written as Mij"k# ! h j"k#jêe ) pj i"k#i,
and !h!ij"k# ! Ej ' Ei. Here êe and p denote the polar-
ization vector and the momentum operator, respectively.
Using our GW-corrected band gaps (Fig. 2), a scissor
operator is applied to move all conduction bands up by
the amount of the GW correction in the calculations of
#2"!#. The spin-orbit interaction and excitonic effect are
not included in this calculation.

Figure 4 shows the calculated #2"!# for three thinnest
wires along [110] and bulk Si. #2"!# are evaluated for the
polarization along the axial (z) direction [#k2"!#] and in
the xy plane [#?2 "!#]. Although the fundamental gap is
direct in the wires, the matrix elements are still vanish-
ingly small near the gap. Even for the smallest wire (d !
1:2 nm), the allowed dipole transition does not show up
until 1 eVabove the fundamental gap. It is ready to see that
#2"!# demonstrates strong anisotropy in two polarization
directions for d < 2:2 nm, where the overall spectrum of
#?2 "!# is shifted to higher frequency compared to #k2"!#,
and the relative shift becomes larger as d decreases. At
d ! 2:2 nm, #k2"!# and #?2 "!# almost merge together and
exhibit features in bulk Si except for an energy shift.
Similar anisotropy is also found in a previous semiem-
pirical tight-binding study [14] for a Si wire of 0.77 nm
oriented in the [100] direction. Here we confirm this
anisotropy from first-principles studies and illustrate its
evolution as the wire diameter decreases. Our calculation
predicts that a size of about 2 nm or smaller is needed to
exhibit the anisotropic absorption in SiNWs.

Another interesting feature in Fig. 4 is that the absorp-
tion peak in #k2"!# associated with the main peak (black
dots) in bulk Si seems to remain approximately 3.0 eV
above EGWg in the nanowires, while the absorption edge
(vertical dashed lines) moves toward EGWg (arrows) as d
decreases. The latter is a consequence of mixing the bulk
states in finite-sized wires, leading to an enhancement of

a b c

FIG. 3 (color online). Electronic charge distribution in the xy
plane (integrated along the wire axis) for the [110] wire with
d ! 1:20 nm. The band indices are shown in each figure. The
top panels marked with a, b, and c are the results of a simple
model for bands 1, 2, and 3, respectively (see text). The high
(low) density region is indicated by red/dark (blue/light).
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Conductance matrix.—Now we are in a position to
find the full conductance matrix for the capacitively
coupled wire. The particle current in the wire is expressed
through the density difference z of right- and left-moving
electrons [15] as I

p

sx, vd ≠ ey
F

z sx, vd,

z ≠ rv,0sxd 2
iq

F

n
F

2

3
Z

L

0
dx

0 sgnsx 2 x

0deiq

F

jx2x

0jfvsx0d ,

where fvsxd is the self-consistent potential (8). The
displacement current, directed from the gate to the wire,
has the density j

d

sxd ≠ ivervsxd.
The conductance matrix Gabsvd relates the current

Ia,v at contact a to the voltage Vb,v applied at con-
tact b (a, b ≠ 1, 2, 3): Ia,v ≠ GabsvdVb,v . With the
definitions

Gv ≠ 2g

e

2

h

s1 1 gde2iqL 1 s1 2 gdeiqL

s1 1 gd2
e

2iqL 2 s1 2 gd2
e

iqL

,

Ḡv ≠ 2
e

2

h

4g

s1 1 gd2
e

2iqL 2 s1 2 gd2
e

iqL

,

(10)

the conductance matrix takes a form

G svd ≠

0
B@

Gv Ḡv 2Gv 2 Ḡv

Ḡv Gv 2Gv 2 Ḡv

2Gv 2 Ḡv 2Gv 2 Ḡv 2Gv 1 2Ḡv

1
CA .

(11)
The matrix G has the following properties [3]: First, it
is symmetric, which reflects the fact that the geometry
considered here is symmetric under the exchange of the
left and right reservoirs, and no magnetic field is present.
Then,

P
a Gab ≠ 0, which restates current conservation.

Finally, the property
P

b Gab ≠ 0 manifests the fact that
a simultaneous shift of all potentials Vb by the same
amount does not produce any current (gauge invariance).
Furthermore, dissipation of power requires that the matrix
ReG is positive definite. Equation (11) can, after some
algebra, also be obtained from formulas of Ref. [10].
In the static limit v ≠ 0 one reproduces the known

result [5,10]: G ≠ 2Ḡ ≠ e

2yh, with no current flowing
through the gate. Another limiting case is g ≠ 0 [15],
where one finds G ≠ 2Ḡ ≠ se2yhd s1 2 iq

F

Ly2d21.
Generally, all the components of the conductance matrix
are oscillating functions of frequency (for g fi 0) with
the period 2py

F

sgLd21. In particular, the real part of the
conductance reaches zero with a period 2py

F

sgLd21. It
has been suggested that measurement of this period should
be used to determine the interaction constant [12,13].
However, this period is a consequence of the linearization
of the spectrum near the Fermi energy and not really
a signature of an interacting system. Furthermore, this
frequency is already in the absence of interactions of the
order of an electron transit frequency and therefore rather
high. A better strategy consists in analyzing one of the
purely capacitive conductances. In particular, we consider

G33svd ≠ 2sGv 1 Ḡvd, which we call the gate conduc-
tance. The real and imaginary parts of the frequency
dependence of the gate conductance G33svd are displayed
in Fig. 2. The real part shows peaks around v ≠ spy

F

y
gLd s2n 1 1d, n [ Z . The height of each peak is equal
to 4 times the conductance quantum e

2yh (and thus inde-
pendent of g), while the width decreases with decreasing
g. In contrast, the imaginary part of G33svd changes
sign at these points, and exhibits extrema of height 2e

2yh

(sharp ones for small g) at the points

V
n

≠
y

F

gL

∑
ps2n 1 1d 6 arccos

1 2 g

2

1 1 g

2

∏
.

All elements of the conductance matrix Gab are char-
acterized by the common denominator s1 1 gd2

e

2iqL 2
s1 2 gd2

e

iqL, which has zeros at frequencies
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FIG. 2. One period of the frequency dependence of the real
(a) and imaginary (b) parts of the gate conductance G33svd (in
units e

2yh). The parameter g is equal to 1 (curve 1), 0.3 (2),
and 0.1 (3); the argument is V ≠ vLgyy
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Conductance matrix.—Now we are in a position to
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where fvsxd is the self-consistent potential (8). The
displacement current, directed from the gate to the wire,
has the density j
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The conductance matrix Gabsvd relates the current
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The matrix G has the following properties [3]: First, it
is symmetric, which reflects the fact that the geometry
considered here is symmetric under the exchange of the
left and right reservoirs, and no magnetic field is present.
Then,

P
a Gab ≠ 0, which restates current conservation.

Finally, the property
P

b Gab ≠ 0 manifests the fact that
a simultaneous shift of all potentials Vb by the same
amount does not produce any current (gauge invariance).
Furthermore, dissipation of power requires that the matrix
ReG is positive definite. Equation (11) can, after some
algebra, also be obtained from formulas of Ref. [10].
In the static limit v ≠ 0 one reproduces the known

result [5,10]: G ≠ 2Ḡ ≠ e

2yh, with no current flowing
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be used to determine the interaction constant [12,13].
However, this period is a consequence of the linearization
of the spectrum near the Fermi energy and not really
a signature of an interacting system. Furthermore, this
frequency is already in the absence of interactions of the
order of an electron transit frequency and therefore rather
high. A better strategy consists in analyzing one of the
purely capacitive conductances. In particular, we consider

G33svd ≠ 2sGv 1 Ḡvd, which we call the gate conduc-
tance. The real and imaginary parts of the frequency
dependence of the gate conductance G33svd are displayed
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calculated using a superposition of screened atomic potentials which are fitted to the experimental 
band structure and LDA wavefunctions. Once we have calculated the potential we need to define a 
basis set in which the single particle Schrödinger equation will be solved. We have developed two 
different methods, one that uses a simple planewave basis set up to a certain energy cut-off 
(ESCAN[2]) and the other which uses a linear combination of strained bulk bands (SLCBB[3]). The 
single-particle Schrödinger equation is then solved as an interior eigenvalue problem, i.e. only a few 
eigenstates near the band gap are computed using the folded spectrum method. Once the single-
particle energies and wave functions have been obtained the next step is to calculate the electronic 
excitations of the quantum dot. This task is accomplished using the configuration interaction (CI) 
method after first calculating the Coulomb and exchange integrals. Finally we calculate different 
properties of the system such as absorption and emission spectrum (see Figure 1 for a full list) based 
on post processing of the outputs of the other codes. This pioneering methodology was developed by 
Zunger, Wang, Franceschetti and collaborators in the period 1995 to 2003.   
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Figure 1: Flowchart of the computational method developed for the electronic structure of large 
nanosystems (vff  denotes the valence force field model). 
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Figure 7. (a) Calculated quasiparticle tunneling probability densities for 1–6 holes in reciprocal space [20]. (b) Two possible charging
scenarios for holes. (c) Quasiparticle tunneling probability density for the first hole from experiment (left), a calculation for a dot with circular
base (middle), and a calculation for an elliptical base (right).

of the exciton wavefunctions on the dot-localized basis set [69].
From the right-hand side of figure 6 we can see that the degree
of entanglement as a function of electric field is peaked at
a certain electric field achievable experimentally [122–126]
(−5.4 kV cm−1 in our specific case) and can reach 80%.
The left-hand side of figure 6 shows that at this specific
electric field the peaks in oscillator strength originating from
the exciton states |1⟩ and |2⟩ anticross, and |1⟩ becomes dark.
This optical signature may be used by experimentalists in the
future to identify the electric field needed to achieve maximum
entanglement in specific dot molecules. The theoretical
results can be further analyzed to understand, in terms of
electron and hole localization on either one of the two dots,
the way the particles conspire to create entangled states and
what are the limiting and driving factors [69, 101] such as
the effect of geometry, composition, dot-separation and the
ensuing strain on tunneling and Coulomb interactions. From
this understanding, we could construct a simplified model
Hamiltonian with few and well defined parameters [93].

3.3. Wavefunction imaging

In section 2.8.3, we described the formalism used to
calculate tunneling amplitudes from correlated many-body
wavefunctions. We will illustrate it by an application
to magnetotunneling spectroscopy (MTS) of self-assembled
InAs quantum dots grown by the Stranskii–Krastanov
method [127, 128]. We choose this system because
of the availability of recent measurements [20]. The
experimental method is based on capacitance–voltage (C–
V ) spectroscopy [15, 99, 129–132], where the energy of the
quantum dot states can be shifted by an applied out-of-plane
voltage to allow electron (or hole) to tunnel into the dots
controllably. Additionally, a magnetic field B is applied in
plane. The tunneling rate can be measured and compared
to the theoretical calculations [20]. Figure 7(a) shows the
theoretical results for the tunneling amplitude of holes mapped

out in k-space for an InAs lens-shaped quantum dot with an
elliptical base of 26 nm in the [11̄0] and 25 nm in the [110]
direction and 3.5 nm height. The labels mh → nh describe
the process of tunneling the mth hole into the dot already
filled with n holes. The arrows with labels [110] and [11̄0]
describe the crystallographic directions in real space. From
the figure, it is clear that tunneling of the first and second
holes occurs into an S-like state. We can quantitatively analyze
the orbital momentum character of the final state and it is
indeed more than 95% l = 0. The tunneling of the third
and fourth holes occurs into P-like states. For the fifth hole,
4h → 5h, the situation is interesting since it is the signature
of the tunneling into the D state. Indeed, 82% of the final
state, in which the hole tunnels, is given by a configuration with
dominant D character. In figure 7(b), we show that the filling
sequence expected from the Aufbau principle would lead to
a tunneling into a second P state (labeled P2 in figure 7(b)).
However, holes 5 and 6 entirely skip the P2 shell to tunnel
directly into the D shell, in contrast to the expectation from
the Aufbau principle. This result is confirmed by a side-by-
side comparison of experiment and theory [20]. In figure 7(c)
we show a contour plot for the experimental MTS result for
the tunneling of the first hole along with theoretical results for
a dot with circular base of 25 nm diameter and for a dot with
ellipsoidal base of 24 × 26 nm2. The comparison of theory
and experiment shows a better fit for the elongated dot. These
results should illustrate the capability to draw conclusions
on dot morphology, difficult to get by other means, and on
unexpected many-body effects.

4. Summary and outlook

We have described an approach to obtain accurate properties,
including excitations, of semiconductor nanostructures of
realistic and relevant sizes. The approach is based on
empirical or semiempirical pseudopotentials and configuration
interaction. The critical steps that allow us to treat million

15

numerical approach. We use recently developed energy opti-
mization methods33,34 to optimize a Jastrow-Slater-type trial
wave function !T!R"=J!R"D!R".35 To build the Slater de-
terminant D!R", we considered three qualitatively different
types of orbitals: "!r"e#in$ with "!r" fixed !i.e., angular plane
waves", LSDA orbitals, and floating gaussians.23 Most of the
results presented here were obtained using floating gaussians
as they provide a better description in the strongly localized
regime—a comparison is given below. After optimizing the
variational parameters !Jastrow parameters as well as, sepa-
rately, the positions and radial/angular widths of the floating
gaussians", we then perform a diffusion Monte Carlo !DMC"
calculation to project the trial wave function onto the fixed-
node approximation of the true ground state.36 The fixed-
node DMC energy is an upper bound on the true energy and
depends only on the nodes of !T obtained from VMC.

The density plots of Figs. 1 and 2 give an overview of
different scenarios that can occur in an inhomogeneous quan-
tum wire depending on the gate potential landscape. In the

longer wire, Fig. 1, $0=1.5 generates a low-density region of
length 75, or 0.73 %m for GaAs. Potential A, which is close
to a square barrier in sharpness, gives rise to three interesting
phenomena: !i" the ripples in the high-density part of the ring
are Friedel oscillations !1 maximum per 2 electrons". This is
a signature of weak interactions; the electrons are in a liq-
uidlike state. !ii" The modulation in the low-density part of
the wire shows 4 electrons that are individually localized.
!iii" There is a large gap separating the liquid and crystal
phases, causing the low-density region to be in the Coulomb
blockade regime. This effect has been observed experimen-
tally, but the origin was not understood.15–18,31

For a smoother potential step, the size of the gap de-
creases !potential B in Fig. 1" and eventually disappears !po-
tential C". Finally, for the Gaussian-shaped potential D, lo-
calization is very weak. Note that potential C appears to
exhibit the smooth connection between localized and liquid
electrons which is a precondition for the Matveev
scenario13,14 for the 0.7 effect.

As the length of the low-density region is reduced, the
number of localized electrons decreases. In the extreme case,
the low-density region becomes like the saddle potential of a
quantum point contact. Figure 2 shows that for a short con-
striction, a single electron is localized in the low-density re-
gion, with substantial barriers to the high-density “leads,” as
in LSDA calculations.9,10,30 In contrast to the LSDA calcula-
tions, the spin of the localized electron here is not static—it
changes as the electron tunnels to the leads, yielding a spin
density of zero. Thus our QMC calculations verify that the
zero-temperature preconditions for the “Kondo
scenario”4,9,10 for the 0.7 structure can be satisfied.

The results in Figs. 1 and 2 show that !1" it is possible to
have localized electrons in a low-density region distinctly
separated from the liquid leads and !2" an abrupt potential
barrier with a flat plateau enhances both localization and the
gap between liquid and crystal regions.

Figure 3 presents how localization develops as the gate
potential increases. For the rest of the Rapid Communication
we focus on potential B !s=4", for which the width of the
potential riser is #60 nm. When Vg=0.4, the density modu-

FIG. 2. !Color online" For a short constriction, the two-
dimensional ground-state density, showing a single localized elec-
tron. !Vg=0.5H!, $0=0.7, and N=30, yielding a length of
0.34 %m."

FIG. 1. !Color online" Two-dimensional ground-state density &
for gate potentials of different shape $all with Vg=0.8 !in units of
H!" and N=31%. Potentials A, B, and C have s=15, 4, and 2, re-
spectively. D is obtained using a Gaussian with an angular width of
1.2 radians. Potential B is used in most of the Rapid
Communication.
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FIG. 3. Electron density as the low-density region is depleted.
Vg !in units of H!" is varied for potential shape B !s=4, N=31";
each curve is shifted vertically by 20 %m−1 with respect to the one
below. For Vg=0.4, 8 electrons are localized. As Vg increases, lo-
calization becomes stronger and a gap forms at the crystal-liquid
boundary—the system is in the Coulomb blockade regime.
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4k̃F= !
r̃s

, r̃s being the effective density in the system. Using
these conventions, the structure factor for several different
numbers of electrons is plotted in Fig. 10.

In addition to the formation of a broad peak in the S!k" at
4kF around N=80, which corresponds to r̃s=2.3, the density
profile n!x"= #$i"!x−xi"% of the electrons also shows a clear
cut sign of the transition. At low densities, the electrons are
distributed in order to minimize the interparticle repulsion.
This leads to N oscillations in the density profile of the wire,
a configuration also called “Wigner molecule,” !Ref. 52"
which corresponds to the 4kF peak in the S!k". When the
density is increased, the number of peaks in the density pro-
file is reduced by a factor of 2, the Pauli exclusion principle
between like spin particles is the only factor that prevents the
electrons form crossing each other. At the same time the 4kF
peak in the S!k" disappears and only a 2kF singularity is
present. The density is plotted in Fig. 11 for half of the wire
as the system is symmetric under inversion around its center.
This plot also suggests a transition near N=80.

Surprisingly, the calculations with the confinement poten-
tial and the infinite wire give very similar structure factors in
the vicinity of the transition, suggesting that the interparticle
correlations are not strongly affected by the external confine-
ment at those densities. At lower densities the peak at 4kF is
much larger for the homogeneous system because of the lim-
ited number of particles in the finite wire. Both the infinite
and finite wires show a transition from a system with 2kF
correlations to a state where correlations have a 2rs period-
icity. The crossover occurs around rs=2.3, which corre-
sponds to the density of 22 #m−1 in a GaAs heterostructure.
This is very close to the density found by Steinberg et al.
!20 #m−1" for the localization transition in wires where one
subband is occupied. However it seems that in the experi-
ment the localization involves only few particles !up to 12 in
the highest density localized state", i.e., only a section of the
wire takes part in the transition. This is an important differ-
ence with respect to our calculations where the transition
takes place throughout the system in a quite homogeneous
way. In our case the fluctuations of the particles around the
Wigner peaks are a combined effect of the broken transla-
tional symmetry induced by the external confining potential
and the strong correlations which causes the particles to repel
each other. A nonhomogeneous behavior is found at the edge
of the wire where the confining potential in Eq. !14" turns
upward. As one can see in Fig. 11, the density variations are
larger near the edge, which can be understood in terms of a
local mean-field description. At the edge of the wire the ef-
fective chemical potential #0−V!x" is smaller, corresponding
locally to a fluid at much lower density.

Apart from these features, we did not find any evidence
for a Wigner correlated patch embedded in a liquidlike sys-
tem, although these seem to be found in the experiments.
Therefore it may be essential to take into account other fac-
tors that can affect the experimental results. For instance, one
of the top metallic gates used to tune the upper wire density
could induce a plateau in the external potential, nucleating a
Wigner region as suggested in Refs. 30 and 53. Notice how-
ever that the densities of our homogeneous system should be
compared with the densities at the plateau, which are experi-
mentally determined.12 On the other hand, the role of disor-
der is not clear. Although in the liquid phase the system is in
a ballistic regime, when the conductance is quantized the
disorder could take over in the localized phase and affect the
charge distribution in the wire. AlAs wires, where the disor-
der is stronger, revealed conductance resonances explained
in terms of Coulomb blockade !CB" physics.54 CB behavior
has also been found in the localized phase of GaAs wires.12

Even if there are features that still need explanation, our
calculations show that the electronic correlation plays a very
important role at the experimental conditions, as the
2kF-to-4kF correlations transition takes place exactly in the
proximity of the critical density for localization found in the
experiment. In addition to this result, which is the main out-
come of the paper, we also determined the charge and spin
velocities by means of the QMC method explained in Sec. II
and the effective J coupling via the WKB approach. We
computed those quantities close to the transition for the ho-
mogeneous wire with rs=1.25 !40 #m−1". The charge veloc-
ity turns out to be v$=2.33vF. The corresponding LL param-
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FIG. 10. !Color online" Static structure factor for a wire as in
Fig. 9, but with finite length. S!k" is plotted for 40, 60, 70, 80, 90,
and 100 electrons. The corresponding effective densities r̃s are re-
ported in the legend. The magnitude of the error bars is comparable
with the point size.
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netic field, the subbands bottoms are pushed up above EF,
which causes further decrease of the filling factor and dimin-
ishing screening efficiency. As a result, the width of the com-
pressible strip decreases until the upper subbands become
completely depopulated and the incompressible strip forms
again in the middle of the wire, see Fig. 5!e". This is accom-
panied by a gradual decrease of the density polarization Pn to
zero. The shrinkage of the compressible strip in the middle
of the wire can be also clearly traced in the evolution of the
current density distribution, shown in the middle panels of
Figs. 5!b"–5!e". It is interesting to note that the compressible
regions are not formed for the outermost edge states corre-
sponding to the lowest subbands N=1 and 2. This is because
that in the field interval under study the extension of the
wave function is larger than the width of the compressible
strip predicted by the Chklovskii et al. theory.2 The onset of
the formation of the compressible strips can be seen in Fig.
5!e" for B=2.5 T. Note that the effect of the formation/
nonformation of the compressible strips in quantum wires
was discussed in detail by Suzuki and Ando for the case of
spinless electrons.12

The described above picture of evolution of the density
polarization qualitatively holds for all other polarization
loops. We stress that in all the loops only two upper, partially
occupied spin-resolved subbands contribute to the spin po-
larization, whereas remaining subbands are fully !and
equally" populated and thus do no contribute to the total spin
polarization. When magnetic field exceeds B=2.6 T, only
two subbands survive in the quantum wire. With further in-
crease of magnetic field the upper !spin-up" subband gradu-
ally depopulates and the density polarization Pn grows lin-
early until it reaches 100% when only the spin-down
subband remains in the wire.

It should be also stressed that within Hartree approxima-
tion two outermost spin-up and spin-down edge states are not
spatially polarized !i.e., they are situated at practically the
same distance from the wire edges, see Fig. 5".

Figures 4!c" and 4!d" show the conductance G! for
spin-up and spin-down states and its relative spin polariza-
tion PG= !G↑−G↓" / !G↑+G↓". The spin polarization PG fol-
lows a similar behavior as the density polarization Pn with
one subtle difference. Namely, the density polarization Pn is
always positive because spin-up states always lie in energy
below the corresponding spin-down states, and, therefore
n↑!y"−n↓!y""0. In contrast, the spin polarization of the cur-
rent, after reaching zero, does not immediately rise as the
magnetic field increases, but, instead, becomes negative be-
fore raising again. Note that this is accompanied by a small
!but noticeable" increase of the total current #at B$1.5 T,
3 T see Fig. 4!c"%. This effect can be traced back to the
self-consistent band structure as explained below. Figure 6
shows a closeup of the upper subbands N=3,4 for the mag-
netic field B=1.5 T, i.e., when the current polarization is
negative. Because the spin-up/down subbands are not flat,
for certain energies E#EF the upper !spin-down" subband
can give rise to several propagating states, whereas the lower
!spin-up" subband corresponds to only one propagating state,
see Fig. 6. According to the Landauer formula !31" all propa-
gating states contribute equally to the total current. Because
of this and due to the fact that the spin-down subband is
situated closer to the Fermi energy, the total current for the
spin-down electrons is larger than the current for the spin-up
ones. This explains the negative spin polarization of the cur-
rent and the increase of the total current at the magnetic
fields just above the subband depopulation. We are not aware
of the discussion of this effect in the current literature. The
available experimental data, see, e.g., Fig. 2 of Ref. 38 show-
ing a nonmonotonic dependence of the conductance of a
quantum wire as a function of magnetic field, are consistent
with the predicted behavior of the total current. Note that this
feature in the conductance also survives within the DFT ap-
proach !see below, Fig. 7".

Figures 4!c" and 4!d" also show the conductance and its
spin polarization calculated according to the Chklovskii et al.

FIG. 5. !Color online" !a" Spatially resolved difference in the electron densities n↑!y"−n↓!y" as a function of B calculated within Hartree
approximation. !b"–!e" The subband structure for the magnetic fields indicated in !a" #see also Fig. 4!b"%. Upper panel: The filling factor $!y"
for spin-up and spin-down electrons. Middle panel: the current density distribution !in arbitrary units" for spin-up and spin-down electrons
calculated according to Eq. !32". Lower panel: magnetosubband structure for spin-up and spin-down electrons !solid and dashed lines
correspondingly". Fat solid and dashed lines indicate the total confining potential, Eq. !10", for, respectively, spin-up and spin-down
electrons. Temperature T=1 K.
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netic field, the subbands bottoms are pushed up above EF,
which causes further decrease of the filling factor and dimin-
ishing screening efficiency. As a result, the width of the com-
pressible strip decreases until the upper subbands become
completely depopulated and the incompressible strip forms
again in the middle of the wire, see Fig. 5!e". This is accom-
panied by a gradual decrease of the density polarization Pn to
zero. The shrinkage of the compressible strip in the middle
of the wire can be also clearly traced in the evolution of the
current density distribution, shown in the middle panels of
Figs. 5!b"–5!e". It is interesting to note that the compressible
regions are not formed for the outermost edge states corre-
sponding to the lowest subbands N=1 and 2. This is because
that in the field interval under study the extension of the
wave function is larger than the width of the compressible
strip predicted by the Chklovskii et al. theory.2 The onset of
the formation of the compressible strips can be seen in Fig.
5!e" for B=2.5 T. Note that the effect of the formation/
nonformation of the compressible strips in quantum wires
was discussed in detail by Suzuki and Ando for the case of
spinless electrons.12

The described above picture of evolution of the density
polarization qualitatively holds for all other polarization
loops. We stress that in all the loops only two upper, partially
occupied spin-resolved subbands contribute to the spin po-
larization, whereas remaining subbands are fully !and
equally" populated and thus do no contribute to the total spin
polarization. When magnetic field exceeds B=2.6 T, only
two subbands survive in the quantum wire. With further in-
crease of magnetic field the upper !spin-up" subband gradu-
ally depopulates and the density polarization Pn grows lin-
early until it reaches 100% when only the spin-down
subband remains in the wire.

It should be also stressed that within Hartree approxima-
tion two outermost spin-up and spin-down edge states are not
spatially polarized !i.e., they are situated at practically the
same distance from the wire edges, see Fig. 5".

Figures 4!c" and 4!d" show the conductance G! for
spin-up and spin-down states and its relative spin polariza-
tion PG= !G↑−G↓" / !G↑+G↓". The spin polarization PG fol-
lows a similar behavior as the density polarization Pn with
one subtle difference. Namely, the density polarization Pn is
always positive because spin-up states always lie in energy
below the corresponding spin-down states, and, therefore
n↑!y"−n↓!y""0. In contrast, the spin polarization of the cur-
rent, after reaching zero, does not immediately rise as the
magnetic field increases, but, instead, becomes negative be-
fore raising again. Note that this is accompanied by a small
!but noticeable" increase of the total current #at B$1.5 T,
3 T see Fig. 4!c"%. This effect can be traced back to the
self-consistent band structure as explained below. Figure 6
shows a closeup of the upper subbands N=3,4 for the mag-
netic field B=1.5 T, i.e., when the current polarization is
negative. Because the spin-up/down subbands are not flat,
for certain energies E#EF the upper !spin-down" subband
can give rise to several propagating states, whereas the lower
!spin-up" subband corresponds to only one propagating state,
see Fig. 6. According to the Landauer formula !31" all propa-
gating states contribute equally to the total current. Because
of this and due to the fact that the spin-down subband is
situated closer to the Fermi energy, the total current for the
spin-down electrons is larger than the current for the spin-up
ones. This explains the negative spin polarization of the cur-
rent and the increase of the total current at the magnetic
fields just above the subband depopulation. We are not aware
of the discussion of this effect in the current literature. The
available experimental data, see, e.g., Fig. 2 of Ref. 38 show-
ing a nonmonotonic dependence of the conductance of a
quantum wire as a function of magnetic field, are consistent
with the predicted behavior of the total current. Note that this
feature in the conductance also survives within the DFT ap-
proach !see below, Fig. 7".

Figures 4!c" and 4!d" also show the conductance and its
spin polarization calculated according to the Chklovskii et al.

FIG. 5. !Color online" !a" Spatially resolved difference in the electron densities n↑!y"−n↓!y" as a function of B calculated within Hartree
approximation. !b"–!e" The subband structure for the magnetic fields indicated in !a" #see also Fig. 4!b"%. Upper panel: The filling factor $!y"
for spin-up and spin-down electrons. Middle panel: the current density distribution !in arbitrary units" for spin-up and spin-down electrons
calculated according to Eq. !32". Lower panel: magnetosubband structure for spin-up and spin-down electrons !solid and dashed lines
correspondingly". Fat solid and dashed lines indicate the total confining potential, Eq. !10", for, respectively, spin-up and spin-down
electrons. Temperature T=1 K.
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La desventaja de Monte Carlo Cuántico variacional es el costo computacional. Si 
queremos tratar un sistema de muchos cuerpos, este costo computacional 
aumenta. 

Dinámica Molecular. 

Este método de simulación ha sido aplicado para describir la dinámica de líquidos. 
Dado el avance en tecnología computacional y algoritmos, el método de Dinámica 
Molecular ha sido aplicada en muchas áreas de la física y la química. Este tipo de 
simulación consiste de soluciones numéricas, paso a paso, de las ecuaciones de 
movimiento, las cuales para un sistema de átomos pueden ser escritas como: 

!!!! = !!     II.1.1.3) 

!! = − !
!!!
℧     II.1.1.4) 

donde !! son las fuerzas actuando sobre los átomos y usualmente son derivadas 
de la energía potencial ℧(!! ) , con !! = (!!, !!,… !!) representando el conjunto 
completo de las 3N coordenadas atómicas, con N en número total de átomos del 
sistema en cuestión. 

Recientemente este tipo de simulación esta siendo aplicada a sistemas 1D del tipo 
canal con una energía potencial de Coulomb apantallado. Por medio de este tipo 
de simulación es posible tratar un sistemas de canales acoplados y  calcular la 
fuerza externa de este en función de la velocidad de las partículas, como se 
muestra en la figura II.1.1.4 [43]. La desventaja de este tipo de simulaciones es el 
costo computacional. 

 

Figura II.1.1.4.- a) velocidad de las partículas en función de la fuerza externa del sistema 
b) para d/a=0.67, con d la distancia entre canales, a la separación entre átomos. b) 
Configuración de los átomos dentro de cada canal [43]. 

 

branches contributing due to the larger effective mass. These
observations are useful to construct the exciton wave func-
tion. From Fig. 2, the confinement energy of the electron is
about 500 meV but for the hole it is only about 150 meV. An
unusual characteristic of these quasi-one-dimensional sys-
tems is that there are multimaxima in the energy spectrum of
the ground state of the hole !i.e., a “camel back” structure".
This nonmonotonic dispersion is due to the interaction be-
tween the light and the heavy hole states.

In Fig. 3, we show the evolution of the valence band
spectrum as a function of the radius of the wire for R=15,
35, and 55 Å. For each spectrum, we plot the content of the
spinor ! component to the corresponding ground state: 0
" P!!kz"=#$#ex

! !$ ,kz"$2d2$"1. In Fig. 3, we can see clearly
the camel back structure that shrinks when the radius of the
wire increases. Second, below R%35 Å, there are only three
maxima but for larger R, we find four local maxima. Our
calculations show also that there are energy crossings at
some finite kz where simultaneously the spin state of the hole
is changing. For example, for R=35 Å, the spin state of the
ground state at kz%0.5 is changing from −1 /2 to +3 /2.
Around kz=0, the main contribution to the ground state is
made by the light component of the wave function:
$+3 /2, %1 /2&. The region of domination of light-hole com-
ponent decreases when the diameter of the wire increases.
Contribution of the spin off band is minimal but increases
with decreasing diameter of the wire.

FIG. 4. !Color online" Free electron absorption spectrum for the
'001( configuration at T=0 K for R=25 Å. Thin vertical dashed
lines indicate energy separation between conduction band states and
valence band states at kz=0.

FIG. 5. !Color online" The same as Fig. 3 but now for a wire
grown along the '111( crystallographic direction.

FIG. 6. !Color online" Free electron absorption spectrum for the
'111( configuration at T=0 K and R=25 Å. Vertical lines indicate
the energy separation between the conduction and the valence band
state at kz=0.

P. REDLIŃSKI AND F. M. PEETERS PHYSICAL REVIEW B 77, 075329 !2008"

075329-4

In Fig. 4, we show the optical absorption spectrum for a
R=25 Å nanowire. Vertical lines indicate transition energies
between conduction and valence bands at kz=0. Absorption
spectrum indicates quasi-one-dimensional behavior with ab-
sorption intensity I!!"E−Eif# /$E−Eif. We see that not all
“main” transitions produce peaks as a consequence of selec-
tion rules "forbidden transitions#. Our results indicate also
that the lower energy absorption peak is larger in magnitude
in the " polarization than in # polarization. Second, we ex-
pect that in the " polarization, the higher energy peak ap-
pears roughly 200 meV above the first one. The higher en-
ergy peak has a larger intensity due to selection rules.

2. [111] orientation

We used our numerical procedure to investigate the elec-
tronic properties of a nanowire grown along the %111& crys-
tallographic direction in order to investigate the dependence
on the growth direction. Electron spectrum and electron
wave functions are identical to the %001& configuration and
will not be discussed.

In Fig. 5, we show the dispersion and the distribution of
the spinor components of the wave function of the hole. As

compared to the results of the %001& configuration "cf. Fig.
3#, there are several differences between the characteristics
of both nanowires. First, for the %111& case, there is a mini-
gap at the $ point between the two highest lying states. In
Fig. 5, this is not clearly seen but it is seen in the absorption
spectrum "see Fig. 6#. A minigap is decreasing function of R;
for R=15 Å, it is about 16 meV, but for R=50 Å, it is less
than 1 meV. Second, the distribution of the spinor compo-
nents is different as compared to the %001& case, but around
kz=0, the dominant contribution to the ground state comes
from the light-hole subband.

In Fig. 6, we show the absorption spectrum for a R
=25 Å, nanowire in the %111& configuration. We performed
calculations for two polarizations of light. In # and " polar-
izations, above 650 meV, there are two peaks which indicate
a minigap in the spectrum at the $ point. Due to selection
rules, our results indicate that absorption is larger in " po-
larization than in # polarization. Additionally, second stron-
ger peak appears in the # polarization at higher energy
"200 meV#.

B. Quasi-one-dimensional exciton

Now, we present calculations of exciton states including
the dielectric mismatch contribution to the interaction be-
tween the charged particles. As was shown previously, this
effect greatly increases the Coulomb interaction.11,23

Top panel of Fig. 7 shows the ground state photolumines-
cence "PL# energy in the %001& "line with solid squares# and
%111& "line with open circles# configurations as a function of
radius R. PL energy includes confinement energies as well as
self-energies of the electron and the hole. Dashed line indi-
cates the energy gap of the bulk material. We found that in
the range of R=1–6 nm, the PL energy is well approximated
by 'R−p with p!1.8 for both orientations of the crystal.

The PL energy in both configurations is not the same. To
explain this difference "E%001&−E%111&#, we calculated the “ef-
fective masses” coming from the diagonal components in the
KL. Table I gives the numerical values of these “masses.”

TABLE I. Numerical values of the effective masses in the di-
rection of the wire "subscript 3# and in the plane of the wire "sub-
script (# for the %001& and the %111& orientations. The following
Luttinger parameters for the bulk GaAs semiconductor were used:
%1=7.65, %2=2.41, and %3=3.28. We give also the numerical value
of the reduced mass & of the quasi-one-dimensional exciton.
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FIG. 7. "Color online# "a# Exciton PL transition energies E%001&
"solid squares and solid up triangles# and E%111& "opened circles and
open down triangles# as a function of radius R. Results for bare
Coulomb potential are marked with solid up and open down tri-
angles. Results with Coulomb potential plus dielectric mismatch are
marked with solid squares and open circles. Dashed line indicates
energy gap of bulk GaAs crystal assumed to be EG=1430 meV. "b#
The energy difference )E in the transition energy resulting from the
dielectric mismatch effect only. Growth direction does not influence
this difference and )E'R−1 is almost the same for the %001& and
%111& growth directions. "c# The difference E%001&−E%111& in the case
when only the bare Coulomb potential is taken into account "open
circles# and when additionally the dielectric mismatch is included
"solid squares#. E%001&−E%111& is well approximated by the depen-
dance 'R−2.2.
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I. INTRODUCTION

Growing interest in nanosized crystalline semiconductor
structures in conjunction with novel growth mechanisms
such as the vapor-liquid-solid1 technique !VLS" or the mo-
lecular beam epitaxy technique2 have allowed the synthesis
of high-quality nanowires and nanorods of almost every
group of semiconductors, including group IV semiconduc-
tors #Si !Ref. 3" and Ge$ as well as III-V and II-VI com-
pounds #InAs,4 GaAs,5,6 InP,7 and CdSe !Ref. 8"$. The radius
of these nanowires typically ranges from one to a few tens of
nanometers, but their length can easily exceed micrometers.
Zinc-blende and diamondlike free-standing nanowires men-
tioned above usually grow along the #001$, #110$, or #111$
crystallographic directions depending on the size of the
nanowire and the growth conditions. The energy dispersion
also depends on the size, shape, and environment of the
nanowires. It turns out that the VLS growth technique is very
flexible allowing for growth of, e.g., superlattice structures9

and core-shell structures.10 In a core-shell nanostructure, one
or more shells surround the core material usually with a
smaller band gap material. Most VLS nanowires exhibit a
large dielectric mismatch with their surroundings resulting in
a large correction to the bare Coulomb interaction and there-
fore this dielectric mismatch effect is very important in the
study of their optical properties as was shown previously.11

Quantum wires are under active investigation because de-
vices based on them offer important opportunities as building
blocks for the next generation of electronic and opto-
electronic devices. Nanowires are excellent laboratory sys-
tems for probing one-dimensional physics with plenty of op-
portunities both for experimentalists and theoreticians.12

Quantum wire structures have density of states features,
which are very useful for laser13 applications with possibility
of smaller current threshold density than in lasers produced
from higher dimensional structures. Furthermore, nanowires
are building components for other nanoscale devices
such as photodetectors,14 light-emitting diodes, field-effect
transistors,15 etc. A wide range of interesting transport and
optical properties are already unveiled, such as, e.g., strong
luminescence polarization7 and clean Coulomb blockade fea-
tures at low temperature.

In this paper, we investigate the electronic properties of
free-standing nanowires using the k ·p approach. Our model
system is an infinitely long free-standing wire of cylindrical
cross section !see Fig. 1". In this scheme, we study quasi-
one-dimensional states, states which are quantized in the lat-
eral direction and propagating along the wire. There are also
two-dimensional surface states which are completely ne-
glected in this paper but we refer the reader, for example, to
Ref. 16. The effect of the growth direction on the electronic
properties will be investigated and therefore we consider two
cases: in the first case, the nanowire is grown along the #001$
crystallographic direction and in the second case, it is grown
along the #111$ direction. As an example, we present numeri-
cal results for GaAs nanowires for which in bulk we have
the two characteristic scales: the bulk Bohr radius aB
%11.5 nm and the effective three-dimensional Rydberg en-
ergy ERy

* %5.0 meV. We will study the regime of a thin nano-
wire with diameter D=2–12 nm, so D!aB. It implies that
quantum confinement effects are very important as will be
shown directly by our results.

The paper is organized as follows. In the next section, we
describe our theoretical model. In Sec. III, we present results
for the one-particle states with emphasis on quantum con-
finement effects. The one-particle subband structure is a key
to the understanding of charge transport in a nanowire. Sub-
sequently, excitonic states are studied where we include the

FIG. 1. !a" fcc lattice of zinc blende with crystallographic axes
#100$, #010$, and #001$. !b" Natural system of coordinates
!e!1 ,e!2 ,e!3" for a cylindrical wire with radius R. "a and "b are dielec-
tric constants inside and outside the nanowire, respectively. For a
typical free-standing wire, there is a large dielectric mismatch, i.e.,
"a#"b.

PHYSICAL REVIEW B 77, 075329 !2008"

1098-0121/2008/77!7"/075329!6" ©2008 The American Physical Society075329-1

a)	
a)	 b)	 c)	

previous case, as shown in Fig. 8 for x=0.3. And again we
see a maximum in the light-hole distribution and a minimum
in the heavy-hole distribution when GaAs is in the core, and
a minimum in the light-hole distribution and a maximum in
the heavy-hole distribution when AlxGa1−xAs is in the core.

C. Optical absorption

Now that we have seen that the structure of the top of the
valence band can change drastically in a core-shell nanowire
in comparison to a single material wire, we will investigate
its effect on the absorption spectrum. Again all shown results
are for nanowires with a radius of R=10 nm.

The onset of the absorption peak is given by the energy
difference !E=Ec−Ev, where Ec is the lowest energy of the
conduction band, Ev is the highest valence-band energy !note
that Eg, the band gap of GaAs, is not included". This energy
difference induced by quantum confinement is shown in Fig.
9!a" for GaAs in the core and in Fig. 9!b" for AlxGa1−xAs in
the core for different Al concentrations, as function of the
radius of the core Rc. As AlxGa1−xAs has a larger band gap
than GaAs, this onset undergoes a blueshift when more Al is
present in the wire.

It is now of interest to investigate the influence of the
presence of a camelback structure on the absorption spec-
trum. Figures 10 and 11 show the evolution of the absorption
spectra as function of the core radii, for nanowires with a
radius of R=10 nm. Figure 10 shows the results for wires
with a GaAs core while Fig. 11 shows the results for an
AlxGa1−xAs core. The Al concentration is fixed to 0.4. Note

that peaks are present for lower energies near the onset of the
absorption spectra in Figs. 10!a", 10!e", and 10!f" and Figs.
11!a" and 11!f". These are due to the camelback structure of
the top valence band. The camelback structure causes the
conduction band and the valence band to be equidistant
around kz=0, leading to a peak in the absorption spectrum. In
case of Fig. 10!d" the large peak is due to the camelback
structure in the second excited state #see Fig. 7!c"$.

It is also interesting to look at the effect of the radius of
the wire on these absorption spectra, as shown in Figs.
12–14. For thin wires the confinement effect is clearly visible
as the different absorption peaks are clearly observable while
in thicker wires the different peaks are not distinguishable

FIG. 8. !Color online" Valence band structure of
Al0.3Ga0.7As /GaAs nanowires with !a" Rc=0 nm, !b" Rc=2 nm,
!c" Rc=6 nm, !d" Rc=10 nm, and !e" light-hole and !f" heavy-hole
distributions of the top valence band with R=10 nm.

FIG. 9. !Color online" Quantum confinement induced energy
shift !E=Ec−Ev in the electron !Ec" and hole !Ev" ground state for
!a" GaAs /AlxGa1−xAs and !b" AlxGa1−xAs /GaAs nanowires with
R=10 nm in #001$ growth direction for different x values.

FIG. 10. !Color online" Absorption intensity !arbitrary units" for
GaAs /Al0.4Ga0.6As nanowire with !a" Rc=0 nm, !b" Rc=2 nm, !c"
Rc=4 nm, !d" Rc=6 nm, !e" Rc=8 nm, and !f" Rc=10 nm and R
=10 nm in #001$ growth direction with 6"6 KL.
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I. INTRODUCTION

Nanowires posses the unique property of one dimensional
quantum confinement and have emerged as promising struc-
tures in applications for future electronics and photonics.
With the advent of new growth techniques such as the
vapor-liquid-solid1 technique and molecular-beam epitaxy2

techniques, nanowires can be synthesized with different ma-
terials, different shapes and sizes. Using these techniques
nanowires of group IV semiconductors #Si !Refs. 3 and 4"
and Ge !Ref. 5"$ and semiconducting compounds of groups
III-V and II-VI #InAs,6 GaAs,7,8 and CdSe !Ref. 9"$ have
been synthesized. Due to the high dielectric mismatch be-
tween the nanowire and its surroundings, optical confine-
ment can be achieved and hence nanowires can form impor-
tant lasing devices.10 The one-dimensional quantum
confinement can be used for future information storage and
processing.11 Typically, these nanowires have either a zinc-
blende or diamondlike structure and can be grown in #001$,
#110$, or #111$ crystallographic directions which depend on
the material, the substrate and also the growth technique
used. This has been confirmed by direct imaging of the
atomic structure of nanowires.12

Free-standing nanowires can be grown as either single
material,13 core-shell, or multishell14,15 nanowires. The core-
shell structures have a core, surrounded by one or more
shells of different materials. Core-shell nanowires have been
proposed for photovoltaic devices16 with p-doped core and
n-doped shell acting as a p-n junction. Also such p-n junc-
tions formed in core-shell structures can be used to build
nanolight-emitting diodes.17 Building of nanowire lasers
with core-shell structures operating in the near-infrared spec-
tral region has been achieved.18 Nanoscale devices like
photodetectors19 and field effect transistors20 have gathered a
lot of attention in the recent past. In all these devices the
knowledge of their electronic structure is essential to under-
stand their device operation.

Electronic properties of core-shell structures have been
studied by various authors.21,22 It has been claimed that for
core-shell nanowires composed of lattice-matched materials
!e.g., GaAs and AlAs", the electronic structure is trivial.23

However, in this paper we show that the electronic structure
of unstrained core-shell wires can differ significantly from
the corresponding single material wires.

In this paper, we consider an infinitely long cylindrical
core-shell nanowire as schematically shown in Fig. 1 and
study its electronic properties using the multiband k ·p
method. We consider wires grown in the #001$ direction con-
sisting of GaAs and AlxGa1−xAs, taking one material as the
core and the other as the shell material. Here we consider
very thin nanowires of diameter d=2–12 nm. As in GaAs
the Bohr radius is aB%11.5 nm and the effective Rydberg
energy ERy %5.0 meV, quantum confinement effects are
very important in these thin nanowires.

This paper is organized as follows. In the next section we
give the theoretical description of our model. In Sec. III we
present our results for the single-particle states, starting with
a discussion of GaAs and how spin-orbit interaction modifies
the valence band-energy dispersion, spinor distribution, and
density. This is followed by results on AlxGa1−xAs free-
standing nanowires. And finally we present our results for
the core-shell nanowire with GaAs as core and AlxGa1−xAs
as shell and vice versa. Our results are summarized in Sec.
IV.

II. THEORY

The k ·p method is applicable for direct-wide gap semi-
conductors !e.g., GaAs, CdTe, etc.". In the k ·p method the
Hamiltonian is expanded around kz=0. The k ·p method is
used in various models like Kane’s model !which includes
spin-orbit interaction" and Pikus-Bir Hamiltonian !which in-
cludes strain".24,25

In this paper for the conduction band we consider a para-
bolic energy spectrum with effective mass m!. The disper-
sion of the conduction band is given by

RR
RcRc

xx

zz

yy

(a)(a) (b)(b)

FIG. 1. !Color online" !a" Cylindrical core-shell nanowire and
!b" radial band alignment in a GaAs/AlGaAs heterostructure.
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Nanowires posses the unique property of one dimensional
quantum confinement and have emerged as promising struc-
tures in applications for future electronics and photonics.
With the advent of new growth techniques such as the
vapor-liquid-solid1 technique and molecular-beam epitaxy2

techniques, nanowires can be synthesized with different ma-
terials, different shapes and sizes. Using these techniques
nanowires of group IV semiconductors #Si !Refs. 3 and 4"
and Ge !Ref. 5"$ and semiconducting compounds of groups
III-V and II-VI #InAs,6 GaAs,7,8 and CdSe !Ref. 9"$ have
been synthesized. Due to the high dielectric mismatch be-
tween the nanowire and its surroundings, optical confine-
ment can be achieved and hence nanowires can form impor-
tant lasing devices.10 The one-dimensional quantum
confinement can be used for future information storage and
processing.11 Typically, these nanowires have either a zinc-
blende or diamondlike structure and can be grown in #001$,
#110$, or #111$ crystallographic directions which depend on
the material, the substrate and also the growth technique
used. This has been confirmed by direct imaging of the
atomic structure of nanowires.12

Free-standing nanowires can be grown as either single
material,13 core-shell, or multishell14,15 nanowires. The core-
shell structures have a core, surrounded by one or more
shells of different materials. Core-shell nanowires have been
proposed for photovoltaic devices16 with p-doped core and
n-doped shell acting as a p-n junction. Also such p-n junc-
tions formed in core-shell structures can be used to build
nanolight-emitting diodes.17 Building of nanowire lasers
with core-shell structures operating in the near-infrared spec-
tral region has been achieved.18 Nanoscale devices like
photodetectors19 and field effect transistors20 have gathered a
lot of attention in the recent past. In all these devices the
knowledge of their electronic structure is essential to under-
stand their device operation.

Electronic properties of core-shell structures have been
studied by various authors.21,22 It has been claimed that for
core-shell nanowires composed of lattice-matched materials
!e.g., GaAs and AlAs", the electronic structure is trivial.23

However, in this paper we show that the electronic structure
of unstrained core-shell wires can differ significantly from
the corresponding single material wires.

In this paper, we consider an infinitely long cylindrical
core-shell nanowire as schematically shown in Fig. 1 and
study its electronic properties using the multiband k ·p
method. We consider wires grown in the #001$ direction con-
sisting of GaAs and AlxGa1−xAs, taking one material as the
core and the other as the shell material. Here we consider
very thin nanowires of diameter d=2–12 nm. As in GaAs
the Bohr radius is aB%11.5 nm and the effective Rydberg
energy ERy %5.0 meV, quantum confinement effects are
very important in these thin nanowires.

This paper is organized as follows. In the next section we
give the theoretical description of our model. In Sec. III we
present our results for the single-particle states, starting with
a discussion of GaAs and how spin-orbit interaction modifies
the valence band-energy dispersion, spinor distribution, and
density. This is followed by results on AlxGa1−xAs free-
standing nanowires. And finally we present our results for
the core-shell nanowire with GaAs as core and AlxGa1−xAs
as shell and vice versa. Our results are summarized in Sec.
IV.

II. THEORY

The k ·p method is applicable for direct-wide gap semi-
conductors !e.g., GaAs, CdTe, etc.". In the k ·p method the
Hamiltonian is expanded around kz=0. The k ·p method is
used in various models like Kane’s model !which includes
spin-orbit interaction" and Pikus-Bir Hamiltonian !which in-
cludes strain".24,25

In this paper for the conduction band we consider a para-
bolic energy spectrum with effective mass m!. The disper-
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thermal distribution functions, using the fact that the in-
teracting theory is integrable. In Sec. V, we derive an ex-
act (Boltzmann) equation for the current in terms of the S
matrix and the distribution functions. This gives us equa-
tions for the exact conductance. These can easily be
solved numerically, and we present curves for a variety of
values. At zero temperature, the equations simplify and
we present more explicit analytic results in Sec. VI ~ This
enables us to derive an exact duality between strong and
weak backscattering limits, out of equilibrium.

0.15
II. FRACTIONAL QUANTUM HALL EFFECT

0.1

0.05

In (Ts/V)

FIG. 1. The nonequilibrium differential conductance as a
function of ln(T&/V), for various values of V/T. Notice that
the curve develops a peak when V/T&7. 18868, and that the
T~O limit is smooth.

purity with a momentum-dependent one-particle scatter-
ing matrix S of transmission and reAection amplitudes.
These amplitudes can be determined exactly by imposing
the constraints of integrability, including the boundary
Yang-Baxter equation and the boundary-crossing rela-
tion. Furthermore, the quasiparticles are characterized
by a thermal distribution function, which can be calculat-
ed exactly using the thermodynamic Bethe ansatz. ' '"
This special behavior is a consequence of integrability,
and it allows us to derive an exact rate (Boltzmann) equa-
tion for the conductance in this interacting theory.
We should note that many of these results have been

checked by using a completely different method of com-
putation. Instead of the nonperturbative methods to be
described below, one can study the model perturbatively
in the interaction strength Tz. Closed-form results for all
the perturbative coefIicients of the free energy have been
found; a simple technical assumption then also leads to
closed-form expressions for all the perturbative
coefficients of the conductance, even at finite V. ' There
is complete qualitative and quantitative agreement be-
tween the two approaches.
The outline of this paper is as follows: In Sec. II, we

discuss how this system is realized in experiments on res-
onant tunneling through point contacts in fractional
quantum Hall devices. In Sec. III, we map the problem
into two decoupled theories, one of which is affected by
the backscattering interaction, and another one which is
not. In Sec. IV, we find the exact quasiparticle spectrum,
exact S matrices for quasiparticles scattering among
themselves and off of the boundary, and the exact

A. Experimental setting for resonant tunneling

Experiments on resonant tunneling between two
v= 1/3 edges have recently been performed by Milliken,
Umbach, and Webb. We briefly review the experimental
setup schematically. (For details see Refs. 2 and 6.) A
fractional quantum Hall state with filling fraction v= 1/3
is prepared in the bulk of a quantum Hall bar (discussed
in Sec. I). This means that the bulk quantum Hall state is
prepared in a Hall insulator state (longitudinal conduc-
tivity cr =0), and that the (bulk) Hall resistivity is on
the v= 1/3 plateau, where cr =(1/3)e /h. This is
achieved by adjusting the applied magnetic field, perpen-
dicular to the plane of the bar. Since the plateau is
broad, the applied magnetic field can be varied over a
significant range without e5'ecting the filling of v= 1/3.
Next, a gate voltage V is applied perpendicular to the
long side of the bar, i.e., in the y direction (see Sec. I) at
x =0. This has the effect of bringing the right- and left-
moving edges close to each other near x =0, forming a
point contact. Away from the contact there is no back-
scattering (i.e., no tunneling of charge carriers) because
the edges are widely separated, but now charge carriers
can hop from one edge to the other at the point contact.
The linear-response source-drain conductance as a

function of temperature and gate voltage V has been
measured experimentally. As the gate voltage is swept
through, the conductance signal shows a number of reso-
nance peaks, which sharpen as the temperature is
lowered. These resonance peaks occur for particular
values V = V* of the gate voltage, due to tunneling
through localized states in the vicinity of the point con-
tact. Ideally, on resonance, the source-drain conductance
is equal to the Hall conductance without point contact,
i.e., G„„„,„„=(1/3)e /h. This value is independent of
temperature, on resonance. Now, measuring the linear-
response conductance as a function of the gate voltage
near the resonance, i.e, . as a function of 5V —= V~

—Vg', at
a number of different temperatures T, one gets resonance
curves, one for each temperature. These peak at 5Vg =0.
Scaling arguments imply that those experimental con-
ductance curves should collapse onto a single universal
curve when plotted as a function of 5V /T . Indeed

2 g
they do collapse quite well. Moreover, the resulting
universal curve should be a unique signature and finger-
print of the v=1/3 edge state in the leads connected to
the point contact.
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B. Comparison of the linear-response resonance line shape
with our exact Luttinger model predictions

To make contact with the Luttinger model, we state (as
will be explained below in more detail) that the experi-
mental parameter 5 V~ should be related to the Luttinger
backscattering interaction by 5V ~ Tz . In particular,
at the resonance value Tz =0, there is no backscattering
at all.
We have compared' our exact predictions for the

linear-response conductance scaling curve with the exper-
imental data as well as Monte Carlo calculations in Ref.
6. The agreement between the Monte Carlo simulation
and our exact scaling curve is excellent. The exact value
of the universal parameter K [defined so that
G(X)=KX for X large and G(X)=(1—X )/3 for X
small] is K=3.3546 [where X=0.74313(Tii/T) ~ ].
(The value K=2.6 quoted in Ref. 6 seems to have been
slightly underestimated there. )
The comparison with the existing experiments by Mil-

liken et aI. is not completely straightforward, since the
conductance at the resonance peak in the experimental
data decreases with temperature and is well below its res-
onance value e /3h. This diSculty arises since in order
to achieve the resonance condition in the Luttinger mod-
el, two parameters need to be tuned, since the point con-
tact will, in general, not possess reAection-parity symme-
try about the point x=O. ' In the experiments per-
formed so far, only one parameter, namely, V, has been
tuned. For that reason, the conductance peaks do not
have their maximum height G„„„,„„=(1/3)e /h, but
are smaller; furthermore, the peak height does decrease
with temperature, rejecting the fact that the experimen-
tal peak is not a perfect resonance. This problem can be
remedied in a future experiment, by varying two parame-
ters, namely, V and the magnetic field on the plateau, in-
stead of only one parameter, to achieve resonance. Nev-
ertheless, even when only the gate voltage is tuned to res-
onance, the experimental data for the conductance signal
as a function of the gate voltage and temperature collapse
well onto single scaling curve. Thus, it makes sense to
compare this experimental curve with our exact conduc-
tance curve, computed from the Luttinger model. The
agreement is quite good, given the large scatter of the
data in the tail of the resonance curve. In particular, the
data clearly show the predicted G ~ T /( Vg —V )
behavior in the tail.

0.4
Broadening of Conductance

I I I

0.35

0.3

0.25
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one could attempt to measure the conductance at finite
driving voltage V. Note that our exact results predict the
shape of the universal scaling function

G(T~/T, V/T), TIi =C(5V )3i2,

as a function of two ratios. The nonuniversal parameter
C is determined by fitting the experimental data to the
universal curve; this is the only unknown quantity. The
linear-response conductance is the limit of this function
as V~O, where it becomes a function only of one ratio
Tz!T. Note that the conductance at finite driving volt-
age V also describes a resonance line shape. A particular-
ly interesting feature of the conductance at finite driving
voltage V is seen in Fig. 1. The conductance as a func-
tion of Tz ~(5V ) ~ develops a pronounced peak when
the ratio of driving voltage to temperature eV/k&T
exceeds a critical value 7. 188. . . . For a typical low tem-
perature T=50 mK used in the data of Ref. 2, this would
correspond (10k&K= 1 meV or 5 pV / 50 mK = 1) to a
driving voltage of V*=35 pV. The current data were
taken at an "excitation voltage" of 1 pV, which corre-
sponds to a ratio eV/kz T=0.2. We have plotted the ex-
act results for the aforementioned scaling functions in
Figs. 1 and 2. One sees clearly from these plots that
eV/AT =0.2 corresponds to the linear-response regime.
Perhaps the most significant feature displayed in Fig. 2 is
a very dramatic nonequilibrium broadening of the reso-
nance curve for values of the ratio V/T even well below
the occurrence of the maximum. In terms of numbers,
the curve broadens by a dramatic amount already at
eV/kz T=2 or 3, well before the onset of the maximum
(at eV/k& T=7. 188). This broadening should be easily
visible experimentally, since it would correspond to an

0.1 5

C. Predictions for future nonequilibrium
transport measurements

0.1

In principle, there is no reason why the above men-
tioned measurements could not be extended to finite driv-
ing voltage V. (One should not confuse the driving volt-
age V, which is the difference between the chemical po-
tentials between the injected left- and right-moving
charge carriers, with the gate voltage Vg, which gives rise
to the coupling constant T~ in the Luttinger liquid
theory. ) So far, only the linear-response conductance
G =limz OI( V)/V has been measured. More generally,

0.05

0 05 1.5 2 2.5 3 3.5
TB/T

FIG. 2. The nonequilibrium differential conductance as a
function of T~zT for various values of V/T. The curve
broadens substantially as V/T is increased, even before develop-
ing a peak.
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FIG. 1. Wave function (radial part) vs wire radius for the two
lowest subbands. The solid lines represent the exact results, see
Eq. (3). The dashed lines represent the analytical results, see
Eq. (8). The dotted lines represent the approximation used in
Refs. 7 and 8.

C =0.577 is Euler's constant.
V]]'(q, R) versus qRo is shown in Fig. 2 for R =0. The

solid line in Fig. 2(a) is the exact result according to Eqs.
(3a) and (6). The dashed line is the analytical result ac-
cording to Eq. (9a). The dotted line is the analytical re-
sult of Fishman; however, see Ref. 19. It is clearly seen
that our analytical result is in very good agreement with
the numerical result. The solid lines in Fig. 2(b) show the
analytical result according to Eq. (9a) for various values
of R. With increasing distance of the impurities from the
center of the wire, the electron-impurity interaction po-
tential decreases.
In Figs. 3(a) and 3(b) we show V]z' ( q, R ) and

V22'(q, R), respectively, versus qRp for various values of
R. The solid lines are the numerical results according to
Eqs. (3) and (6). The dashed lines are the analytical re-
sults according to Eqs. (9). Again, we find very good
agreement between the numerical results and our analyti-
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0.1 1

qRo

FIG. 2. Electron-impurity interaction potential V;,' vs wave
number (a) For R =0. The solid, dashed, and dotted lines corre-
spond to Eq. (6) (exact result), Eq. (9a) (analytical result), and
the analytical result of Ref. 7, respectively. (b) For R =0, Ro,
and 2RO. The solid lines represent the analytical result, see Eq.
(9 ).

C. The electron-electron interaction potential

With Eqs. (8) the results for the electron-electron in-
teraction potential, see Eq. (7), can be given in analytical
form. We get

cal calculations. We mention that V', ]'(q, R) and
Vzz'(q, R) have the characteristic logarithmic singularity
In(qRo/2) for qRo (&1; however, this is not the case for
V']z'(q, R). V']z'(q, R=0) is zero and is not shown in Fig.
3(a), see Eq. (10b).
In the following subsections we will use the analytical

results for the calculation of the binding energy of shal-
low impurity states and the mobility.

e 1
~1111(q)=»

eL (qRp)
2 32 64+ — I3(qR p)K3(qRp)

3(qRp) 3(qRp) (qRp)
(1 la)

e 1
V]]$2(q) =288

eL(qRo)
1 8

15(qRp) 3(qRp)
64 6

K3(qRp) I3(qRp) — I4(qRp)
(qRp ) qRO

(1 lb)

e2
V;;„(q)=576

ei (qRp)
4 8 64+ I4(qR o )K4(qR o )15(qRp) (qR p) (qRp)

(1 lc)

and
2 1

V22'z2(q) = 1152
el (qRo)

1 64 96
15(qRp) 15(qRp) (qR p)

64 I3(qRp)—
(qRp)

6 6I4 (qR p ) K, (qR, ) + K4 ( qR p )
qRO qRO

(1 ld)

Asymptotic results are expressed as
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FIG. 1. Image of the sample geometry. The locations of the three
channels are indicated by dotted lines. Black dots are particles within
the channels. The arrow denotes the driving force that is applied only
to particles within the top channel, termed the primary channel p. The
bottom undriven channels are the secondary channels s1 and s2. The
ratio of the number of particles in each channel is Rs1,p = Ns1/Np

and Rs2,p = Ns2/Np , where Ns1 and Ns2 are the number of particles
in the secondary channels and Np = 16 is the number of particles in
the primary channel. The spacing between channels d is marked in
panel (a). (a) Two channels with Rs1,p = 1.0. (b) Two channels with
Rs1,p = 0.5. (c) Three channels with Rs1,p = 1.0 and Rs2,p = 1.0.
(d) Three channels with Rs1,p = 1.0 and Rs2,p = 1.5.

to the substrate or the effective pinning of the particles by the
substrate is strongly enhanced when the ratio of the number of
particles to the number of substrate minima is an integer or a
rational fraction, as indicated by the appearance of peaks in the
critical depinning force or enhanced ordering of the particles at
the commensurate fillings. In our system, for the two-channel
geometry illustrated in Fig. 1, the particles in the secondary
channel can be regarded as a distortable or moveable periodic
pinning substrate for the particles in the primary channel,
suggesting that enhanced drag or coupling could occur when
the ratio of the number of particles in each channel is an
integer or a rational fraction. The deformability of the substrate
makes our proposed model distinct from Frenkel-Kontrova
systems. Additionally, driven 1D and 2D commensurate-
incommensurate systems often exhibit numerous dynamic
behaviors within the incommensurate regimes, such as when
localized vacancies or interstitials form soliton-like excitations
which move more easily than the particles over the substrate
[40,41]. This suggests that similar phases may be possible in
the coupled-channels drag system we propose here, and we
show that such phases do appear. We also show that when we
make the system more complex by adding a third channel, a
remarkable variety of commensuration effects and dynamic
regimes occur, such as multiple decoupling, recoupling, and
slip transitions, all of which produce pronounced changes in
the velocity response. It is even possible to realize negative

drag effects where the particles in one of the channels move in
the direction opposite to that of the applied drive.

The coupled-channels system we propose could be realized
in colloidal systems. The number of colloids in the different
channels can be controlled readily by optical manipulation and
the colloids in one channel could be driven with an external
field, optically, or using microfluidics. Another possible
realization of this system is in nanowires where 1D Wigner
crystallization of the electrons has occurred; in this case, by
altering the electron density, the particle lattice spacing in one
wire could be varied with respect to that in an adjacent wire.
Realizing such a system could have important implications
for the study of 1D Wigner crystals since the appearance of
commensuration effects would be strong evidence that Wigner
crystal states are forming. In superconducting systems, the
density of magnetic vortices is fixed by the externally applied
magnetic field, so it would be difficult to create 1D channels
that contain different linear densities of vortices; however,
in certain layered systems an additional transverse magnetic
field can be applied to create a second Josephson vortex
lattice which can interact with the pancake vortices in the
planes [42–44]. It has already been shown that using this
technique it is possible to drive only one of the vortex species
and induce a drag on the other vortex species [43,44]. It should
be possible to study fractional commensurate states in such
a vortex system by examining how the drag effect changes
when the ratio of the number of one type of vortices to the
other is varied. A realization of three or more channels with
varied numbers of particles in each channel should again be
possible using colloidal systems or metallic wires. Further, a
superconducting or nanowire system could be used in which
each layer or channel has the same number of particles but
differing amounts of quenched disorder. We note that there are
previous studies of colloidal particles in 2D bilayers [45] where
the particles in the layers are driven in opposite directions;
however, these studies focused on an oscillatory order-disorder
transition, not on the effects of commensuration on decoupling
or the dynamic phases that we consider here for the case of 1D
coupled channels.

The paper is organized as follows: In Sec. II, we describe
our simulation method and sample geometry. We consider
two channels of particles in Sec. III and illustrate a drive-
induced decoupling transition for commensurate channels in
Sec. III A. In Sec. III B we describe the two-step decou-
pling transition that occurs for incommensurate channels that
contain vacancy or interstitial sites that can act like a second
species of particle. The effects of finite temperature and finite
size appear in Sec. III C. Section III D shows that the nonlinear
response of the system can be exploited to create a ratchet
effect, where ac motion in the driven channel induces dc
transport in the drag channel. In Sec. IV we turn to samples
with three channels. We show in Sec. IVA that when the
driven channel is commensurate with the neighboring drag
channel, four different types of coupled and decoupled flow can
occur as the occupancy of the second drag channel is varied,
including regimes of intermittent coupling. In Sec. IV B, the
driven channel is incommensurate with the neighboring drag
channel and we find a complex series of coupling-decoupling
transitions that produce a significant amount of structure in
the velocity-force curves. In Sec. IV C, we consider in detail
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FIG. 5. The force Fc at the transition from the locked to unlocked
phase vs. Rs1,p in two-channel samples with different values of a.
(a) At d/a = 0.44, commensuration peaks occur at Rs1,p = 1.0,
2.0, and 3.0. Fractional peaks and anomalies appear at Rs1,p = 0.5,
1.5, and 2.5. (b) At d/a = 0.67, there are commensuration peaks
at Rs1,p = 0.5, 1.0, 1.5, and 2.0. (c) At d/a = 1.0, the strongest
commensuration peaks appear at Rs1,p = 1 and 0.5.

Figure 5(b) also has clear peaks in Fc at Rs1,p = 2.0, 1.5, and
0.5, while above Rs1,p = 2.0 within our resolution there are
no peaks or regions where the system is locked. In the regions
with Fc = 0 where the locked phase is absent, the second
decoupling transition still appears at higher drives and can be
detected as the point at which Vs1 changes from increasing to
decreasing with increasing FD . For higher particle densities
and fixed d, the commensurability effects still persist as
shown in Fig. 5(c) for d/a = 1.0. Here, peaks in Fc occur
at Rs1,p = 0.5, 1.0, and 2.0.

The appearance of the commensuration effects at integer
and fractional fillings suggests that this system exhibits
the same behavior found for the depinning of repulsively
interacting particles on a 1D fixed periodic potential; however,
there are several differences between the two systems. For
particles on a fixed periodic potential, the depinning force Fc

at fields where the particle-particle interactions cancel due to
symmetry equals the maximum value of the pinning force Fp

so Fc = Fp at fillings 1/12, 1/8, 1/6, 1/4, 1/2, and 1.0. For
the drag system shown in Fig. 5, this does not occur and there
is even a trend for Fc to increase at the lowest fillings. This is
because the substrate potential created by the particles in p is
not fixed but can distort since the particles in either channel can
shift. At Rs1,p = 1.0, the periodic potential is fairly rigid due
to the matching of the particle positions in p and s1, and any
distortion of the particles in p is energetically unfavorable.
In contrast, at very low fillings such as Rs1,p = 0.125, the
particles in p distort near the locations of the particles in
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FIG. 6. (Color online) Vs1 vs. FD for the system in Fig. 5(b) with
d/a = 0.67. (a) Rs1,p = 0.562, 0.625, 0.6875, and 0.75, from top
to bottom. (Inset) Detail of the Rs1,p = 0.6875 curve from the main
panel. (b) Rs1,p = 0.8125, 0.875, 0.9375, and 1.0, from bottom to top.
(c) Rs1,p = 1.0625, 1.125, 1.1875, and 1.25, from top to bottom.

s1 in order to create a localized lowering of the density in
p above each particle in s1. As a result, the particles in s1
no longer experience the same periodic potential from p that
was present for the commensurate case of Rs1,p = 1.0. Even at
Rs1,p = 0.5, the particles in p can distort, reducing the strength
of the coupling to the particles in s1.

In order to better understand the changes in dynamics at the
different fillings, in Fig. 6 we plot Vs1 as a function of FD for
varied Rs1,p in a system with d/a = 0.67. At Rs1,p = 0.5, a
single decoupling transition occurs and Vs1 is a monotonically
decreasing function. For Rs1,p = 0.562 and 0.625, shown in
Fig. 6(a), there is a clear double-peak structure in Vs1 with
one peak falling at the depinning of the incommensurations
and the second peak appearing at the unlocking transition. At
Rs1,p = 0.6875 in Fig. 6(a), there is now a three-peak structure
in Vs1. The first peak, shown in the inset of Fig. 6(a), falls at the
transition out of the completely locked phase at FD = 0.11.
The second and largest peak is at FD = 0.3, while a third broad
peak also appears that is centered at FD = 1.45. The broad
peak is the remnant of the second peak in Vs1 found for Rs1,p =
0.562 and 0.625; with increasing Rs1,p, this peak broadens and
the center shifts to higher values of FD . For 0.11 < FD < 0.3,
the particles in s1 are almost completely locked but there is a
single incommensuration which has begun to slip. For Rs1,p =
0.75, the initial peak is lost and the decoupling transition peak
now falls at FD = 0.11. There is also a very broad maximum
centered at FD = 4.0. Another interesting feature is that at
higher FD such as at FD = 6.0, Vs1 for Rs1,p = 0.75 is higher
than Vs1 at the lower values of Rs1,p, even though at low FD

Rs1,p showed the lowest value of Vs1. This suggests that at high
values of FD , additional drag is produced by the interaction
between the incommensurations in s1 and the particles in p.

In Fig. 6(b) we plot Vs1 versus FD for Rs1,p = 0.8125,
0.875, 0.9375, and 1.0. The maximum value of Vs1 increases
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Método K!P 

Otro de los mas populares en simulación es el K!P. Teóricamente para este 
método se considera el Hamiltoniano de un electrón en una esfera cristalina 
perfecta en 3D. 

! = !!
!! + !(!)     II.1.1.4) 

Con ! ! = !(! + !) un potencial periódico, siendo así, se obtienen las soluciones 
de la ecuación de Schrödinger para la zona de Brillouin por medio del teorema de 
Bloch, la función de onda se trata como una función de Bloch, para la banda de 
conducción y la banda de valencia del sistema a tratar. Finalmente se tiene un 
problema de matrices de momentos para calcular las energías propias del sistema 
que son asociadas a las energías entre bandas o energías de transición.  

Este modelo es el mas aplicado a sistemas de hilos cuánticos, calculando la 
energía de transición entre electrones y huecos, involucrando datos 
experimentales como son: tamaños de pozo, energía GAP, materiales, 
concentraciones de los materiales y geometrías. En la figura II.1.1.5 se muestra un 
ejemplo de la aplicación del método K!P a un hilo cuántico de AlxGa1-xAs/GaAs y 
el tipo de observables obtenidas [44]. 

 

Figura II.1.1.5.- Modelo K!P para un sistema 1D a) hilo cuántico con geometría cilíndrica, 
b) configuración de bandas c) cambio en la energía de bandas en función de la razón del 
radio interno y externo y de la concentración de Al [44]. 

 

Estos y muchos otros mas modelos y simulaciones son usados para sistemas 1D, 
aquí describimos los mas usados y populares aplicados a hilos cuánticos con su 
respectivo sistema de ecuaciones  a resolver y el tipo de resultados que se 
obtienen en cada caso. Cabe mencionar que todos estos métodos son complejos 
de trabajar, algunos involucran costos computacionales altos y limitación en 
cuanto a cantidad de partículas involucradas en el sistema a tratar [38-44]. Por lo 

branches contributing due to the larger effective mass. These
observations are useful to construct the exciton wave func-
tion. From Fig. 2, the confinement energy of the electron is
about 500 meV but for the hole it is only about 150 meV. An
unusual characteristic of these quasi-one-dimensional sys-
tems is that there are multimaxima in the energy spectrum of
the ground state of the hole !i.e., a “camel back” structure".
This nonmonotonic dispersion is due to the interaction be-
tween the light and the heavy hole states.

In Fig. 3, we show the evolution of the valence band
spectrum as a function of the radius of the wire for R=15,
35, and 55 Å. For each spectrum, we plot the content of the
spinor ! component to the corresponding ground state: 0
" P!!kz"=#$#ex

! !$ ,kz"$2d2$"1. In Fig. 3, we can see clearly
the camel back structure that shrinks when the radius of the
wire increases. Second, below R%35 Å, there are only three
maxima but for larger R, we find four local maxima. Our
calculations show also that there are energy crossings at
some finite kz where simultaneously the spin state of the hole
is changing. For example, for R=35 Å, the spin state of the
ground state at kz%0.5 is changing from −1 /2 to +3 /2.
Around kz=0, the main contribution to the ground state is
made by the light component of the wave function:
$+3 /2, %1 /2&. The region of domination of light-hole com-
ponent decreases when the diameter of the wire increases.
Contribution of the spin off band is minimal but increases
with decreasing diameter of the wire.

FIG. 4. !Color online" Free electron absorption spectrum for the
'001( configuration at T=0 K for R=25 Å. Thin vertical dashed
lines indicate energy separation between conduction band states and
valence band states at kz=0.

FIG. 5. !Color online" The same as Fig. 3 but now for a wire
grown along the '111( crystallographic direction.

FIG. 6. !Color online" Free electron absorption spectrum for the
'111( configuration at T=0 K and R=25 Å. Vertical lines indicate
the energy separation between the conduction and the valence band
state at kz=0.
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In Fig. 4, we show the optical absorption spectrum for a
R=25 Å nanowire. Vertical lines indicate transition energies
between conduction and valence bands at kz=0. Absorption
spectrum indicates quasi-one-dimensional behavior with ab-
sorption intensity I!!"E−Eif# /$E−Eif. We see that not all
“main” transitions produce peaks as a consequence of selec-
tion rules "forbidden transitions#. Our results indicate also
that the lower energy absorption peak is larger in magnitude
in the " polarization than in # polarization. Second, we ex-
pect that in the " polarization, the higher energy peak ap-
pears roughly 200 meV above the first one. The higher en-
ergy peak has a larger intensity due to selection rules.

2. [111] orientation

We used our numerical procedure to investigate the elec-
tronic properties of a nanowire grown along the %111& crys-
tallographic direction in order to investigate the dependence
on the growth direction. Electron spectrum and electron
wave functions are identical to the %001& configuration and
will not be discussed.

In Fig. 5, we show the dispersion and the distribution of
the spinor components of the wave function of the hole. As

compared to the results of the %001& configuration "cf. Fig.
3#, there are several differences between the characteristics
of both nanowires. First, for the %111& case, there is a mini-
gap at the $ point between the two highest lying states. In
Fig. 5, this is not clearly seen but it is seen in the absorption
spectrum "see Fig. 6#. A minigap is decreasing function of R;
for R=15 Å, it is about 16 meV, but for R=50 Å, it is less
than 1 meV. Second, the distribution of the spinor compo-
nents is different as compared to the %001& case, but around
kz=0, the dominant contribution to the ground state comes
from the light-hole subband.

In Fig. 6, we show the absorption spectrum for a R
=25 Å, nanowire in the %111& configuration. We performed
calculations for two polarizations of light. In # and " polar-
izations, above 650 meV, there are two peaks which indicate
a minigap in the spectrum at the $ point. Due to selection
rules, our results indicate that absorption is larger in " po-
larization than in # polarization. Additionally, second stron-
ger peak appears in the # polarization at higher energy
"200 meV#.

B. Quasi-one-dimensional exciton

Now, we present calculations of exciton states including
the dielectric mismatch contribution to the interaction be-
tween the charged particles. As was shown previously, this
effect greatly increases the Coulomb interaction.11,23

Top panel of Fig. 7 shows the ground state photolumines-
cence "PL# energy in the %001& "line with solid squares# and
%111& "line with open circles# configurations as a function of
radius R. PL energy includes confinement energies as well as
self-energies of the electron and the hole. Dashed line indi-
cates the energy gap of the bulk material. We found that in
the range of R=1–6 nm, the PL energy is well approximated
by 'R−p with p!1.8 for both orientations of the crystal.

The PL energy in both configurations is not the same. To
explain this difference "E%001&−E%111&#, we calculated the “ef-
fective masses” coming from the diagonal components in the
KL. Table I gives the numerical values of these “masses.”

TABLE I. Numerical values of the effective masses in the di-
rection of the wire "subscript 3# and in the plane of the wire "sub-
script (# for the %001& and the %111& orientations. The following
Luttinger parameters for the bulk GaAs semiconductor were used:
%1=7.65, %2=2.41, and %3=3.28. We give also the numerical value
of the reduced mass & of the quasi-one-dimensional exciton.
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FIG. 7. "Color online# "a# Exciton PL transition energies E%001&
"solid squares and solid up triangles# and E%111& "opened circles and
open down triangles# as a function of radius R. Results for bare
Coulomb potential are marked with solid up and open down tri-
angles. Results with Coulomb potential plus dielectric mismatch are
marked with solid squares and open circles. Dashed line indicates
energy gap of bulk GaAs crystal assumed to be EG=1430 meV. "b#
The energy difference )E in the transition energy resulting from the
dielectric mismatch effect only. Growth direction does not influence
this difference and )E'R−1 is almost the same for the %001& and
%111& growth directions. "c# The difference E%001&−E%111& in the case
when only the bare Coulomb potential is taken into account "open
circles# and when additionally the dielectric mismatch is included
"solid squares#. E%001&−E%111& is well approximated by the depen-
dance 'R−2.2.
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The electronic states of a free-standing widegap semiconductor quantum nanowire are investigated. We
applied the variational technique using the effective mass approximation within the k ·p model to a thin
cylindrical GaAs nanowire. The energy dispersion, the distribution of the spinor components, and the optical
absorption spectra are presented. The hole dispersion shows a typical “camel back” structure. The effect of the
dielectric mismatch between the wire and the surrounding medium and the influence of the growth direction of
the wire are examined. We find that the photoluminescence energy of the exciton is larger in the #001$
configuration than the #111$ configuration.
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I. INTRODUCTION

Growing interest in nanosized crystalline semiconductor
structures in conjunction with novel growth mechanisms
such as the vapor-liquid-solid1 technique !VLS" or the mo-
lecular beam epitaxy technique2 have allowed the synthesis
of high-quality nanowires and nanorods of almost every
group of semiconductors, including group IV semiconduc-
tors #Si !Ref. 3" and Ge$ as well as III-V and II-VI com-
pounds #InAs,4 GaAs,5,6 InP,7 and CdSe !Ref. 8"$. The radius
of these nanowires typically ranges from one to a few tens of
nanometers, but their length can easily exceed micrometers.
Zinc-blende and diamondlike free-standing nanowires men-
tioned above usually grow along the #001$, #110$, or #111$
crystallographic directions depending on the size of the
nanowire and the growth conditions. The energy dispersion
also depends on the size, shape, and environment of the
nanowires. It turns out that the VLS growth technique is very
flexible allowing for growth of, e.g., superlattice structures9

and core-shell structures.10 In a core-shell nanostructure, one
or more shells surround the core material usually with a
smaller band gap material. Most VLS nanowires exhibit a
large dielectric mismatch with their surroundings resulting in
a large correction to the bare Coulomb interaction and there-
fore this dielectric mismatch effect is very important in the
study of their optical properties as was shown previously.11

Quantum wires are under active investigation because de-
vices based on them offer important opportunities as building
blocks for the next generation of electronic and opto-
electronic devices. Nanowires are excellent laboratory sys-
tems for probing one-dimensional physics with plenty of op-
portunities both for experimentalists and theoreticians.12

Quantum wire structures have density of states features,
which are very useful for laser13 applications with possibility
of smaller current threshold density than in lasers produced
from higher dimensional structures. Furthermore, nanowires
are building components for other nanoscale devices
such as photodetectors,14 light-emitting diodes, field-effect
transistors,15 etc. A wide range of interesting transport and
optical properties are already unveiled, such as, e.g., strong
luminescence polarization7 and clean Coulomb blockade fea-
tures at low temperature.

In this paper, we investigate the electronic properties of
free-standing nanowires using the k ·p approach. Our model
system is an infinitely long free-standing wire of cylindrical
cross section !see Fig. 1". In this scheme, we study quasi-
one-dimensional states, states which are quantized in the lat-
eral direction and propagating along the wire. There are also
two-dimensional surface states which are completely ne-
glected in this paper but we refer the reader, for example, to
Ref. 16. The effect of the growth direction on the electronic
properties will be investigated and therefore we consider two
cases: in the first case, the nanowire is grown along the #001$
crystallographic direction and in the second case, it is grown
along the #111$ direction. As an example, we present numeri-
cal results for GaAs nanowires for which in bulk we have
the two characteristic scales: the bulk Bohr radius aB
%11.5 nm and the effective three-dimensional Rydberg en-
ergy ERy

* %5.0 meV. We will study the regime of a thin nano-
wire with diameter D=2–12 nm, so D!aB. It implies that
quantum confinement effects are very important as will be
shown directly by our results.

The paper is organized as follows. In the next section, we
describe our theoretical model. In Sec. III, we present results
for the one-particle states with emphasis on quantum con-
finement effects. The one-particle subband structure is a key
to the understanding of charge transport in a nanowire. Sub-
sequently, excitonic states are studied where we include the

FIG. 1. !a" fcc lattice of zinc blende with crystallographic axes
#100$, #010$, and #001$. !b" Natural system of coordinates
!e!1 ,e!2 ,e!3" for a cylindrical wire with radius R. "a and "b are dielec-
tric constants inside and outside the nanowire, respectively. For a
typical free-standing wire, there is a large dielectric mismatch, i.e.,
"a#"b.
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previous case, as shown in Fig. 8 for x=0.3. And again we
see a maximum in the light-hole distribution and a minimum
in the heavy-hole distribution when GaAs is in the core, and
a minimum in the light-hole distribution and a maximum in
the heavy-hole distribution when AlxGa1−xAs is in the core.

C. Optical absorption

Now that we have seen that the structure of the top of the
valence band can change drastically in a core-shell nanowire
in comparison to a single material wire, we will investigate
its effect on the absorption spectrum. Again all shown results
are for nanowires with a radius of R=10 nm.

The onset of the absorption peak is given by the energy
difference !E=Ec−Ev, where Ec is the lowest energy of the
conduction band, Ev is the highest valence-band energy !note
that Eg, the band gap of GaAs, is not included". This energy
difference induced by quantum confinement is shown in Fig.
9!a" for GaAs in the core and in Fig. 9!b" for AlxGa1−xAs in
the core for different Al concentrations, as function of the
radius of the core Rc. As AlxGa1−xAs has a larger band gap
than GaAs, this onset undergoes a blueshift when more Al is
present in the wire.

It is now of interest to investigate the influence of the
presence of a camelback structure on the absorption spec-
trum. Figures 10 and 11 show the evolution of the absorption
spectra as function of the core radii, for nanowires with a
radius of R=10 nm. Figure 10 shows the results for wires
with a GaAs core while Fig. 11 shows the results for an
AlxGa1−xAs core. The Al concentration is fixed to 0.4. Note

that peaks are present for lower energies near the onset of the
absorption spectra in Figs. 10!a", 10!e", and 10!f" and Figs.
11!a" and 11!f". These are due to the camelback structure of
the top valence band. The camelback structure causes the
conduction band and the valence band to be equidistant
around kz=0, leading to a peak in the absorption spectrum. In
case of Fig. 10!d" the large peak is due to the camelback
structure in the second excited state #see Fig. 7!c"$.

It is also interesting to look at the effect of the radius of
the wire on these absorption spectra, as shown in Figs.
12–14. For thin wires the confinement effect is clearly visible
as the different absorption peaks are clearly observable while
in thicker wires the different peaks are not distinguishable

FIG. 8. !Color online" Valence band structure of
Al0.3Ga0.7As /GaAs nanowires with !a" Rc=0 nm, !b" Rc=2 nm,
!c" Rc=6 nm, !d" Rc=10 nm, and !e" light-hole and !f" heavy-hole
distributions of the top valence band with R=10 nm.

FIG. 9. !Color online" Quantum confinement induced energy
shift !E=Ec−Ev in the electron !Ec" and hole !Ev" ground state for
!a" GaAs /AlxGa1−xAs and !b" AlxGa1−xAs /GaAs nanowires with
R=10 nm in #001$ growth direction for different x values.

FIG. 10. !Color online" Absorption intensity !arbitrary units" for
GaAs /Al0.4Ga0.6As nanowire with !a" Rc=0 nm, !b" Rc=2 nm, !c"
Rc=4 nm, !d" Rc=6 nm, !e" Rc=8 nm, and !f" Rc=10 nm and R
=10 nm in #001$ growth direction with 6"6 KL.
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#001$ direction is studied. The k ·p method with the 6!6 Kohn-Lüttinger Hamiltonian, taking into account the
split-off band is used. The variation in the energy level dispersion, the spinor contribution to the ground state
and the optical interband absorption are studied. For some range of parameters the top of the valence band
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I. INTRODUCTION

Nanowires posses the unique property of one dimensional
quantum confinement and have emerged as promising struc-
tures in applications for future electronics and photonics.
With the advent of new growth techniques such as the
vapor-liquid-solid1 technique and molecular-beam epitaxy2

techniques, nanowires can be synthesized with different ma-
terials, different shapes and sizes. Using these techniques
nanowires of group IV semiconductors #Si !Refs. 3 and 4"
and Ge !Ref. 5"$ and semiconducting compounds of groups
III-V and II-VI #InAs,6 GaAs,7,8 and CdSe !Ref. 9"$ have
been synthesized. Due to the high dielectric mismatch be-
tween the nanowire and its surroundings, optical confine-
ment can be achieved and hence nanowires can form impor-
tant lasing devices.10 The one-dimensional quantum
confinement can be used for future information storage and
processing.11 Typically, these nanowires have either a zinc-
blende or diamondlike structure and can be grown in #001$,
#110$, or #111$ crystallographic directions which depend on
the material, the substrate and also the growth technique
used. This has been confirmed by direct imaging of the
atomic structure of nanowires.12

Free-standing nanowires can be grown as either single
material,13 core-shell, or multishell14,15 nanowires. The core-
shell structures have a core, surrounded by one or more
shells of different materials. Core-shell nanowires have been
proposed for photovoltaic devices16 with p-doped core and
n-doped shell acting as a p-n junction. Also such p-n junc-
tions formed in core-shell structures can be used to build
nanolight-emitting diodes.17 Building of nanowire lasers
with core-shell structures operating in the near-infrared spec-
tral region has been achieved.18 Nanoscale devices like
photodetectors19 and field effect transistors20 have gathered a
lot of attention in the recent past. In all these devices the
knowledge of their electronic structure is essential to under-
stand their device operation.

Electronic properties of core-shell structures have been
studied by various authors.21,22 It has been claimed that for
core-shell nanowires composed of lattice-matched materials
!e.g., GaAs and AlAs", the electronic structure is trivial.23

However, in this paper we show that the electronic structure
of unstrained core-shell wires can differ significantly from
the corresponding single material wires.

In this paper, we consider an infinitely long cylindrical
core-shell nanowire as schematically shown in Fig. 1 and
study its electronic properties using the multiband k ·p
method. We consider wires grown in the #001$ direction con-
sisting of GaAs and AlxGa1−xAs, taking one material as the
core and the other as the shell material. Here we consider
very thin nanowires of diameter d=2–12 nm. As in GaAs
the Bohr radius is aB%11.5 nm and the effective Rydberg
energy ERy %5.0 meV, quantum confinement effects are
very important in these thin nanowires.

This paper is organized as follows. In the next section we
give the theoretical description of our model. In Sec. III we
present our results for the single-particle states, starting with
a discussion of GaAs and how spin-orbit interaction modifies
the valence band-energy dispersion, spinor distribution, and
density. This is followed by results on AlxGa1−xAs free-
standing nanowires. And finally we present our results for
the core-shell nanowire with GaAs as core and AlxGa1−xAs
as shell and vice versa. Our results are summarized in Sec.
IV.

II. THEORY

The k ·p method is applicable for direct-wide gap semi-
conductors !e.g., GaAs, CdTe, etc.". In the k ·p method the
Hamiltonian is expanded around kz=0. The k ·p method is
used in various models like Kane’s model !which includes
spin-orbit interaction" and Pikus-Bir Hamiltonian !which in-
cludes strain".24,25

In this paper for the conduction band we consider a para-
bolic energy spectrum with effective mass m!. The disper-
sion of the conduction band is given by

RR
RcRc

xx

zz

yy

(a)(a) (b)(b)

FIG. 1. !Color online" !a" Cylindrical core-shell nanowire and
!b" radial band alignment in a GaAs/AlGaAs heterostructure.
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Nanowires posses the unique property of one dimensional
quantum confinement and have emerged as promising struc-
tures in applications for future electronics and photonics.
With the advent of new growth techniques such as the
vapor-liquid-solid1 technique and molecular-beam epitaxy2

techniques, nanowires can be synthesized with different ma-
terials, different shapes and sizes. Using these techniques
nanowires of group IV semiconductors #Si !Refs. 3 and 4"
and Ge !Ref. 5"$ and semiconducting compounds of groups
III-V and II-VI #InAs,6 GaAs,7,8 and CdSe !Ref. 9"$ have
been synthesized. Due to the high dielectric mismatch be-
tween the nanowire and its surroundings, optical confine-
ment can be achieved and hence nanowires can form impor-
tant lasing devices.10 The one-dimensional quantum
confinement can be used for future information storage and
processing.11 Typically, these nanowires have either a zinc-
blende or diamondlike structure and can be grown in #001$,
#110$, or #111$ crystallographic directions which depend on
the material, the substrate and also the growth technique
used. This has been confirmed by direct imaging of the
atomic structure of nanowires.12

Free-standing nanowires can be grown as either single
material,13 core-shell, or multishell14,15 nanowires. The core-
shell structures have a core, surrounded by one or more
shells of different materials. Core-shell nanowires have been
proposed for photovoltaic devices16 with p-doped core and
n-doped shell acting as a p-n junction. Also such p-n junc-
tions formed in core-shell structures can be used to build
nanolight-emitting diodes.17 Building of nanowire lasers
with core-shell structures operating in the near-infrared spec-
tral region has been achieved.18 Nanoscale devices like
photodetectors19 and field effect transistors20 have gathered a
lot of attention in the recent past. In all these devices the
knowledge of their electronic structure is essential to under-
stand their device operation.

Electronic properties of core-shell structures have been
studied by various authors.21,22 It has been claimed that for
core-shell nanowires composed of lattice-matched materials
!e.g., GaAs and AlAs", the electronic structure is trivial.23

However, in this paper we show that the electronic structure
of unstrained core-shell wires can differ significantly from
the corresponding single material wires.

In this paper, we consider an infinitely long cylindrical
core-shell nanowire as schematically shown in Fig. 1 and
study its electronic properties using the multiband k ·p
method. We consider wires grown in the #001$ direction con-
sisting of GaAs and AlxGa1−xAs, taking one material as the
core and the other as the shell material. Here we consider
very thin nanowires of diameter d=2–12 nm. As in GaAs
the Bohr radius is aB%11.5 nm and the effective Rydberg
energy ERy %5.0 meV, quantum confinement effects are
very important in these thin nanowires.

This paper is organized as follows. In the next section we
give the theoretical description of our model. In Sec. III we
present our results for the single-particle states, starting with
a discussion of GaAs and how spin-orbit interaction modifies
the valence band-energy dispersion, spinor distribution, and
density. This is followed by results on AlxGa1−xAs free-
standing nanowires. And finally we present our results for
the core-shell nanowire with GaAs as core and AlxGa1−xAs
as shell and vice versa. Our results are summarized in Sec.
IV.

II. THEORY

The k ·p method is applicable for direct-wide gap semi-
conductors !e.g., GaAs, CdTe, etc.". In the k ·p method the
Hamiltonian is expanded around kz=0. The k ·p method is
used in various models like Kane’s model !which includes
spin-orbit interaction" and Pikus-Bir Hamiltonian !which in-
cludes strain".24,25

In this paper for the conduction band we consider a para-
bolic energy spectrum with effective mass m!. The disper-
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thermal distribution functions, using the fact that the in-
teracting theory is integrable. In Sec. V, we derive an ex-
act (Boltzmann) equation for the current in terms of the S
matrix and the distribution functions. This gives us equa-
tions for the exact conductance. These can easily be
solved numerically, and we present curves for a variety of
values. At zero temperature, the equations simplify and
we present more explicit analytic results in Sec. VI ~ This
enables us to derive an exact duality between strong and
weak backscattering limits, out of equilibrium.

0.15
II. FRACTIONAL QUANTUM HALL EFFECT

0.1
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In (Ts/V)

FIG. 1. The nonequilibrium differential conductance as a
function of ln(T&/V), for various values of V/T. Notice that
the curve develops a peak when V/T&7. 18868, and that the
T~O limit is smooth.

purity with a momentum-dependent one-particle scatter-
ing matrix S of transmission and reAection amplitudes.
These amplitudes can be determined exactly by imposing
the constraints of integrability, including the boundary
Yang-Baxter equation and the boundary-crossing rela-
tion. Furthermore, the quasiparticles are characterized
by a thermal distribution function, which can be calculat-
ed exactly using the thermodynamic Bethe ansatz. ' '"
This special behavior is a consequence of integrability,
and it allows us to derive an exact rate (Boltzmann) equa-
tion for the conductance in this interacting theory.
We should note that many of these results have been

checked by using a completely different method of com-
putation. Instead of the nonperturbative methods to be
described below, one can study the model perturbatively
in the interaction strength Tz. Closed-form results for all
the perturbative coefIicients of the free energy have been
found; a simple technical assumption then also leads to
closed-form expressions for all the perturbative
coefficients of the conductance, even at finite V. ' There
is complete qualitative and quantitative agreement be-
tween the two approaches.
The outline of this paper is as follows: In Sec. II, we

discuss how this system is realized in experiments on res-
onant tunneling through point contacts in fractional
quantum Hall devices. In Sec. III, we map the problem
into two decoupled theories, one of which is affected by
the backscattering interaction, and another one which is
not. In Sec. IV, we find the exact quasiparticle spectrum,
exact S matrices for quasiparticles scattering among
themselves and off of the boundary, and the exact

A. Experimental setting for resonant tunneling

Experiments on resonant tunneling between two
v= 1/3 edges have recently been performed by Milliken,
Umbach, and Webb. We briefly review the experimental
setup schematically. (For details see Refs. 2 and 6.) A
fractional quantum Hall state with filling fraction v= 1/3
is prepared in the bulk of a quantum Hall bar (discussed
in Sec. I). This means that the bulk quantum Hall state is
prepared in a Hall insulator state (longitudinal conduc-
tivity cr =0), and that the (bulk) Hall resistivity is on
the v= 1/3 plateau, where cr =(1/3)e /h. This is
achieved by adjusting the applied magnetic field, perpen-
dicular to the plane of the bar. Since the plateau is
broad, the applied magnetic field can be varied over a
significant range without e5'ecting the filling of v= 1/3.
Next, a gate voltage V is applied perpendicular to the
long side of the bar, i.e., in the y direction (see Sec. I) at
x =0. This has the effect of bringing the right- and left-
moving edges close to each other near x =0, forming a
point contact. Away from the contact there is no back-
scattering (i.e., no tunneling of charge carriers) because
the edges are widely separated, but now charge carriers
can hop from one edge to the other at the point contact.
The linear-response source-drain conductance as a

function of temperature and gate voltage V has been
measured experimentally. As the gate voltage is swept
through, the conductance signal shows a number of reso-
nance peaks, which sharpen as the temperature is
lowered. These resonance peaks occur for particular
values V = V* of the gate voltage, due to tunneling
through localized states in the vicinity of the point con-
tact. Ideally, on resonance, the source-drain conductance
is equal to the Hall conductance without point contact,
i.e., G„„„,„„=(1/3)e /h. This value is independent of
temperature, on resonance. Now, measuring the linear-
response conductance as a function of the gate voltage
near the resonance, i.e, . as a function of 5V —= V~

—Vg', at
a number of different temperatures T, one gets resonance
curves, one for each temperature. These peak at 5Vg =0.
Scaling arguments imply that those experimental con-
ductance curves should collapse onto a single universal
curve when plotted as a function of 5V /T . Indeed

2 g
they do collapse quite well. Moreover, the resulting
universal curve should be a unique signature and finger-
print of the v=1/3 edge state in the leads connected to
the point contact.
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B. Comparison of the linear-response resonance line shape
with our exact Luttinger model predictions

To make contact with the Luttinger model, we state (as
will be explained below in more detail) that the experi-
mental parameter 5 V~ should be related to the Luttinger
backscattering interaction by 5V ~ Tz . In particular,
at the resonance value Tz =0, there is no backscattering
at all.
We have compared' our exact predictions for the

linear-response conductance scaling curve with the exper-
imental data as well as Monte Carlo calculations in Ref.
6. The agreement between the Monte Carlo simulation
and our exact scaling curve is excellent. The exact value
of the universal parameter K [defined so that
G(X)=KX for X large and G(X)=(1—X )/3 for X
small] is K=3.3546 [where X=0.74313(Tii/T) ~ ].
(The value K=2.6 quoted in Ref. 6 seems to have been
slightly underestimated there. )
The comparison with the existing experiments by Mil-

liken et aI. is not completely straightforward, since the
conductance at the resonance peak in the experimental
data decreases with temperature and is well below its res-
onance value e /3h. This diSculty arises since in order
to achieve the resonance condition in the Luttinger mod-
el, two parameters need to be tuned, since the point con-
tact will, in general, not possess reAection-parity symme-
try about the point x=O. ' In the experiments per-
formed so far, only one parameter, namely, V, has been
tuned. For that reason, the conductance peaks do not
have their maximum height G„„„,„„=(1/3)e /h, but
are smaller; furthermore, the peak height does decrease
with temperature, rejecting the fact that the experimen-
tal peak is not a perfect resonance. This problem can be
remedied in a future experiment, by varying two parame-
ters, namely, V and the magnetic field on the plateau, in-
stead of only one parameter, to achieve resonance. Nev-
ertheless, even when only the gate voltage is tuned to res-
onance, the experimental data for the conductance signal
as a function of the gate voltage and temperature collapse
well onto single scaling curve. Thus, it makes sense to
compare this experimental curve with our exact conduc-
tance curve, computed from the Luttinger model. The
agreement is quite good, given the large scatter of the
data in the tail of the resonance curve. In particular, the
data clearly show the predicted G ~ T /( Vg —V )
behavior in the tail.

0.4
Broadening of Conductance

I I I

0.35

0.3
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one could attempt to measure the conductance at finite
driving voltage V. Note that our exact results predict the
shape of the universal scaling function

G(T~/T, V/T), TIi =C(5V )3i2,

as a function of two ratios. The nonuniversal parameter
C is determined by fitting the experimental data to the
universal curve; this is the only unknown quantity. The
linear-response conductance is the limit of this function
as V~O, where it becomes a function only of one ratio
Tz!T. Note that the conductance at finite driving volt-
age V also describes a resonance line shape. A particular-
ly interesting feature of the conductance at finite driving
voltage V is seen in Fig. 1. The conductance as a func-
tion of Tz ~(5V ) ~ develops a pronounced peak when
the ratio of driving voltage to temperature eV/k&T
exceeds a critical value 7. 188. . . . For a typical low tem-
perature T=50 mK used in the data of Ref. 2, this would
correspond (10k&K= 1 meV or 5 pV / 50 mK = 1) to a
driving voltage of V*=35 pV. The current data were
taken at an "excitation voltage" of 1 pV, which corre-
sponds to a ratio eV/kz T=0.2. We have plotted the ex-
act results for the aforementioned scaling functions in
Figs. 1 and 2. One sees clearly from these plots that
eV/AT =0.2 corresponds to the linear-response regime.
Perhaps the most significant feature displayed in Fig. 2 is
a very dramatic nonequilibrium broadening of the reso-
nance curve for values of the ratio V/T even well below
the occurrence of the maximum. In terms of numbers,
the curve broadens by a dramatic amount already at
eV/kz T=2 or 3, well before the onset of the maximum
(at eV/k& T=7. 188). This broadening should be easily
visible experimentally, since it would correspond to an

0.1 5

C. Predictions for future nonequilibrium
transport measurements

0.1

In principle, there is no reason why the above men-
tioned measurements could not be extended to finite driv-
ing voltage V. (One should not confuse the driving volt-
age V, which is the difference between the chemical po-
tentials between the injected left- and right-moving
charge carriers, with the gate voltage Vg, which gives rise
to the coupling constant T~ in the Luttinger liquid
theory. ) So far, only the linear-response conductance
G =limz OI( V)/V has been measured. More generally,

0.05

0 05 1.5 2 2.5 3 3.5
TB/T

FIG. 2. The nonequilibrium differential conductance as a
function of T~zT for various values of V/T. The curve
broadens substantially as V/T is increased, even before develop-
ing a peak.
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lowest subbands. The solid lines represent the exact results, see
Eq. (3). The dashed lines represent the analytical results, see
Eq. (8). The dotted lines represent the approximation used in
Refs. 7 and 8.

C =0.577 is Euler's constant.
V]]'(q, R) versus qRo is shown in Fig. 2 for R =0. The

solid line in Fig. 2(a) is the exact result according to Eqs.
(3a) and (6). The dashed line is the analytical result ac-
cording to Eq. (9a). The dotted line is the analytical re-
sult of Fishman; however, see Ref. 19. It is clearly seen
that our analytical result is in very good agreement with
the numerical result. The solid lines in Fig. 2(b) show the
analytical result according to Eq. (9a) for various values
of R. With increasing distance of the impurities from the
center of the wire, the electron-impurity interaction po-
tential decreases.
In Figs. 3(a) and 3(b) we show V]z' ( q, R ) and

V22'(q, R), respectively, versus qRp for various values of
R. The solid lines are the numerical results according to
Eqs. (3) and (6). The dashed lines are the analytical re-
sults according to Eqs. (9). Again, we find very good
agreement between the numerical results and our analyti-
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FIG. 2. Electron-impurity interaction potential V;,' vs wave
number (a) For R =0. The solid, dashed, and dotted lines corre-
spond to Eq. (6) (exact result), Eq. (9a) (analytical result), and
the analytical result of Ref. 7, respectively. (b) For R =0, Ro,
and 2RO. The solid lines represent the analytical result, see Eq.
(9 ).

C. The electron-electron interaction potential

With Eqs. (8) the results for the electron-electron in-
teraction potential, see Eq. (7), can be given in analytical
form. We get

cal calculations. We mention that V', ]'(q, R) and
Vzz'(q, R) have the characteristic logarithmic singularity
In(qRo/2) for qRo (&1; however, this is not the case for
V']z'(q, R). V']z'(q, R=0) is zero and is not shown in Fig.
3(a), see Eq. (10b).
In the following subsections we will use the analytical

results for the calculation of the binding energy of shal-
low impurity states and the mobility.

e 1
~1111(q)=»

eL (qRp)
2 32 64+ — I3(qR p)K3(qRp)

3(qRp) 3(qRp) (qRp)
(1 la)

e 1
V]]$2(q) =288

eL(qRo)
1 8

15(qRp) 3(qRp)
64 6

K3(qRp) I3(qRp) — I4(qRp)
(qRp ) qRO

(1 lb)

e2
V;;„(q)=576

ei (qRp)
4 8 64+ I4(qR o )K4(qR o )15(qRp) (qR p) (qRp)

(1 lc)

and
2 1

V22'z2(q) = 1152
el (qRo)

1 64 96
15(qRp) 15(qRp) (qR p)

64 I3(qRp)—
(qRp)

6 6I4 (qR p ) K, (qR, ) + K4 ( qR p )
qRO qRO

(1 ld)

Asymptotic results are expressed as

41 ANALYTICAL RESULTS FOR SEMICONDUCTOR QUANTUM-WELL WIRE: 7629

10

C)
Q (a)

Q.1—
10

0,5
VRo

1
N

Q1
I

FIG. 1. Wave function (radial part) vs wire radius for the two
lowest subbands. The solid lines represent the exact results, see
Eq. (3). The dashed lines represent the analytical results, see
Eq. (8). The dotted lines represent the approximation used in
Refs. 7 and 8.

C =0.577 is Euler's constant.
V]]'(q, R) versus qRo is shown in Fig. 2 for R =0. The

solid line in Fig. 2(a) is the exact result according to Eqs.
(3a) and (6). The dashed line is the analytical result ac-
cording to Eq. (9a). The dotted line is the analytical re-
sult of Fishman; however, see Ref. 19. It is clearly seen
that our analytical result is in very good agreement with
the numerical result. The solid lines in Fig. 2(b) show the
analytical result according to Eq. (9a) for various values
of R. With increasing distance of the impurities from the
center of the wire, the electron-impurity interaction po-
tential decreases.
In Figs. 3(a) and 3(b) we show V]z' ( q, R ) and

V22'(q, R), respectively, versus qRp for various values of
R. The solid lines are the numerical results according to
Eqs. (3) and (6). The dashed lines are the analytical re-
sults according to Eqs. (9). Again, we find very good
agreement between the numerical results and our analyti-

0.01
0.1 1

qRo

FIG. 2. Electron-impurity interaction potential V;,' vs wave
number (a) For R =0. The solid, dashed, and dotted lines corre-
spond to Eq. (6) (exact result), Eq. (9a) (analytical result), and
the analytical result of Ref. 7, respectively. (b) For R =0, Ro,
and 2RO. The solid lines represent the analytical result, see Eq.
(9 ).

C. The electron-electron interaction potential

With Eqs. (8) the results for the electron-electron in-
teraction potential, see Eq. (7), can be given in analytical
form. We get

cal calculations. We mention that V', ]'(q, R) and
Vzz'(q, R) have the characteristic logarithmic singularity
In(qRo/2) for qRo (&1; however, this is not the case for
V']z'(q, R). V']z'(q, R=0) is zero and is not shown in Fig.
3(a), see Eq. (10b).
In the following subsections we will use the analytical

results for the calculation of the binding energy of shal-
low impurity states and the mobility.

e 1
~1111(q)=»

eL (qRp)
2 32 64+ — I3(qR p)K3(qRp)

3(qRp) 3(qRp) (qRp)
(1 la)

e 1
V]]$2(q) =288

eL(qRo)
1 8

15(qRp) 3(qRp)
64 6

K3(qRp) I3(qRp) — I4(qRp)
(qRp ) qRO

(1 lb)

e2
V;;„(q)=576

ei (qRp)
4 8 64+ I4(qR o )K4(qR o )15(qRp) (qR p) (qRp)

(1 lc)

and
2 1

V22'z2(q) = 1152
el (qRo)

1 64 96
15(qRp) 15(qRp) (qR p)

64 I3(qRp)—
(qRp)

6 6I4 (qR p ) K, (qR, ) + K4 ( qR p )
qRO qRO

(1 ld)

Asymptotic results are expressed as

a)	 b)	

a)	 b)	

REICHHARDT, BAIRNSFATHER, AND OLSON REICHHARDT PHYSICAL REVIEW E 83, 061404 (2011)

0

4

8

y

0

4

8

y

0

4

8

y

0 10 20 30
x

0

4

8

y

(a)

(b)

(c)

(d)

d

FIG. 1. Image of the sample geometry. The locations of the three
channels are indicated by dotted lines. Black dots are particles within
the channels. The arrow denotes the driving force that is applied only
to particles within the top channel, termed the primary channel p. The
bottom undriven channels are the secondary channels s1 and s2. The
ratio of the number of particles in each channel is Rs1,p = Ns1/Np

and Rs2,p = Ns2/Np , where Ns1 and Ns2 are the number of particles
in the secondary channels and Np = 16 is the number of particles in
the primary channel. The spacing between channels d is marked in
panel (a). (a) Two channels with Rs1,p = 1.0. (b) Two channels with
Rs1,p = 0.5. (c) Three channels with Rs1,p = 1.0 and Rs2,p = 1.0.
(d) Three channels with Rs1,p = 1.0 and Rs2,p = 1.5.

to the substrate or the effective pinning of the particles by the
substrate is strongly enhanced when the ratio of the number of
particles to the number of substrate minima is an integer or a
rational fraction, as indicated by the appearance of peaks in the
critical depinning force or enhanced ordering of the particles at
the commensurate fillings. In our system, for the two-channel
geometry illustrated in Fig. 1, the particles in the secondary
channel can be regarded as a distortable or moveable periodic
pinning substrate for the particles in the primary channel,
suggesting that enhanced drag or coupling could occur when
the ratio of the number of particles in each channel is an
integer or a rational fraction. The deformability of the substrate
makes our proposed model distinct from Frenkel-Kontrova
systems. Additionally, driven 1D and 2D commensurate-
incommensurate systems often exhibit numerous dynamic
behaviors within the incommensurate regimes, such as when
localized vacancies or interstitials form soliton-like excitations
which move more easily than the particles over the substrate
[40,41]. This suggests that similar phases may be possible in
the coupled-channels drag system we propose here, and we
show that such phases do appear. We also show that when we
make the system more complex by adding a third channel, a
remarkable variety of commensuration effects and dynamic
regimes occur, such as multiple decoupling, recoupling, and
slip transitions, all of which produce pronounced changes in
the velocity response. It is even possible to realize negative

drag effects where the particles in one of the channels move in
the direction opposite to that of the applied drive.

The coupled-channels system we propose could be realized
in colloidal systems. The number of colloids in the different
channels can be controlled readily by optical manipulation and
the colloids in one channel could be driven with an external
field, optically, or using microfluidics. Another possible
realization of this system is in nanowires where 1D Wigner
crystallization of the electrons has occurred; in this case, by
altering the electron density, the particle lattice spacing in one
wire could be varied with respect to that in an adjacent wire.
Realizing such a system could have important implications
for the study of 1D Wigner crystals since the appearance of
commensuration effects would be strong evidence that Wigner
crystal states are forming. In superconducting systems, the
density of magnetic vortices is fixed by the externally applied
magnetic field, so it would be difficult to create 1D channels
that contain different linear densities of vortices; however,
in certain layered systems an additional transverse magnetic
field can be applied to create a second Josephson vortex
lattice which can interact with the pancake vortices in the
planes [42–44]. It has already been shown that using this
technique it is possible to drive only one of the vortex species
and induce a drag on the other vortex species [43,44]. It should
be possible to study fractional commensurate states in such
a vortex system by examining how the drag effect changes
when the ratio of the number of one type of vortices to the
other is varied. A realization of three or more channels with
varied numbers of particles in each channel should again be
possible using colloidal systems or metallic wires. Further, a
superconducting or nanowire system could be used in which
each layer or channel has the same number of particles but
differing amounts of quenched disorder. We note that there are
previous studies of colloidal particles in 2D bilayers [45] where
the particles in the layers are driven in opposite directions;
however, these studies focused on an oscillatory order-disorder
transition, not on the effects of commensuration on decoupling
or the dynamic phases that we consider here for the case of 1D
coupled channels.

The paper is organized as follows: In Sec. II, we describe
our simulation method and sample geometry. We consider
two channels of particles in Sec. III and illustrate a drive-
induced decoupling transition for commensurate channels in
Sec. III A. In Sec. III B we describe the two-step decou-
pling transition that occurs for incommensurate channels that
contain vacancy or interstitial sites that can act like a second
species of particle. The effects of finite temperature and finite
size appear in Sec. III C. Section III D shows that the nonlinear
response of the system can be exploited to create a ratchet
effect, where ac motion in the driven channel induces dc
transport in the drag channel. In Sec. IV we turn to samples
with three channels. We show in Sec. IVA that when the
driven channel is commensurate with the neighboring drag
channel, four different types of coupled and decoupled flow can
occur as the occupancy of the second drag channel is varied,
including regimes of intermittent coupling. In Sec. IV B, the
driven channel is incommensurate with the neighboring drag
channel and we find a complex series of coupling-decoupling
transitions that produce a significant amount of structure in
the velocity-force curves. In Sec. IV C, we consider in detail
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FIG. 5. The force Fc at the transition from the locked to unlocked
phase vs. Rs1,p in two-channel samples with different values of a.
(a) At d/a = 0.44, commensuration peaks occur at Rs1,p = 1.0,
2.0, and 3.0. Fractional peaks and anomalies appear at Rs1,p = 0.5,
1.5, and 2.5. (b) At d/a = 0.67, there are commensuration peaks
at Rs1,p = 0.5, 1.0, 1.5, and 2.0. (c) At d/a = 1.0, the strongest
commensuration peaks appear at Rs1,p = 1 and 0.5.

Figure 5(b) also has clear peaks in Fc at Rs1,p = 2.0, 1.5, and
0.5, while above Rs1,p = 2.0 within our resolution there are
no peaks or regions where the system is locked. In the regions
with Fc = 0 where the locked phase is absent, the second
decoupling transition still appears at higher drives and can be
detected as the point at which Vs1 changes from increasing to
decreasing with increasing FD . For higher particle densities
and fixed d, the commensurability effects still persist as
shown in Fig. 5(c) for d/a = 1.0. Here, peaks in Fc occur
at Rs1,p = 0.5, 1.0, and 2.0.

The appearance of the commensuration effects at integer
and fractional fillings suggests that this system exhibits
the same behavior found for the depinning of repulsively
interacting particles on a 1D fixed periodic potential; however,
there are several differences between the two systems. For
particles on a fixed periodic potential, the depinning force Fc

at fields where the particle-particle interactions cancel due to
symmetry equals the maximum value of the pinning force Fp

so Fc = Fp at fillings 1/12, 1/8, 1/6, 1/4, 1/2, and 1.0. For
the drag system shown in Fig. 5, this does not occur and there
is even a trend for Fc to increase at the lowest fillings. This is
because the substrate potential created by the particles in p is
not fixed but can distort since the particles in either channel can
shift. At Rs1,p = 1.0, the periodic potential is fairly rigid due
to the matching of the particle positions in p and s1, and any
distortion of the particles in p is energetically unfavorable.
In contrast, at very low fillings such as Rs1,p = 0.125, the
particles in p distort near the locations of the particles in
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FIG. 6. (Color online) Vs1 vs. FD for the system in Fig. 5(b) with
d/a = 0.67. (a) Rs1,p = 0.562, 0.625, 0.6875, and 0.75, from top
to bottom. (Inset) Detail of the Rs1,p = 0.6875 curve from the main
panel. (b) Rs1,p = 0.8125, 0.875, 0.9375, and 1.0, from bottom to top.
(c) Rs1,p = 1.0625, 1.125, 1.1875, and 1.25, from top to bottom.

s1 in order to create a localized lowering of the density in
p above each particle in s1. As a result, the particles in s1
no longer experience the same periodic potential from p that
was present for the commensurate case of Rs1,p = 1.0. Even at
Rs1,p = 0.5, the particles in p can distort, reducing the strength
of the coupling to the particles in s1.

In order to better understand the changes in dynamics at the
different fillings, in Fig. 6 we plot Vs1 as a function of FD for
varied Rs1,p in a system with d/a = 0.67. At Rs1,p = 0.5, a
single decoupling transition occurs and Vs1 is a monotonically
decreasing function. For Rs1,p = 0.562 and 0.625, shown in
Fig. 6(a), there is a clear double-peak structure in Vs1 with
one peak falling at the depinning of the incommensurations
and the second peak appearing at the unlocking transition. At
Rs1,p = 0.6875 in Fig. 6(a), there is now a three-peak structure
in Vs1. The first peak, shown in the inset of Fig. 6(a), falls at the
transition out of the completely locked phase at FD = 0.11.
The second and largest peak is at FD = 0.3, while a third broad
peak also appears that is centered at FD = 1.45. The broad
peak is the remnant of the second peak in Vs1 found for Rs1,p =
0.562 and 0.625; with increasing Rs1,p, this peak broadens and
the center shifts to higher values of FD . For 0.11 < FD < 0.3,
the particles in s1 are almost completely locked but there is a
single incommensuration which has begun to slip. For Rs1,p =
0.75, the initial peak is lost and the decoupling transition peak
now falls at FD = 0.11. There is also a very broad maximum
centered at FD = 4.0. Another interesting feature is that at
higher FD such as at FD = 6.0, Vs1 for Rs1,p = 0.75 is higher
than Vs1 at the lower values of Rs1,p, even though at low FD

Rs1,p showed the lowest value of Vs1. This suggests that at high
values of FD , additional drag is produced by the interaction
between the incommensurations in s1 and the particles in p.

In Fig. 6(b) we plot Vs1 versus FD for Rs1,p = 0.8125,
0.875, 0.9375, and 1.0. The maximum value of Vs1 increases
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que en este trabajo nos dedicamos a explorar otros caminos para tratar con 
sistemas de muchos cuerpos de una forma mas simple en cuestión de sistemas 
de ecuaciones a resolver y costos computaciones. 

 

II. 2. - Cristal de Wigner: electrones en 1D. 

 

Un gas de electrones puede “cristalizar” formando con su densidad de electrones  
una red (similar a la de una red cristalina) si la densidad electrónica se encuentra 
dentro de cierto rango critico. Esto es debido a que la energía potencial es 
dominada por la energía cinética a bajas densidades de portadores. Para 
minimizar la energía los electrones forman una red, parecida a la de un cristal. En 
el caso 3 dimensional se forma una red del tipo I(I=centrada en el cuerpo). Para el 
caso 2 dimensional, se forma una red triangular y en el caso de 1 dimensión se 
forma un enrejado 1D espaciado uniformemente.  

El cristal de Wigner viene acompañado de la formación de la molécula de Wigner, 
la cual es una estructura pequeña regular que se forma como consecuencia de 
reducir al mínimo la repulsión entre electrones, y al estar presente se evidencia la 
cristalización del gas de electrones. Teóricamente el cristal de Wigner ha sido 
estudiado mediante modelos complejos para algunas decenas de electrones, tales 
como la aproximación de Hartree-Fock, el líquido de Luttinger, diagonalización de 
matrices dependientes del espín, entre otros [45-47]. En la práctica, es difícil de 
realizar un experimento para observar un fenómeno de este tipo aunque 
recientemente se ha reportado su observación experimental en estructuras de 
nanotubos de carbonos y en hilos cuánticos [48,49]. 

La cristalización de Wigner es un efecto cuántico de muchos cuerpos. Para 
sistemas 1D, la formación de la molécula de Wigner puede ser investigada a 
través de su densidad electrónica. Para un incremento en la interacción entre 
electrones o disminución en la densidad, se da un traslape entre oscilaciones tipo 
Friedel y Wigner, es decir: 

!(!)!(0) = !"#$ ! !!! !"# !!! !"#
! + !"#$ 4 !!! exp −4!! !"# +⋯,   II.2.1) 

donde !,! son constantes que dependen de la interacción y !! es el vector de 
onda de Fermi. De la ecuación 5.1 observamos que el periodo de oscilación 4 !! y 
2!!  es exactamente el espaciamiento inter partícula promedio. Asociamos al 
primer término de esta ecuación con las oscilaciones tipo Friedel y el segundo a 
las oscilaciones tipo Wigner. 

Podemos observar que para !⟶ ∞ permanece el término de largo alcance que 
es de tipo Wigner, asociado a un aumento en la interacción entre partículas. Por lo 
que para densidades bajas de partículas se tiene el régimen de Wigner (formación 
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de la molécula de Wigner) y para densidades de partículas altas, la molécula de 
Wigner se destruye, estableciendo el régimen de Friedel [50]. 

El fenómeno de crsitalización de Wigner será retomado después, en la parte de 
resultados teóricos, como un fenómeno que es capaz de reproducir el modelo 
propuesto de interacción de electrones 1D mediante un potencial tipo Yukawa. 

 
 

II.3.- Tratamiento de interacción de muchos cuerpos: Potencial Yukawa 

El potencial tipo Yukawa es también conocido como el potencial de Coulomb 
apantallado, este fue introducido originalmente para aproximar la interacción de 
protones y neutrones en el núcleo [51]. En particular, el uso de este potencial ha 
sido direccionado a problemas de muchos cuerpos en diferentes ramas de la física 
como en Materia Blanda y Física Nuclear [52, 53]. Sorprendentemente, este tipo 
de potencial no ha sido utilizado en el estudio sistemático de muchos electrones 
en un hilo cuántico, incluso cuando, al menos cualitativamente, muchos resultados 
experimentales se pueden reproducir con este modelo, en los cuales se tiene en 
cuenta un par de partículas puntuales que interactúan a través de un potencial tipo 
Yukawa. 

 

II.3.1 Potencial Yukawa en cuántica. 

La interacción entre dos partículas separadas una cierta distancia, vista 
clásicamente es debida al potencial de una sobre la otra. Yukawa, en el año de 
1934, utilizando conceptos cuánticos, propuso la idea de que la interacción entre 
partículas es debida al intercambio de bosones entre ellas, que fue explicado por 
medio del diagrama de Feynman. Por lo que Yukawa introdujo la idea que la 
interacción nuclear es mediada por el intercambio de una partícula llamada 
mesón, porque la masa de esta partícula es intermedia entre la del electrón y el 
protón. Estas ideas dieron lugar a un modelo llamado potencial de intercambio de 
piones. 

Para calcular el potencial de intercambio de un fotón se hace una sencilla analogía 
con la electrodinámica. El potencial electrostático para una carga ! en el origen 
cumple la ecuación de Poisson: 

∇!!! ! = − !
!!" 4!"#(!)    II.3.1.1) 

cuya solución es el potencial de Coulomb: 

!! ! = − !
!!"

!
!    II.3.1.2) 
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Suponiendo ahora el caso del campo nuclear. Análogamente al caso electrostático 
la ecuación relativista para el potencial originado por una fuente en el origen esta 
dado por la ecuación relativista de Klein-Gordon: 

∇!! ! = !"
ℏ

!
! ! − !!! !    II.3.1.3) 

  La cual es válida para partículas de masa !  y espín ! = 0  siendo !!  una 
constante de acoplamiento. Esta ecuación tiene como solución el potencial de 
Yukawa: 

! ! = !!
!!

!!
!"
ℏ !

!     II.3.1.4) 

que también puede escribirse como: 

! ! = !!
!!

!!
!
!!
!     II.3.1.5) 

siendo !! = !"
ℏ   la medida del alcance de una fuerza mediada por un bosón de 

masa !  o parámetro de apantallamiento. Podemos observar de acuerdo a la 
forma funcional de este potencial, que se presentan dos casos límite, para !!!

⟶ 0 

recuperamos el potencial de Coulomb (Ec. II.3.1.2), para el caso !
!!
⟶ ∞ 

obtenemos un sistema tipo partícula libre. En la figura II.3.1.1 se muestra la forma 
funcional del potencial Yukawa para diferentes parámetros de apantallamiento, 
incluyendo el caso !!! = !

! !
= 0 

 

Figura II.3.1.1.- Potencial de Yukawa en función de la distancia entre el par de partículas y 
la medida de alcance o parámetro de apantallamiento. 
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II.3.2 Potencial Yukawa en mecánica estadística. 

En la mecánica estadística, el potencial de interacción tipo Yukawa a sido usado 
para modelar líquidos, suspensiones coloidales de partículas cargadas, 
emulsiones, proteínas en soluciones acuosas, entre otras [54-58]. Debido a que 
este potencial puede describir interacciones atractivas, repulsivas o combinar 
ambos tipos y presenta variaciones asociadas al alcance por medio de la 
manipulación del parámetro de apantallamiento, lo hace muy conveniente  para 
estudiar fluidos complejos para el estudio de difusión de partículas.  

Generalmente para teoría de líquidos, el potencial Yukawa se combina con una 
interacción del tipo esfera dura, con la finalidad de tomar en cuenta la repulsión de 
corto alcance debida al tamaño de las partículas. Este tipo de modelos y conjunto 
de ecuaciones aplicadas a estos sistemas, permiten obtener soluciones analíticas 
de la ecuación de Ornstein-Zernike (OZ), por medio del uso de aproximaciones 
esféricas. 

 

II.4.- Nuestro modelo: Potencial Yukawa para muchos electrones en un HC 

Se propone tratar el problema de dos electrones dentro de un hilo cuántico de 
sección transversal cuadrada y circular, interactuando efectivamente bajo un 
potencial tipo Yukawa de la forma: 

!!!!!(!) =
!!
!
!"# [!!"]

!        II.4.1) 

tal que ! = !! − !! ! + !! − !! ! + !! − !! !. ! es la carga del electrón, !  la 
permitividad eléctrica del material y ! el parámetro de apantallamiento en unidades 
de longitud inversa.  Por simplicidad consideramos al par de electrones localizados 
a lo largo del eje del hilo (eje !), por lo que el potencial Yukawa sólo depende de la 
distancia relativa entre el par de electrones a lo largo del hilo y ! puede ser escrita 
como ! = !! − !! !. (Fig. II.4.1.1)  

Por lo que la ecuación de Schrödinger para este sistema esta dado por: 

− ℏ!
!!∗ ∇!!!" + (!!"" ! + !!"#(x, y))ψ!" = Eψ!"     II.4.2) 

con ∇!= ∇!! + ∇!!, !!"" = !!!!(!,!)+ !!!!!(!) es el potencial de interacción total, el 
cual contiene el potencial de confinamiento de la sección transversal (interacción 
pared electrón) !!!!(!,!) y el potencial de interacción electrón-electrón (e-e) dado 
por la Ec. II.4.1.,  !∗ es la masa reducida del electrón. Para resolver la Ec. II.4.2, 
reescribimos esta de una forma mas simple usando la posición del centro de masa 
! = !!!!!

!  y la masa reducida ! = !∗

! , redefiniendo todos los términos de la Ec. 
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II.4.2, (deducidos en el Apéndice D), la ecuación resultante es: 

− ℏ!
!!∗ ∇!! + !!"#(!) !!" + − ℏ!

!! ∇!
! + !!""(!) !!" = Eψ!"  II.4.3) 

La ecuación II.4.3 tiene dos contribuciones: una que depende sólo del centro de 
masa del sistema conformado por el par de electrones y el otro que sólo es 
función de la distancia relativa entre electrones. Por medio del método de 
separación de variables encontramos dos ecuaciones las cuales son 
independientes entre si. 

− ℏ!
!!∗ ∇!!!(!)+ !!"# ! !(!) = E!!(!)    II.4.4) 

− ℏ!
!! ∇!

!!(!)+ !!"" ! !(!) = E!!(!)    II.4.5) 

con ! = E!!E!. La ecuación II.4.4 es resuelta para la sección transversal del hilo, 
esta parte se tratara mas a fondo en la sección II.4.2. La ecuación II.4.5 tiene 
solución numérica, en este caso se utilizo el método de diferencias finitas 
desarrollado en el Apéndice E. 

 

II.4.1- HCs de sección transversal circular y cuadrada 

El modelo antes propuesto se aplicó a  un sistema 1D tipo hilo cuántico de sección 
transversal cuadrada y circular, por lo que la ecuación II.4.4, la cual es 
dependiente del sistema centro de masa, se resolvió para un !!"# ! = 0, para el 
plano !,! se resolvió por separado para cada coordenada, usando coordenadas 
rectangulares en el caso del hilo cuadrado y coordenadas cilíndricas para el caso 
del hilo de sección transversal circular. Se trato el problema como un sistema tipo 
pozo en ! y !, para el caso de un sistema con barreras infinitas y barreras finitas, 
dependiente del tamaño de la sección transversal, los cuales son descritos mas a 
detalle en la siguiente sección.  

En ambos casos para el eje ! se resolvió la ecuación II.4.5 numéricamente (la cual 
es dependiente del sistema relativo a la distancia entre electrones), por medio del 
método de diferencias finitas, que se describe en el apéndice E, para diferentes 
longitudes de hilo. Las geometrías de los sistemas a tratar se muestran en la 
figura II.4.1.1, donde observamos al par de electrones posicionados sobre el eje !. 
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Figura II.4.1.1.- Geometrías utilizada para el sistema de dos electrones localizados dentro 
de un hilo cuántico a) cuadrado y b) cilíndrico, situados a lo largo del eje z con ! = ! = 0. 
La misma configuración se utilizó para el hilo cuadrado. 

 

II.4.2- HCs de paredes finitas e infinitas. 

Para la sección transversal se utilizaron dos tipos de potencial pared-electrón 
asociados a: 

• Pozo de GaAs con barreras infinitas, por lo que la solución fuera del pozo 
es cero. La masa !∗ = 0.0665!! con !! la masa del electrón. Dentro del 
pozo, tenemos soluciones analíticas, dependientes del tamaño del pozo, 
para las soluciones a detalle ver el apéndice A. 

•  Pozo de AlxGa1-xAs/GaAs/AlxGa1-xAs, con una concentración de Al x=0.23 
a una temperatura de 300K, la masa efectiva del pozo definida de la misma 
forma y la masa en el AlxGa1-xAs, dependiente de la concentración, dada 
su forma funcional en el apéndice B y la solución dada por las ecuaciones 
trascendentales provenientes de las condiciones a la frontera. 

Ambos sistemas se trataron en coordenadas rectangulares y cilíndricas para el 
hilo cuadrado y cilíndrico, respectivamente. La permitividad eléctrica se tomó como 
13 veces la permitividad del vacío [59]. En el mismo apéndice se presenta la  
deducción del coeficiente de transmisión para el caso del hilo cuadrado. 

Por otro lado, de acuerdo a la forma funcional de potencial Yukawa, podemos 
asociar el parámetro de apantallamiento con la densidad de portadores de carga 
en el sistema por medio de la longitud de Debye [60]: 

κ = !!!!
!!!!

     II.4.2.1) 

para una ! = 300!, y valores de N en el rango de material intrínseco a altamente 
dopado. Por lo que los valores del parámetro de apantallamiento de interés son: 
! = 10!!!"!! → ! = 10!!"!! , ! = 1!"!! → ! = 10!"!"!!  y ! = 100!"!! →
! = 10!!!"!!. 

Esto se retomara en la parte de resultados teóricos cuando consideremos el 
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problema de un hilo cuántico de sección transversal cuadrada y cilíndrica para un 
potencial de barreras infinitas y el caso real, para un potencial de barreras infinitas. 

 

II.4.3 HCs bajo el efecto de un campo eléctrico externo. 

La parte !!"# de la ecuación II.4.4 hace referencia a algún potencial extra, como 
por ejemplo, un campo eléctrico, un campo magnético, etc. En este caso este 
potencial estará dado por un campo eléctrico a lo largo del eje del hilo e 
independiente del tiempo, con la finalidad de estudiar transporte en estado 
estacionario. La mayoría de la literatura reporta efectos de campo eléctrico en la 
región confinada, es decir, el campo es función de la sección transversal 
(coordenadas ! o !), el cual es llamado efecto Stark cuántico [16], en nuestro 
caso, tendremos un comportamiento similar pero en el eje a lo largo del hilo, por lo 
que el potencial externo utilizado en este trabajo esta dado por: 
 

!!"# = !!!"# !! + !! = 2!"!!"#   II.4.3.1) 
 

Esta implementación se realizo para el hilo de barreras finitas en la sección 
transversal. El campo se tomó en diferentes rangos V/cm a KV/cm. La ecuación 
II.4.4 resultante de sustituir la Ec. II.4.3.1 se resolvió numéricamente, por medio 
del procedimiento descrito en el apéndice E.  
Un tratamiento análogo se puede realizar si se desea comparar con efecto Stark, 
se cambiaria la dependencia del campo con respecto a ! o !, resolviendo una 
ecuación similar más el potencial pared-electrón. 
Esta parte será retomará en los resultados, cuando se presente la dependencia de 
las densidades de carga con la magnitud del campo eléctrico externo y para la 
dependencia de la energía con el campo eléctrico en el sistema centro de masa 

 
 
II.4.4 HCs acoplados: tunelamiento para un sistema de barreras finitas sin 
potenciales externos. 

Un sistema de dos hilos acoplados esta compuesto de dos pozos acoplados, en 
los cuales el acoplamiento va a estar dado por la unión de las soluciones de la 
ecuación de Schrödinger en las fronteras. Este tipo de sistemas es mas apegado 
al caso experimental. El acoplamiento de doble pozo se muestra en la figura 
II.4.4.1, donde el pozo tiene un ancho a y ancho de barrera b. Aquí se espera que 
las eigenenergías estén definidas sólo para valores menores al de, potencial de la 
barrera , es decir, para ! < !!, en este caso, en el cual tenemos barreras finitas 
definidas por los materiales a utilizar.  
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Figura II.4.4.1.- Diagrama de doble pozo en !, con ancho de barrera b y de pozo a. 

 

El sistema de doble hilo se forma a partir del doble pozo, que define el 
comportamiento del potencial en el eje !. Para el eje !, se tiene un solo pozo, el 
cual fue definido anteriormente y el eje z se mantiene libre. En este eje, se tiene al 
par de electrones interactuando bajo un potencial apantallado, potencial Yukawa, 
La ecuación para !, es la misma que se encontró en el sistema que depende de la 
distancia relativa entre electrones (Ecuación II.4.5). El sistema final se muestra en 
la figura II.4.4.2. Este sistema es el caso ideal, en el que no hay interacción entre 
electrones en el plano ! − !. 

 

Figura II.4.4.2.- Sistema de dos electrones en cada hilo interactuando idealmente, bajo un 
potencial Yukawa.  

Las soluciones para este sistema están dadas por regiones: 

!! ! = !!!!" + !!!!!"; región 1.   II.4.4.1) 

!! ! = !!cos [!"]+ !!sin [!"]; región 2.   II.4.4.2) 

!! ! = !!!!(!!!) + !!!!!(!!!); región 3.  II.4.4.3) 

!! ! = !!cos [!(! − !)]+ !!sin [!(! − !)]; región 4.      II.4.4.4) 

!! ! = !!!!(!!!!!) + !!!!!(!!!!!); región 5.         II.4.4.5) 

Con: ! = 2 ∗!!
∗ (!! − !)/(ℏ! ) , ! = 2 ∗!!∗ (!)/(ℏ! ) , !!

∗ masa reducida en la 
barrera, !!∗  masa reducida en el pozo y los coeficientes  !! ,!! son encontrados 
por medio de multiplicación matricial, como se muestra en el apéndice F. En este 

Sistema 2 electrones: Doble pozo cuadrado con Potencial Finito
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FIG. 1. A schematic representation of the two-electron system in a cylindrical nanowire.

electrons is assumed to be 20nm. The screening parameter  =
q

2q2Ne

✏0✏rKBT takes the values of 10�5

nm

�1, 0.1 nm

�1

and 200 nm

�1, which correspond to carrier densities of Nd = 106e�/cm3, 1017e�/cm3 and 1021e�/cm3, respectively.
Then, all calculations are well suited in the range of intrinsic and doped materials [27].

B. Schrödinger equation for a two-electron system

Two types infinite nanowires, namely, circular and square cross-section are considered. A schematic representation of
the two-electron system for the particular case of the circular QWR is displayed in Fig. 1. Then, the time-independent
Schrödinger equation for the two-electron wave function  
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= Ve�w(x, y) + Ve�e(z) is the total interaction potential, which contains the potential of
confinement (electron-wall interaction), Ve�w(x, y), and the electron-electron interaction, Ve�e(z), Vext

is an external
(electric or magnetic) field and E is the eigenvalue of energy. We are particularly considering a free-standing QWR,
it is then assumed that the electronic change is totally localized inside the nanowire and that is exactly zero outside.
Then, Ve�w is zero inside the nanowire and infinite outside. The electron-electron interaction potential has the
following Yukawa form,
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In order to numerically solve Eq. (1), one should rewrite it in simpler form. First, one can define the center of mass
and the reduced mass, respectively, as R = z1+z2
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. Then, one gets the following change of variables:
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Thus, one can redefine the nabla operators in terms of the coordinates r and R as follows,
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Ecuación de Schrödinger a resolver:

2

Last equations, both have numerical solution. We pro-
pose to solve by the finite di↵erence method, which is
presented later. Because, we use reduced units, in the
remainder of the work will default ⇤.
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FINITE DIFFERENCE

Di↵erent numerical methods to compute approximate
solutions to di↵erential equations, eg Runge Kutta of or-
der 3 and 4, which is a set of iterative methods dependent
on initial conditions. In this paper, the finite di↵erence
method for solving the Scrödinger equation with a poten-
tial Coulomb and Yukawa type was used. This numerical
method used to approximate finite di↵erential equations.
The first step in the application of the method is to dis-
cretize the region of the plane in which you want to solve
the equation with a mesh. The grid points are separated
by a distance or in the z direction. We can develop C(z)
in a Taylor series around a point, and the second derivate
is:
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Thus we can see that the value of the wave function at
a point is dependent on two neighboring wave functions.
Boundary conditions were used in the function and arises
from it, C(0.0001) = N1,
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= 0, Z(0.0001) = N2

and dZ
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|0.0001 = 0, with N1, N2 constants

III. RESULTS

Because we are interested in studying crystal struc-
tures (semiconductor materials) to adhere more to the
conditions of real systems, we used a separation between
electrons of the order parameter of the crystal lattice,
which is between 5.4 (Si) and 5.65 (GaAs)Å and cross
section lenght between 2 and 15nm. On the other hand
screening parameter gives information about the density
of carriers in the system, (for solid materials magnitudes
are reported from N
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= 106 � 1013cm�3) for this work
we choose values of 0.1, 1 and 10, which correspond to
densities of the order of N
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FIG. 1. A schematic representation of the two-electron system in a cylindrical nanowire.
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FIG. 2. Wave functions at the bulk as a function of the electron-electron distance for the ground and first and second excited
states of the system parameters used in Ref. [30] with Er = 20 MeV and for the case of the free particle. Symbols are numerical
data reported in Ref. [30]. Lines are results obtained solving numerically Eq. (11) by means of the finite di↵erence method.
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By using the previous changes of variable, Eq. (1) reads as,
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Then, Eq. (8) has two contributions; one that depends solely of the center of mass of the two-particle system and
the other that is only a function of the relative distance between electrons. One can then apply the usual technique
of separation of variables,  
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where E = ER + Er is also split in two independent contributions. Finally, the solution of Eq. (1) has been now
reduced to the solution of two simpler and independent equations [28]:
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In this work, we consider that V
ext

(R) = 0. The case with external electric field will be presented elsewhere Ref.

C. Testing the numerical algorithm at the bulk

Eqs. (10) and (11) have been numerically solved using the finite di↵erences method [29]. To test the validity of
our algorithm, we first evaluate the wave functions of two particles at the bulk interacting with the Yukawa potential
given by Eq. (2). Our results are explicitly compared with those reported in Ref. [30] for the ground state and the
first and second excited states, see Fig. 2. Additionally, our algorithm is tested when the screening parameter takes
the value  ! 1, i.e., the limit of the free electrons. As can be seen from the figure, the agreement between previous
numerical data and the analytical expression for the free particle wave function are fully recovered by our algorithm.
Hence, we are confident that our calculations for the ground states at di↵erent carrier densities were correctly carried
out.

Reyna: quizas valdria la pena incluir una figura para el potencial de Yukawa para diferentes valores del parametro
de apantallamiento. Explicar la fisica de la Fig. 2.
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FIG. 2. Wave functions at the bulk as a function of the electron-electron distance for the ground and first and second excited
states of the system parameters used in Ref. [30] with Er = 20 MeV and for the case of the free particle. Symbols are numerical
data reported in Ref. [30]. Lines are results obtained solving numerically Eq. (11) by means of the finite di↵erence method.
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where E = ER + Er is also split in two independent contributions. Finally, the solution of Eq. (1) has been now
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C. Testing the numerical algorithm at the bulk

Eqs. (10) and (11) have been numerically solved using the finite di↵erences method [29]. To test the validity of
our algorithm, we first evaluate the wave functions of two particles at the bulk interacting with the Yukawa potential
given by Eq. (2). Our results are explicitly compared with those reported in Ref. [30] for the ground state and the
first and second excited states, see Fig. 2. Additionally, our algorithm is tested when the screening parameter takes
the value  ! 1, i.e., the limit of the free electrons. As can be seen from the figure, the agreement between previous
numerical data and the analytical expression for the free particle wave function are fully recovered by our algorithm.
Hence, we are confident that our calculations for the ground states at di↵erent carrier densities were correctly carried
out.

Reyna: quizas valdria la pena incluir una figura para el potencial de Yukawa para diferentes valores del parametro
de apantallamiento. Explicar la fisica de la Fig. 2.
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Sistema 2 electrones: Doble pozo cuadrado con Potencial Finito
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FIG. 1. A schematic representation of the two-electron system in a cylindrical nanowire.

electrons is assumed to be 20nm. The screening parameter  =
q

2q2Ne

✏0✏rKBT takes the values of 10�5
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�1, 0.1 nm

�1

and 200 nm

�1, which correspond to carrier densities of Nd = 106e�/cm3, 1017e�/cm3 and 1021e�/cm3, respectively.
Then, all calculations are well suited in the range of intrinsic and doped materials [27].

B. Schrödinger equation for a two-electron system

Two types infinite nanowires, namely, circular and square cross-section are considered. A schematic representation of
the two-electron system for the particular case of the circular QWR is displayed in Fig. 1. Then, the time-independent
Schrödinger equation for the two-electron wave function  
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is an external
(electric or magnetic) field and E is the eigenvalue of energy. We are particularly considering a free-standing QWR,
it is then assumed that the electronic change is totally localized inside the nanowire and that is exactly zero outside.
Then, Ve�w is zero inside the nanowire and infinite outside. The electron-electron interaction potential has the
following Yukawa form,
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In order to numerically solve Eq. (1), one should rewrite it in simpler form. First, one can define the center of mass
and the reduced mass, respectively, as R = z1+z2
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. Then, one gets the following change of variables:
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Thus, one can redefine the nabla operators in terms of the coordinates r and R as follows,
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Ecuación de Schrödinger a resolver:
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Last equations, both have numerical solution. We pro-
pose to solve by the finite di↵erence method, which is
presented later. Because, we use reduced units, in the
remainder of the work will default ⇤.
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FINITE DIFFERENCE

Di↵erent numerical methods to compute approximate
solutions to di↵erential equations, eg Runge Kutta of or-
der 3 and 4, which is a set of iterative methods dependent
on initial conditions. In this paper, the finite di↵erence
method for solving the Scrödinger equation with a poten-
tial Coulomb and Yukawa type was used. This numerical
method used to approximate finite di↵erential equations.
The first step in the application of the method is to dis-
cretize the region of the plane in which you want to solve
the equation with a mesh. The grid points are separated
by a distance or in the z direction. We can develop C(z)
in a Taylor series around a point, and the second derivate
is:
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(14)

Thus we can see that the value of the wave function at
a point is dependent on two neighboring wave functions.
Boundary conditions were used in the function and arises
from it, C(0.0001) = N1,

dC

dz 0.0001
= 0, Z(0.0001) = N2

and dZ

dz

|0.0001 = 0, with N1, N2 constants

III. RESULTS

Because we are interested in studying crystal struc-
tures (semiconductor materials) to adhere more to the
conditions of real systems, we used a separation between
electrons of the order parameter of the crystal lattice,
which is between 5.4 (Si) and 5.65 (GaAs)Å and cross
section lenght between 2 and 15nm. On the other hand
screening parameter gives information about the density
of carriers in the system, (for solid materials magnitudes
are reported from N

d

= 106 � 1013cm�3) for this work
we choose values of 0.1, 1 and 10, which correspond to
densities of the order of N

d

/✏
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= 1010�1014cm�3, where
✏
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is the relative dielectric constant. We can say that we
will try in the range of intrinsic and doped materials..[]....
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FIG. 1. A schematic representation of the two-electron system in a cylindrical nanowire.

electrons is assumed to be 20nm. The screening parameter  =
q

2q2Ne

✏0✏rKBT takes the values of 10�5

nm

�1, 0.1 nm

�1

and 200 nm

�1, which correspond to carrier densities of Nd = 106e�/cm3, 1017e�/cm3 and 1021e�/cm3, respectively.
Then, all calculations are well suited in the range of intrinsic and doped materials [27].

B. Schrödinger equation for a two-electron system

Two types infinite nanowires, namely, circular and square cross-section are considered. A schematic representation of
the two-electron system for the particular case of the circular QWR is displayed in Fig. 1. Then, the time-independent
Schrödinger equation for the two-electron wave function  

12

is given by

� ~2
2me

r2 
12

+ V

e↵

 
12

+ V

ext

 
12

= E 
12

, (1)

where r2 ⌘ r2

1

+r2

2

, V
e↵

= Ve�w(x, y) + Ve�e(z) is the total interaction potential, which contains the potential of
confinement (electron-wall interaction), Ve�w(x, y), and the electron-electron interaction, Ve�e(z), Vext

is an external
(electric or magnetic) field and E is the eigenvalue of energy. We are particularly considering a free-standing QWR,
it is then assumed that the electronic change is totally localized inside the nanowire and that is exactly zero outside.
Then, Ve�w is zero inside the nanowire and infinite outside. The electron-electron interaction potential has the
following Yukawa form,

VYe�e(r) =
e

2

4⇡✏
0

✏r

exp [�r]

r

. (2)

As can be seen from the previous equation, the Yukawa potential depends only on the relative distance between the
two electrons, r =

p
(x

1

� x

2

)2 + (y
1

� y

2

)2 + (z
1

� z

2

)2. Then, for simplicity, we consider that the electrons are
located along the main axis of symmetry, z, of the cylindrical nanowire, see Fig. 1, then, r = z

1

� z

2

. V

ext

will be
associated to an external electric field of the form,

V

ext

= � e

2

4⇡✏
E

ext

(z
1

+ z

2

). (3)
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FIG. 2. Wave functions at the bulk as a function of the electron-electron distance for the ground and first and second excited
states of the system parameters used in Ref. [30] with Er = 20 MeV and for the case of the free particle. Symbols are numerical
data reported in Ref. [30]. Lines are results obtained solving numerically Eq. (11) by means of the finite di↵erence method.
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Then, Eq. (8) has two contributions; one that depends solely of the center of mass of the two-particle system and
the other that is only a function of the relative distance between electrons. One can then apply the usual technique
of separation of variables,  

12

(r,R) = A(r)B(R). Thus, Eq. (8) can be rewritten as,

� ~2
4m⇤

B

r2

RB + V

ext

(R)

�
+


� ~2
2µA

r2

rA+ V

e↵

(r)

�
= ER + Er, (9)

where E = ER + Er is also split in two independent contributions. Finally, the solution of Eq. (1) has been now
reduced to the solution of two simpler and independent equations [28]:
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In this work, we consider that V
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(R) = 0. The case with external electric field will be presented elsewhere Ref.

C. Testing the numerical algorithm at the bulk

Eqs. (10) and (11) have been numerically solved using the finite di↵erences method [29]. To test the validity of
our algorithm, we first evaluate the wave functions of two particles at the bulk interacting with the Yukawa potential
given by Eq. (2). Our results are explicitly compared with those reported in Ref. [30] for the ground state and the
first and second excited states, see Fig. 2. Additionally, our algorithm is tested when the screening parameter takes
the value  ! 1, i.e., the limit of the free electrons. As can be seen from the figure, the agreement between previous
numerical data and the analytical expression for the free particle wave function are fully recovered by our algorithm.
Hence, we are confident that our calculations for the ground states at di↵erent carrier densities were correctly carried
out.

Reyna: quizas valdria la pena incluir una figura para el potencial de Yukawa para diferentes valores del parametro
de apantallamiento. Explicar la fisica de la Fig. 2.
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FIG. 2. Wave functions at the bulk as a function of the electron-electron distance for the ground and first and second excited
states of the system parameters used in Ref. [30] with Er = 20 MeV and for the case of the free particle. Symbols are numerical
data reported in Ref. [30]. Lines are results obtained solving numerically Eq. (11) by means of the finite di↵erence method.
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mismo se muestra la forma funcional del coeficiente de transmisión y reflexión 
para el doble pozo. 
 
Para tratar el sistema de hilos cuánticos acoplados, se utilizan las soluciones 
obtenidas para los pozos acoplados en el eje !, la solución para el pozo de 
barreras finitas en el eje ! y la solución numérica de la ecuación II.4.5 para el eje 
!. Para el caso real, cuando los electrones interactúan entre hilos, un potencial tipo 
Coulomb debe ser agregado tipo potencial externo, para la ecuación dependiente 
de !, en este caso se tendría que unir funciones tipo Airy por medio de las 
condiciones a la frontera, lo cual resulta un problema con un grado de complejidad 
mayor. Esto lo retomaremos en la parte final de la sección de resultados para las 
densidades electrónicas en función de las dimensiones de los pozos y barreras de 
la sección transversal del sistema. 
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III.- Desarrollo experimental 

 

En la presente  sección explicamos en cierto detalle dos técnicas experimentales, 
RHEED y AFM, que empleamos en la sección de resultados. Se presentarán 
además las condiciones de crecimiento detalladas de las muestras que se 
reportan en esta tesis. 

III.1.- Reflexión de electrones de alta energía difractados  (RHEED). 

RHEED es una técnica que usualmente se encuentra instalada en los sistemas 
MBE y que es capaz de monitorear in situ, en tiempo real, la evolución de la 
superficie de la muestra en las diferentes fases del proceso de crecimiento. Este 
sistema consta de un cañón de electrones, los cuales son acelerados en un alto 
potencial eléctrico de 12 KeV. Para poder analizar la superficie de la muestra, la  
posición relativa de rayo de electrones al sustrato durante el crecimiento es tal que 
el ángulo de incidencia que hace la trayectoria de los electrones con la muestra es 
de aproximadamente 1°. Al final de la trayectoria de los electrones que 
interaccionan con la superficie de la muestra se encuentra una pantalla 
fluorescente, en la que se podrá observar su patrón de difracción. 

El análisis del patrón RHEED nos permite identificar las distintas reconstrucciones 
superficiales (esto es, del reordenamiento de los átomos en la superficie) y la 
morfología misma de la superficie. El área que se monitorea por RHEED es del  
orden de la longitud de coherencia de los electrones, es decir, de alrededor de 
varias decenas de nanómetros. En la figura III.1 se muestra un diagrama 
esquemático de la configuración del sistema RHEED. En la figura, el lado 
izquierdo muestra la configuración típica entre el cañón de electrones, el substrato 
y la pantalla fosforescente. La parte derecha muestra como el patrón RHEED 
observado en la pantalla se forma a partir de la intersección, en el espacio 
recíproco, de la esfera de Ewald con los puntos (superficie 3D) o las barras 
(superficie 2D) del espacio recíproco asociado a la red cristalina superficial de la 
muestra [61, 62]. Esta representación geométrica equivale a la condición de 
difracción de Laue dada por: 

!! − !! = ! 

Por lo que las reflexiones pueden ocurrir para todos los !! conectando al origen de 
la esfera y a los puntos de la red recíproca sobre la esfera. 

Mas adelante abordaremos el como se puede asociar cierto tipo de patrón RHEED 
a la formación de facetas en el crecimiento de GaAs/GaAs(631). 
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Figura III.1.- Diagrama esquemático del sistema RHEED.  

 

III.2.- Microscopía de Fuerza Atómica. 

La Microscopía de Fuerza Atómica (AFM) es una técnica ex-situ con la cual se 
puede obtener la morfología superficial de la muestra a escalas nanométricas. El 
sistema AFM  consta de una punta de radio de curvatura de 20 a 60 nm que se 
localiza al final de un cantilever. La fuerza entre la punta y la muestra provocan la 
deflexión del cantilever (sobre el cual se hace incidir un rayo laser), 
simultáneamente un detector mide esta deflexión (sensando la posición del rayo 
laser reflejado por el cantilever) a medida que la punta se desplaza sobre la 
superficie de la muestra generando una micrografía de la superficie. La fuerza 
interatómica que contribuye a la deflexión del cantilever es la fuerza de Van der 
Waals. Un diagrama de un sistema AFM tipico se muestra en la figura III.2 [63].  

AFM utiliza múltiples modos de operación lo cual permite adaptarlo a las 
características físicas de la muestra y de las propiedades a medir, algunos de 
estos modos de operación son:  

• Contacto: Mide la topografía de la muestra deslizando la punta sobre su 
superficie. 

• Tapping: También llamado contacto intermitente, mide la topografía de la 
muestra tocando intermitentemente su superficie. 

• No Contacto: Mide la topografía de acuerdo a las fuerzas de Van der Waals 
que existen entre la superficie de la muestra y la punta. 

• Fuerza Magnética: Mide el gradiente de fuerza magnética sobre la 
superficie de la muestra.  

• Fuerza Eléctrica: Mide el gradiente de fuerza eléctrica sobre la superficie de 
la muestra.  

• Litografía: Se emplea una punta especial para generar marcas (líneas, 
puntos, patrones) sobre la superficie de muestra.  

Material 1

Material 2

a) b)

Rotación de la muestra

substrato

Haz 
incidente Haz 

reflejado

Haz 
transmitido
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Figura III.2.- Diagrama de un Microscopio de Fuerza Atómica. 

En nuestro  caso, las imágenes AFM que se muestran en la sección de resultados 
fueron tomadas poco después de su crecimiento, utilizando un microscopio 
Nanoscope IIIa multimodo (Digital Instrument, Santa Barbara, CA). Un piezo 
eléctrico (E-scanner) con un área de escaneo máxima de 15x15 µm2. Las 
imágenes fueron tomadas en modo tapping, utilizando una punta de silicio de 
125µm de longitud, con una frecuencia nominal de resonancia  de 275-325 KHz y 
una constante de resorte de 31.18-44.54N/m. Las mediciones fueron tomadas a 
temperatura ambiente en aire. Las imágenes fueron obtenidas con razones de 
escaneo típicas de 0.5-1 Hz. Con estos parámetros se obtuvieron imágenes 
nítidas de las superficies para su posterior análisis en la sección de resultados.  
  

III.3.- Condiciones de crecimiento. 

Las muestras que reportamos en este trabajo fueron crecidas con la intensión de 
reproducir las superficies nanoacanaladas altamente uniformes en el equipo MBE 
instalado en la CIACYT; las cuales habían sido obtenidas anteriormente en un 
sistema MBE instalado en una universidad japonesa.  Logrando este objetivo, se 
estará en posición de fabricar arreglos de HCs uniformes con los cuales comparar 
los resultados teóricos obtenidos por nuestro modelo de muchos electrones 
confinados en sistemas 1D. Para ello, se crecieron películas de GaAs sobre 
sustratos GaAs(631), siguiendo condiciones de crecimiento similares a las 
reportadas en la referencia [19]. De forma adicional, para explorar a fondo el 
proceso de formación de canales, en este trabajo utilizamos una velocidad de 
crecimiento diferente y exploramos los cambios superficiales con la variación del 
tiempo de crecimiento.  
Antes del crecimiento de la capa de GaAs se utilizó un procedimiento estándar de 
limpieza [19]. La oblea de GaAs fue desengrasada y cargada en un sistema Riber 
32. Una vez transferida a la cámara de crecimiento, se llevo a cabo el proceso de 
desorción de óxidos a 580°C por 15min, bajo un flujo constante de As4. Después, 
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una capa de 100 nm de espesor de GaAs fue depositada a una presión 
equivalente del haz (BEP) de Ga, As y a una temperatura de crecimiento de 
Tc=600°C tal cual se reporta en la Tabla III.1. Finalmente, la temperatura de 
crecimiento fue incrementada y las capas finales, de diferente espesores, fueron 
crecidas a una razón de 0.6µm/hr, tal como se resume en la Tabla III.1. 
 
En la tabla III.1 se muestran la temperatura de crecimiento (Tc), tiempo de 
crecimiento (tc),  presiones de As (PAs) y Ga (PGa), velocidad de crecimiento (vc) y 
temperatura de desorción de óxidos (TD), separadas por series. 
 

• En la serie 1 se realizo un cambio en PAs manteniendo fija PGa (muestras 
M1-M3). 

• En la serie 2 se mantuvieron fijas PGa y PAs y se varió Tc (muestras M4-M7).  
• En la serie 3 se creció una muestra con los parámetros optimizados 

extraídos de las series 1 y 2.  
 

Muestra  TD 

(°C) 
PGa  

(x10-6Torr) 
PAs  

(x10-6 Torr) 

TC 

(°C) 
tc 

(min.) 
vc 

(µm/hr) 

Serie 1 
M1 (nws9) 530 0.13 3.5 607 120 0.6 
M2 (nws11) 560 0.13 5.5 606 95 0.6 
M3 (nws12) 566 0.13 7.6 605 90 0.6 
Serie 2 
M4 (nws3) 560 0.13 7 560 65 0.6 
M5 (nws8) 530 0.13 7 595 55 0.6 
M6 (nws13) 570 0.13 7 600 60 0.6 
M7 (nws4) 570 0.13 7 645 100 0.6 
Serie 3 
NF1 (nws5) 585 0.13 7 605 50 0.6 
 
NF2 640 0.29 3.4 700 200 0.3 

Tabla III.1.- Condiciones de crecimiento para las 8 diferentes muestras crecidas. 
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IV.-  Resultados experimentales 

 

Las superficies cristalinas de alto índice (AI) son energéticamente inestables y, por 
ello, tienden a generar otras facetas de baja energía libre superficial en el 
crecimiento por MBE. Lo anterior hace a las AI atractivas para ser utilizadas como 
plantillas nanometricas con las cuales fabricar arreglos periódicos de HCs [64-66]. 
Además de este potencial para generar estructuras auto-ensambladas, el 
crecimiento epitaxial en sustratos de AI permite explorar otras características 
interesantes que los hacen importantes en la investigación básica y aplicada. 
Entre ellos podemos enlistar: la naturaleza anfotérica de las impurezas de Si [67, 
68], efectos piezoeléctricos atípicos [69], el alto grado de polarización de la luz en 
arreglos de hilos cuánticos [66], la observación de estados superficiales 
anisotrópicos topológicos [70, 71] y la mejora de diodos emisores de luz de (In, 
Ga, Al)P-GaP [72]. Por ello, como parte de los objetivos de esta tesis plateamos el 
estudiar más a fondo el plano de AI GaAs(631) para obtener conclusiones 
generales aplicables a otros planos AI. 
 
Por claridad, los resultados los hemos dividido en dos partes: experimentales y 
teóricos. En la presente sección de resultados experimentales se describen 
diversos aspectos del proceso de facetamiento obtenidos por medio de RHEED, 
AFM y análisis de las imágenes de AFM mediante funciones de autocorrelación 
(ACF). Aunque la idea principal es establecer las condiciones adecuadas para 
reproducir un arreglo uniforme de facetas 1D (que permitiera la fabricación de los 
HCs que se estudian en esta tesis de forma teórica), en el desarrollo del trabajo 
logramos identificar algunas dinámicas del proceso de formación de facetas 
relacionadas con diferentes fenómenos superficiales. Uno de los principales 
hallazgos que reportamos aquí es el de que, a partir del análisis minucioso del 
arreglo atómico del plano de GaAs(631) y otros planos de AI reportados en la 
literatura, logramos establecer un criterio mediante el cual planos de AI pueden ser 
escogidos para explorar la formación de nanofacetas 1D. Además, se lograron 
identificar diversos procesos superficiales que surgen en el facetamiento de la 
superficie (631), tales como la formación de las estructuras 1x-2x que se describen 
más adelante. 

 

IV.1 Análisis RHEED: formación de nanofacetas. 
 
Anteriormente, en otros trabajos, se han reportado los patrones RHEED de la 
superficie de GaAs (631)A [73].  Los patrones reportados se han enfocado en las 
etapas de desorción de óxidos, en los primeros minutos de crecimiento (donde las 
facetas aún son demasiado pequeñas para ser observadas por RHEED)  y al final 
del crecimiento (donde las facetas son demasiado grandes para ser observadas 
por RHEED). Aquí nos enfocaremos en describir justo la etapa importante en que 
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la formación de facetas pueden ser observadas; esto es, cuando la longitud de la 
faceta es del orden de la longitud de coherencia de los electrones provenientes del 
sistema RHEED. Para interpretar correctamente los patrones de difracción del 
plano de GaAs(631) debemos primero considerar su espacio recíproco asociado. 
Por medio de las relaciones: 

!! = 2! !!×!!
!! ∙ !!×!!

 

 

!! = 2! !!×!!
!! ∙ !!×!!

 

 
!! = 2! !!×!!

!! ∙ !!×!!
 

 
donde !! son los vectores base de la red del cristal y !! son los vectores base la 
red recíproca. Por medio de estas podemos obtener el espacio reciproco 
bidimensional asociado al arreglo atómico superficial del plano cristalográfico (631) 
del GaAs. 
 
En la figura IV.1.1(a, b) mostramos el arreglo atómico del GaAs en el espacio real 
y el espacio recíproco, respectivamente obtenido por medio de las ecuaciones 
antes descritas con los vectores de la base de la red real dados por:  !! =
!/2 0,1,−3 ,!! = !(−1,2,0)  y !! = !(6,3,1), con ! = 5,645Å, la constante de red 
del GaAs. 
 

 
Figura IV.1.1.- Arreglo atómico para GaAs a) en el espacio real con vectores base 
!! = !/2 0,1,−3 ,!! = !(−1,2,0)  y !! = !(6,3,1), a=5.645Å, b) en el espacio recíproco. 
  
 
En la figura IV.1.2 mostramos un esquema de este plano reciproco y varias 
direcciones azimutales de interés. La roseta de direcciones ilustra las direcciones 
de alta simetría que deben observarse con mayor claridad en los patrones RHEED 
del plano (631). 
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Figura IV.1.2.- Esquema del espacio reciproco asociada a la red superficial del plano de 
GaAs (631). Los azimuts de alta simetría son marcados por la roseta de direcciones. 

 
 

La figura IV.1.3 muestra los patrones RHEED de M6 tomados a lo largo de 7 
diferentes azimuts ([-13-3], [0-13], [-113], [-233], [-593], [-120]) en diferentes 
etapas del crecimiento: al inicio del crecimiento (fila a), después de 7 minutos (fila 
b), a 19 minutos (fila c), después de 46min (fila d) y al término de los 46min de 
crecimiento, con la muestra enfriada a una temperatura de alrededor de 100 °C 
(fila e). Por otro lado, en la figura IV.1.4 mostramos los patrones RHEED de la otra 
región mostrada en la figura IV.1.2, para los azimutales restantes Aquí los 
patrones, aunque similares a los de la figura IV.1.3, presentan algunas variaciones 
importantes. 
 
Como podemos observar de estas figuras, a diferencia de los patrones RHEED de 
planos de bajo índice, los patrones que se obtiene para el plano (631) en los 
diferentes estados del crecimiento son muy complejos, reflejando lo intricado del 
arreglo atómico de este plano. Aunque un análisis detallado de la evolución del 
patrón a lo largo de cada azimutal está fuera del alcance de este trabajo, podemos 
notar algunos comportamientos generales. Observemos primero que los patrones 
que muestran mejores características, tales como líneas alargadas y la 
observación del circulo de Laue son los correspondientes a la etapa b), obtenidos 
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a los 7 minutos de crecimiento. Antes y después de esta etapa los patrones no 
muestran claramente estas características salvo parcialmente en la etapa final, 
con la muestra a baja temperatura, donde en ciertas direcciones se vuelve a 
recuperar la formación de círculos de Laue. Antes y después de esta etapa los 
patrones son  del tipo puntual (contrario a las barras alargadas), que pueden 
asociarse a una superficie rugosa en la etapa inicial a) y a un crecimiento 
tridimensional desordenado de la etapas c)-e).  
 
 

 
Figura IV.1.3.- Patrones RHEED correspondientes a las direcciones mostradas en la 
figura 2 para GaAs (631). En a) se presentan los patrones al inicio del crecimiento, b) 
después de 7 minutos, c) A un tiempo de 19 minutos d) a 46 minutos  y e) al final del 
crecimiento. 
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Figura IV.1.4.- Patrones RHEED correspondientes a las direcciones mostradas en la 
figura IV.1.2 para GaAs (631). En a) se presentan los patrones al inicio del crecimiento, b) 
después de 7 minutos, c) A un tiempo de 19 minutos d) a 46 minutos  y e) al final del 
crecimiento. 
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IV.2.- Patrones RHEED y formación de facetas. 

Aquí nos enfocamos a analizar los patrones RHEED de la etapa b), en particular 
los relacionados con la observación de la formación de las facetas. En  la figura 
IV.1.2, podemos observar un patrón de líneas alargadas escalonadas a lo largo 
del azimut [-1 -3 3] que corresponde a una dirección casi perpendicular a la 
dirección de alargamiento de las facetas,(∢61º). Antes y después de esta etapa 
las líneas alargadas cambian a puntos escalonados y para la figura  IV.1.3 en 
todas las etapas para esta dirección los patrones son puntuales escalonados. Un  
patrón similar de puntos escalonados también es encontrado en e) en la figura 
IV.1.2 a lo largo del azimut [-1 2 0], que es otra dirección casi perpendicular a la 
dirección de alargamiento de las facetas. Este tipo de patrones escalonados 
puede ser asociado a un arreglo de facetas. Las líneas alargadas indican la 
formación de facetas uniformes y el cambio a puntos es señal de cierto grado de 
desorden o rugosidad en las facetas. 
Otra dirección de interés es la [-1 1 3], la cual es la dirección de alargamiento de 
las facetas. De las figuras IV.1.3 y IV.1.4 en la etapa b) obtenemos un patrón de 
líneas alargadas que nos dicen que la superficie es atómicamente plana. 
 
Los patrones asociados a estos 3 azimuts son compatibles con la formación de 
facetas orientadas a lo largo de la dirección [-1 1 3] (o [1 -1 -3]) (figura IV.2.1). 
 
 

 
a)      b) 

Figura IV.2.1.- Formación y orientación de las facetas de acuerdo a los patrones RHEED 
encontrados para el depósito de GaAs sobre el substrato de GaAs(631) a) modelo de 
faceta a lo largo y b) sección transversal de la faceta. 
 
 
A este tipo de patrón se le puede asociar un modelo de formación de facetas, 
como el que se muestra en la figura IV.2.2c [74]. A estas facetas les llamaremos 
nano-facetas (nF). El alargamiento vertical nos da información sobre la altura de 
las nFs,  hnF=2.1±0.8 nm, la separación entre arreglo de líneas se puede asociar a 
la constante de red a0=0.565nm. De la distancia vertical entre líneas se puede 
obtener el periodo de las nfs, LnF=2.82±0.3 nm y del ancho con respecto a la línea 
inclinada que une el centro de cada línea del arreglo se obtiene un tamaño de 
escalón de las nfs de WnF=3±0.8 nm (figura IV.2.1).  
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A partir de estos datos, podemos asociar un modelo de las nFs como el que se 
muestra en la figura IV.2.2b. De esta figura también observamos que los 
escalones de las nFs se encuentran formados por planos del tipo (110) que 
existen facetas mas pequeñas en este esquema simplificado de planos truncados 
sin reconstrucción. A estas pequeñas facetas las llamaremos amstrong-facetas 
(ÅF- no las observamos en el patrón RHEED), las cuales tienen dimensiones 
típicas de LÅF=5.8Å, WÅF=4.9Å y hÅF=1.6Å. De la figura IV.2.2b, podemos observar 
que las nFs son aproximadamente 3 veces más grandes que las ÅFs, como lo 
muestra la línea amarilla de la figura IV.2.2b.  
Más adelante retomaremos este modelo de facetas cuando se discuta la 
morfología superficial  de todas las series de muestras y se planteé un modelo de 
formación de las nanofacetas con longitudes de terraza mayores a 10 veces la 
constante de red del GaAs. 
  

 

a)     b) 

 
c) 

  
Figura IV.2.2.- a) Patrón RHEED tomado después de los 7 primeros minutos del 
crecimiento de GaAs sobre el sustrato GaAs (631) en la dirección [-1 -3 3], b) arreglo 
atómico de las nFs de GaAs auto-ensambladas sobre  GaAs (631) visto desde la 
dirección [1 -1 3] y, c) Modelo de facetas asociado al patrón RHEED de la figura IV.2.2(a). 
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IV.3 Análisis AFM. 

 
Con el fin de encontrar las condiciones óptimas para la formación de facetas en el 
equipo MBE instalado en el CIACYT y reproducir las superficies uniformemente 
nanocorrugadas obtenidas anteriormente en substratos de GaAs(631) crecidas en 
otros sistemas, realizamos varias series de crecimiento, exploraron cambios en la 
temperatura de crecimiento (Tc), tiempo de crecimiento (tc) y presiones de As (PAs) 
y Ga (PGa)  las cuales reportamos en la tabla 1. En las figuras IV.3.1 y IV.3.2 
presentamos las imágenes AFM para las series 1 y 2 (descritas en la tabla III.1) 
mostrando barridos de  1x1µm  y a mayores áreas, de 3x3 µm ó 5x5 µm.  
Para la serie 1 (muestras M1-M3) observamos de la figura IV.3.1 que para el valor 
más bajo de PAs=3.5 x10-6 Torr la superficie no muestra la formación de 
estructuras que se orienten hacia algún lugar especifico (muestra M1), 
aumentando la PAs=5.5 x10-6 Torr (muestra M2) se observa una superficie, que 
aunque rugosa (rms=13.45nm), ya presenta la formación de estructuras 
orientadas en cierta dirección. Para una PAs de 7.6 x10-6 Torr (muestra M3) la 
superficie muestra también estructuras dirigidas en una orientación definidas pero 
podemos notar que nos alejamos de PAs óptima para la formación de las 
nanofacetas que queremos obtener. Así, concluimos de esta serie que el valor 
optimo de PAs para la formación de nanofacetas debe estar contenido entre 5.5 y 
7.6x10-6 Torr.  
 
En la serie 2, cuyas imágenes AFM se muestran en la Fig. IV.3.2, fijamos las 
presiones de Ga y As, variando Tc desde 560 hasta 645 °C (muestras M4-M9). 
Observamos que la temperatura es un factor importante para activar la formación 
de las nanofacetas. A la temperatura más baja de 560 °C (Muestra M4) el 
facetamiento 1D no es muy claro pero se define mejor al incrementar la 
temperatura alrededor de 600 °C (Muestras M5-M6). Sin embargo, bajo estas 
condiciones de crecimiento,  si aumentamos la temperatura hasta 645 °C (muestra 
M7) se pierde la estructura 1D del arreglo de facetas superficiales. Del análisis de 
las imágenes AFM de la serie 2 podemos concluir que el facetamiento debe 
presentarse para una para Tc alrededor de 600°C. 
La tercer serie, que sólo contempla la muestra NF1, la cual fue crecida con los 
parámetros óptimos deducidos de las series 1 y 2, mostramos sus imágenes AFM 
en la figura IV.3.3, donde podemos observar la formación del arreglo de facetas 
casi perfectamente uniformes en áreas de 1x1µm2.  
Como podemos observar de la imagen AFM de 5x5µm2, existen regiones donde 
las facetas se junta lateralmente (proceso que llamaremos coarsening), lo cual 
será estudiado a detalle mas adelante mediante el análisis de diferentes zonas de 
esta misma muestra NF1.  
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Figura IV.3.1.- Imágenes AFM de las muestras de la serie 1 bajo dos diferentes áreas de 
barrido. En las imágenes se muestran sus principales parámetros de crecimiento.  
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Figura IV.3.2.- Imágenes AFM de las muestras de la serie 2 bajo dos diferentes áreas de 
barrido. En las imágenes se muestran sus principales parámetros de crecimiento. 
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Figura IV.3.3.- Imágenes AFM de la muestra NF1 para dos diferentes áreas de barrido. En 
las imágenes se muestran sus principales parámetros de crecimiento. 
 
 
 

 
Figura IV.3.4.- Imágenes AFM para la evolución de la superficie al variar la temperatura y 
tiempo de crecimiento. 
 
  
En resumen, encontramos que las condiciones optimas para reproducir el 
autoensamblado de facetas uniformes, en el sistema MBE instalado en la CIACYT, 
son: PGa=1.3x10-7 Torr, PAs=7 x10-6 Torr, Tc=605 ºC y tc≥100min. En la figura IV.3.4 
mostramos un resumen de los efectos más importantes de las condiciones de 
crecimiento en relación con la formación de las nanofacetas. Estos resultados 
serán retomados posteriormente, cuando discutamos más a fondo los procesos 
detrás de la formación de estos arreglos de facetas. 
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IV.4 Plano (631) en el triángulo estereográfico 
 
En esta sección describimos el proceso que se siguió durante la búsqueda de 
planos de AI  dentro del triángulo estereográfico, mediante las proyecciones 
estereográficas, para encontrar un criterio de exploración de otros planos de AI 
aparte del (631) con potencial para fabricar arreglos de nanofacetas. 
 
Las proyecciones de los planos de bajo índice (BI) los cuales son energéticamente 
estables) son las mas conocidas y encontradas en la literatura, por lo que son 
usadas como vértices para la formación de los triángulos estereográficos (TEs). 
En este trabajo iniciamos proyectando estos planos (positivos). Posteriormente se 
buscaron diferentes direcciones de AI, por ejemplo: las reportadas en la literatura 
para la formación de nanofacetas (775), (331),(551), (411), (311), etc.  
De la figura IV.4.1a podemos observar las proyecciones de los planos de bajo 
índice:(001), (011), (010), (110), (100), (111) y algunos planos AI proyectados. 
Formando 5 triángulos estereográficos diferentes por medio de los planos 
energéticamente estables de bajo índice, observamos que 9 direcciones AI están 
sobre la línea que pasa por los planos (100), (111) y (011), los AI que se 
encuentran sobre la línea formada por (100) y (111) son del tipo (!!!!!!) con 
!! = 2,3. .7 y !! = 1,3. Para las direcciones sobre la línea formada por los planos 
(111) y (011) estos planos son de la forma (!!!!!!) con !!=5,1 y !! = 3,5,7 
Observando otra línea formada por las direcciones (100) y (110), los planos AI que 
se encuentran sobre ésta son del tipo (!!!!0) en donde !! = 2,3,5 y !! = 1,2. 
Para la línea formada por los planos  (111) y (110) se muestran 4 direcciones AI 
de la forma (!!!!!!) con !! = 3,7,5 y !! = 1,5. Formando los TEs por medio de los 
planos estables BI y proyectando la dirección (631) de interés observamos que 
esta se encuentra dentro  del TE formado por (100), (111), (010) y el TE (111), 
(100), (010).  
En la figura IV.4.1b mostramos otros TEs que se pueden obtener de los planos 
mostrados en IV.4.1a, las diferencias aquí son:  
 

! El sistema esta rotado casi 25º en sentido de las manecillas del reloj . 
! Se observan los TEs de vértices (001), (010), (100)- (001), (011), (010) y (2 

5 11), (010), (100), en este último uno de los vértices es un plano AI que fue 
elegido porque es un plano estable, igual que los planos BI. 
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a)      b) 

IV.4.1 Proyecciones estereográficas de planos BI y AI a) TEs  formados a partir de planos 
estables BI, b) Rotación de 25º de a) con la presencia de el TE formado con un plano 

estables AI y dos TEs  diferentes. 
 
 

De la figura IV.4.1, nos damos cuenta que el plano (631) se encuentra dentro del 
triángulo de vértices (100), (110), (111) y que la dirección (2 5 11) se encuentra 
dentro del triángulo (001),(011),(111), lo que nos da una pista, ya que estos planos 
reflejados son los que forman el triangulo que contiene al plano (631) por lo que en 
la figura IV.4.2, mostramos las mismas proyecciones que en IV.5.1 más la del 
plano (11 5 2). 
En la figura IV.4.2 observamos que la proyección del plano estable (11 5 2) se 
encuentra cerca de la del plano (631) y que además, podemos formar un nuevo 
triángulo por medio de los planos estables (100), (11 5 2), (110) y que el plano 
(631) se encuentra sobre la línea que une a los planos (11 5 2) y (110). Este 
triángulo 3D formado por 3 planos BI y un plano AI será utilizado mas adelante. 

 

 
Figura IV.4.2.- Proyecciones estereográficas de planos BI y AI para el estudio de la 
dirección (631). 
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Con la finalidad de observar la estructura atómica y localización de estos planos 
que fueron proyectados para encontrar al plano (631) en el TE, mostramos en la 
figura IV.4.3 los arreglos atómicos de GaAs truncados en diferentes direcciones.  
 
De la figura IV.4.3a observamos que los planos (133) y (577) están localizados 
entre los planos BI (011) y (111), los planos (211) y (331) se encuentran entre los 
planos (111) y (001), lo cual es consistente con lo que se mostro por medio de las 
proyecciones. 
En la figura IV.4.3b mostramos otra perspectiva del arreglo atómico de GaAs para 
otros planos AI, los planos que se encuentran entre las direcciones (110) y (-3 3 -
2) son: (10 7 1), (631), (11 5 2), (521) y (410), todas de AI. 
 
 

 
a)      b) 

Figura IV.4.3.- Arreglos atómicos de GaAs truncados con algunos planos encontrados en 
las proyecciones estereográficas.  
 
Esto da una idea, la cual, por medio de un estudio similar se pueden encontrar 
más direcciones AI dentro del TE que den lugar a la formación de nanofacetas y 
que aun no han sido estudiadas. 
 
 
IV.5.- Nuevas direcciones de facetamiento 1D en substratos AI dentro del 
triángulo estereográfico 
 
 
Por razones históricas, los substratos de alto índice (AI) y superficies vecinales 
(SV) son elegidos de forma tal que su orientación se encuentra localizada a lo 
largo de los bordes del triángulo estereográfico (TE), cuyas esquinas son los 
planos de bajo índice (BI) (100), (110) y (111). Tal elección de orientaciones de AI 
y SV se debe a la idea generalmente aceptada de que sólo las esquinas del TE 
pueden formar reconstrucciones de baja energía superficial y que, por lo tanto, los 
AI o SV en cualquiera de los bordes deben decaer en facetas compuestas de 
combinaciones de dos de los planos de la esquinas, formando así el arreglo de 
facetas 1D deseado para la formación de HCs. Aunado a ello, se piensa que los 
planos de AI dentro del TE deberían generar superficies muy complejas, porque 
deberían evolucionar a combinaciones de los 3 planos BI, sin formar los arreglos 
de facetas 1D. Por ello, históricamente han sido muy poco estudiados los planos 
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AI que se encuentran dentro del TE, y los pocos que se han explorado han sido 
elegidos sin seguir un criterio especifico para buscar la formación de facetas 1D. 
Recientemente, utilizando el plano GaAs (631)A, que es un plano AI localizado 
dentro del TE, se han encontrado condiciones que inducen la formación de 
arreglos periódicos uniformes unidimensionales (1DPA) con notoria uniformidad 
[57]. La factibilidad de formación de estos arreglos nos lleva a considerar los 
mecanismos de formación y preguntarnos si existen criterios a seguir para 
explorar nuevas orientaciones AI dentro del TE. 
 
Mediante el análisis cuidadoso del mecanismo de formación  de las facetas 1D en 
el crecimiento homoepitaxial sobre GaAs(631)A por MBE, logramos encontrar un 
criterio para explorar auto-ensamble de facetas 1D en superficies AI dentro del TE 
no exploradas hasta ahora. Como se detallará más adelante, encontramos que 
existen familias de planos, pertenecientes a direcciones localizadas a lo largo de 
las líneas que conectan al plano de AI de GaAs(11 5 2), energéticamente estable y 
localizando dentro del TE, con los planos (100) (110) y (111) en los vértices del 
triángulo. Tal disposición de los planos en el TE es mostrada en la figura IV.5.1. 
 

 
Figura IV.5.1.- Triángulo estereográfico que muestra las orientaciones para el GaAs 
reportadas en la literatura y las líneas conectando a las esquinas del TE con el plano 
energéticamente estable (11 5 2), sobre la cual se encuentran las potenciales nuevas 
direcciones para explorar el facetamiento 1D. Los planos estables se encuentran 
etiquetadas con texto en negrita. 
 
 
Recordando, las superficies vecinales (SV) son aquellas que están ligeramente 
desviadas con respecto a un plano de bajo índice y en dirección a otro plano de 
bajo índice. Por ejemplo, un plano vecinal al plano (110) desorientado ∼1° hacia el 
plano (100). Estas SV consisten de escalones monoatómicos con terrazas y 
bordes orientados en direcciones especificas. En la exploración de auto-ensamble 
de 1DPA en planos de AI de GaAs, históricamente se han elegido aquellos 
localizados en la línea que conecta las esquinas (110) y (111) del TE, tales como 
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los planos (775), (332), (553), (221) y (331) [64, 20, 21, 75, 70, 76, 74]. Como 
resultado, en todos lo reportes previos sobre la formación de 1DPA en SVs y 
sustratos de AI GaAs, las facetas se encuentran alineadas a lo largo de la 
dirección [0, 1, -1] y consisten de terrazas (001) y escalones (111), como se 
muestra esquemáticamente en la figura IV.5.2 a).  
 
Debido a que estas superficies AI dentro del  TE tienen un arreglo atómico 
complejo, sólo unos pocos de estos planos de GaAs han sido estudiados para la 
formación 1DPA: esto son los planos (631), (731) y (531) [ 19, 77, 78]. Debido a 
esta complejidad, también es bastante notable que algunos autores han 
encontrado superficies energéticamente estables dentro del TE en cristales como 
Si, Ge y GaAs [79, 80]. Para los compuestos semiconductores, el único plano 
estable dentro del TE reportado hasta ahora es el de GaAs (11 5 2)A, lo cual fue 
determinado por microscopía de efecto túnel y mediante cálculos de primeros 
principios [80].  
Como se ha podido probar que el plano de GaAs (631) A puede inducir 
facetamiento 1D altamente uniforme, lo cual nos lleva a preguntarnos si existirán 
otros planos de AI dentro del TE que aún no han sido explorados para formar 
facetamiento 1D.  La figura IV.5.2b muestra de forma esquemática el plano GaAs 
(631) y planos AI relacionados. Al igual que con otras superficies AI, el plano 
(631)A presenta un arreglo complejo de enlaces libres en su superficie [24]. Sin 
embargo, cuando esta superficie es observada a lo largo de la dirección [1, -1, -3], 
lo que surge es un perfil sorprendentemente simple, formado por microfacetas de 
planos (110) (de longitud aproximada 0.6 nm) separados por  escalones 
monoatómicos del plano (2, -1, 1), tal como se muestra en la fig. IV.5.2b).  
 
Ahora analizaremos los otros dos planos de GaAs reportados de AI dentro del TE, 
es decir, los planos (731) y (531) [77, 78]. Como se muestra en la Fig. IV.5.1, los 
planos (731) y (531) no pertenecen a ninguna de las líneas que conectan a 
cualquiera dos de los planos energéticamente estables. Al parecer, la ausencia de 
este par de facetas estables que cuadren geométricamente para generar un 
arreglo de facetas 1D es la razón por la cual estas direcciones cristalográficas no 
han producido generar estos arreglos 1D.  
Por otro lado, el plano (521) es un caso diferente e interesante. Como se muestra 
en la Fig. IV.5.1, este plano está situado en la línea que conecta dos superficies 
estables AI: el plano (411), sobre el borde del TE, y el plano (11 5 2), dentro del 
TE. Aunque no se ha reportado la formación de facetas 1D sobre este plano, 
parece un candidato importante para explorar un tercer caso adicional en la 
formación de este tipo de arreglos. 
 
Una resultado importante que podemos concluir de la discusión anterior es la 
posibilidad de producir arreglos de facetas 1D en nuevas familias de planos que 
aún no han sido explorados hasta ahora. Entre ellas se encuentran: (i) las 
orientaciones entre los planos (11 5 2) y (111), incluyendo las orientaciones (421), 
(953), (532), (643), (754), y (10 8 7) que se espera formen facetas 1D alineadas a 
lo largo de la dirección [1, -3, 2] dirección; (ii) las orientaciones localizadas entre 
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los planos (11 5 2) y (100), como los planos (13 5 2) o (20 5 2), que podrían formar 
facetas 1D a lo largo de la dirección  [0 2 -5] y, (iii) en otras orientaciones aparte 
de la (631), entre los planos (11 5 2) y (110), tales como el plano (10 7 1), que se 
espera forme facetas alineadas a lo largo de la dirección [1, -1, -3]. 
Adicionalmente, se podrían explorar incluso orientaciones situados en la línea que 
conecta el plano (11 5 2) con sustratos estables HI situados sobre los bordes del 
TE, tales como (411) y (311), que podría ser de interés para la formación de 
facetas 1D. 
 
 

 
Figura IV.5.2.- a) Sección transversal del GaAs en bulto vista a lo largo de la dirección [0 1 
-1]. b) Sección transversal del GaAs en bulto vista a lo largo de la dirección [-1 1 3]. Se 
indican algunos planos reportados en la literatura (texto en negrita). 
 
 
 
 

IV. 6.-  Evolución del facetamiento 1D en el plano (631) 
 

 
Como se discutió anteriormente, la superficie (631) vista a lo largo de la dirección 
[1, -1, -3] se compone de microfacetas (110) escalones monoatómicos bien 
definidos. Considerando: (i) el arreglo atómico inicial de la superficie, (ii) la 
aparición  de microfacetas observadas por RHEED en los primeros minutos de 
crecimiento y,  (iii) la topografía final observada por AFM; es razonable suponer 
que la formación de facetas 1D está mediada por procesos similares a los que 
ocurren en planos de AI situados entre los planos (110) y (111) y las SV. Esto es, 
mediante un proceso inicial tipo step-bunching y la posterior interacción elástica 
para minimizar la energía superficial promueven la formación de las facetas 
siguiendo un mecanismo como el propuesto en la Fig. IV.6.1. Así, mediante un 
mecanismo análogo a que siguen los planos AI localizadas a lo largo de los lados 
del TE, podemos explicar como un arreglo uniforme de facetas 1D puede ser 
producida en los planos AI dentro del TE. Este modelo se describe mas a detalle a 
continuación. 
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Bajo condiciones de crecimiento adecuadas, el arreglo atómico inicial (superficie 
truncada (631)) evolucionará por medio del proceso cinético de step-bunching 
hacia facetas (110) con un periodo lateral cada vez mayor y escalones (2, -1, 1). 
Posteriormente, cuando las facetas crezcan lo suficiente (periodo lateral  >10a0) 
entraran en juego las interacciones elásticas descritas por el formalismo de 
Marchenko (ecuación I.5.2.1). Conforme el sistema sigue evolucionando, las 
interacciones elásticas provocaran la formación de arreglos ordenados de facetas 
1D. La estructura final  típicamente tiene las siguientes dimensiones: una altura de 
2 nm, un período lateral de 60 nm, una longitud de coherencia de hasta 5µm y una 
longitud de correlación característica mayor a 1,6 µm [19]. La Figura IV.6.1 
muestra un esquema de esta formación de facetas y  su evolución. 
 
 

 
Figura IV.6.1.- Mecanismo de facetamiento durante crecimiento homoepitaxial sobre 
GaAs (631) visto a lo largo de la dirección [-1 1 3]. 
 
 

IV.6.1.- Análisis de perfiles AFM 
 
Por medio de los perfiles de las imágenes AFM para las superficies facetas 
(muestras NF1 y NF2) obtenemos evidencia de la formación de facetas. De la 
figura IV.6.1.1 (a,b) podemos observar que las facetas para las muestras NF2 y 
NF1 están compuestas de terrazas formadas por agrupamientos de facetas, para 
la muestra NF2 esto es mas evidente, ya en este caso las facetas están 
compuestas por mas nFs en comparación con el perfil obtenido para la muestra 
NF1. Haciendo un acercamiento en el perfil de la muestra NF2, esto es mas 
notorio, por lo que asignamos un modelo para la formación de facetas, el cual se 
muestra en la figura IV.6.1.1d). Podemos observar que el proceso de formación de 
facetas en el plano AI (631) es similar al proceso de step-bunching descrito en la 
figura IV.6.1. 
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a)     b) 

 
c)     d) 

 
Figura IV.6.1.1- Perfil de las imágenes AFM para a) la muestra NF2, b)NF1, c) 
acercamiento del perfil mostrado en a) y d) modelo propuesto para la formación de 
facetas a partir del agrupamiento de nFs. 
 
 

IV.7.- Coarsening en superficies GaAs de alto índice 
 
Anteriormente, se demostró la formación de casi perfecta corrugación superficial 
en áreas de hasta 1x1µm2 y una alta homogeneidad en áreas de 5x5µm2 
presentando longitudes de coherencia de hasta 3.6µm2, en las capas 
homoepitaxiales de 1µm de espesor sobre GaAs (631)A crecidas por MBE. Para el 
plano GaAs (631) bajo lenta tasa de crecimiento de 0.3µm/hr y una alta Tc de 
700°C, las condiciones de crecimiento óptimas para la mejora de la difusión de 
adátomos y mediante el uso de un tiempo de crecimiento grande para el 
crecimiento de una capa gruesa, un estado cuasi-estacionario para ambas 
interacciones elástica y el proceso de coarsening pueden ser establecidas. Sin 
embargo, para aplicaciones practicas las homogeneidades en las áreas 
escaneadas por medio de AFM mayores que 1x1µm2 pueden ser evitadas. En lo 
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que sigue nos vamos a centrar en los fenómenos superficiales que desencadenan 
la formación de estas imperfecciones a grandes áreas. Para ello, las capas de 
GaAs de una serie de espesores se crecieron por MBE en GaAs (631) a una tasa 
de crecimiento de 0.6µm/hr. 
 
 
 
IV.7.1.- Inhomogeneidades en áreas mayores a 1µm2:estructuras 1x-2x. 
 
En la figura IV.7.1.1, presentamos un área de 4x3µm2 de una imagen AFM, de la 
muestra obtenida bajo las condiciones de la Ref. [], la cual llamaremos muestra 
NF2. Dos típicas situaciones son observadas para estas áreas grandes: 1) hay 
regiones que contienen casi perfectos arreglos de canales, corriendo paralelos 
sobre distancias de hasta 5µm (región dentro del rectángulo) y 2) se puede 
observar la formación de estructuras “1x-2x” las cuales en un extremo están 
compuestas de un simple canal y del otro extremo esta compuestas de un doble 
canal, ambas conservando la misma orientación que los canales en las regiones 
uniformes. Estas estructuras 1x-2x son el principal factor de perdida de 
uniformidad, que se pueden notar en las zonas mas grandes que 1µm2. 
 
IV.7.2.- Interacciones elásticas 2D: Estructuras 1x-2x. 
 
En la figura IV.7.1.1, etiquetamos los lados 1x y 2x de las estructuras 1x-2x. Como 
se observa, la distribución de las estructuras 1x-2x sigue un patrón alternado. En 
la dirección paralela, se puede establecer una región que define las zonas de 
transición 1x-2x y 2x-1x. Podemos hacer una estimación de la longitud máxima 
promedio de un canal simple uniforme antes de su partición para convertirse en un 
doble canal. Por medio del conteo del número de estructuras 1x-2x y canales 
perfectos 1x corriendo de lado a lado en un área de 5x5µm2. En una muestra de 
1µm de espesor encontramos una razón 6:1 entre canales simples perfectamente 
uniformes (1x) corriendo de lado a lado y canales dobles perfectamente uniformes 
(2x) en las estructuras 1x-2x. Esto es, en un área de 5x5µm2, hay en promedio 6 
canales perfectos 1x por cada estructura 1x-2x.  Extrapolando este resultado 
podemos estimar que, si asumimos que cada canal 1x en alguna región puede 
volverse una estructura 2x, entonces  cada estructura 1x-2x tendrá una extensión 
de 35µm, esto es, en promedio, para una capa de GaAs de 1µm de espesor hay 
canales uniformes 1x corriendo perfectamente uniformes distancias de hasta 
17.5µm. Esta es una extensión de alambre bastante notable para la fabricación de 
sistemas coherentes 1D y potenciales aplicaciones 1D. 
 
Los patrones alternos pueden ser entendidos como un mecanismo del sistema 
para minimizar la energía elástica superficial en toda la superficie, esto es, en 
ambas direcciones, longitudinal y transversal. Para la etapa avanzada de 
formación de facetas de muestras de 1µm de espesor (donde el factor dinámico no 
tiene gran importancia), dos principales factores son los responsables de la 
evolución de la faceta, a saber, las interacciones elásticas y el proceso de 
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coarsening. Usualmente estos dos mecanismos son estudiados considerando solo 
la dirección transversal relativa a la dirección de elongación del canal. Para la 
componente elástica, el modelo de Marchenko 1D [28] exitosamente describe el 
facetamiento en superficies vecinales.  
 
En el estado cuasi-estacionario de la muestra NF2, ambas interacciones: las 
elásticas descritas por Marchenko y las de tipo coarsening, tratan de inducir la 
formación de arreglo de facetas de un periodo simple transversal (fijo), el cual es 
consistente con los perfiles transversales que pueden ser observados de la 
imagen AFM mostrada en la figura IV.7.1.1.  
 
 

 
Figura IV.7.1.1.- Zona de un área de 5x5µm2 para la muestra NF2, el rectángulo rojo 
muestra la región uniforme entre las estructuras 1x-2x y los patrones alternos para esta 
distribución (Letras amarillas). 
 
 
Por otro lado, se puede deducir del patrón alternado de estructuras 1x-2x y 2x-1x, 
que existe algún mecanismo el cual induce una modificación a lo largo de la 
dirección paralela al arreglo de canales. Aun mas, como en la dirección transversal 
estos patrones alternos además aparecen, parece que la interacción de largo 
alcance se presenta en  orden de establecer un balance elástico a lo largo de 
ambas direcciones del canal paralela y perpendicular. Esto es, mientras en la 
dirección transversal ambos mecanismos de coarsening e interacciones elásticas 
han alcanzado un estado estacionario en el cual el coarsening entre canales 
adyacentes es principalmente controlado por interacciones elásticas, en la 
dirección paralela, también aparece otra componente elástica, que a su vez, en 
orden de minimizar la energía superficial, desencadena la formación de un arreglo 
alterno 1x-2x. Esta interacción elástica de largo alcance la cual es muy diferente a 
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la descrita por el modelo de Marchenko, hasta donde sabemos, no ha sido 
reportada antes. 
Con la finalidad de corroborar el efecto de las interacciones elásticas de largo 
alcance se estudio un área  de 2.47x1µm2 de la muestra NF1, la cual presenta 
facetamiento uniforme (figura IV.7.1.2), observamos que esta también presenta el 
tipo de estructuras alternadas 1x-2x entre regiones con facetamiento uniforme de 
hasta 2.47µm de longitud de coherencia. 
 

 
Figura IV.7.1.2.- Zona de un área de 2.47x1µm2 para la muestra NF1, el rectángulo 
morado muestra la región uniforme entre las estructuras 1x-2x y los patrones alternos 
para esta distribución (Letras rojas y azules). 
 
 
Vale la pena tener en cuenta que aun cuando la formación de estructuras 1x-2x 
podría considerarse como defectos para aplicaciones QWR, donde podría ser 
preferible un arreglo perfectamente uniforme, estas estructuras 1x-2x muy 
alargadas podrían ser útiles para explorar interesantes efectos electrónicos 1D. 
Por ejemplo, la exploración de transporte electrónico a lo largo de estructuras 1x-
2x, podría dar información valiosa acerca de lo que sucede cuando dos gases de 
electrones independientes 1D se mueven a lo largo del lado 2x se ven obligados a 
juntarse en un solo canal electrónico 1D. Inversamente, también podría ser posible 
obtener información valiosa de la forma en que una fracción de gas electrónico 1D 
en dos gases electrónicos 1D. En efecto, tales experimentos podrían utilizarse 
para obtener información sobre fenómenos 1D fundamentales. 
 
 
Como mostramos en la sección 1.6.3, una serie de modelos se han propuesto en 
orden de describir el proceso de coarsening. Todos estos modelos muestran una 
característica en común: El coarsening ocurre desde las etapas iniciales. Por otro 
lado, para MBE la ecuación de Kuramoto Sivashinsky (KS) (ecuación I.5.3.1) 

2x

2x

1x

1x

1x2x

2.47µm



	 66	

puede describir el proceso de coarsening tomando en cuenta las condiciones 
experimentales del crecimiento.  
Esta ecuación, para ! > 0 , es resuelta en el espacio de Fourier usando 
condiciones a la frontera periódicas, el método se detalla en el apéndice C. La 
ecuación KS, es exitosamente usada para generar información valiosa la de 
evolución del tiempo del perfil transversal de las facetas y los parámetros  !,!,ℊ 
comúnmente son la unidad.  
En este trabajo hemos variado dos de estos parámetros, el relacionado con las 
interacciones de largo alcance ! y el asociado al coeficiente de difusión ℊ. Si este 
último parámetro es relacionado con la ecuación de Arrhenius que tiene la forma 
ℊ! exp − !!

!!!
 con ℊ! una constante, !! la energía de activación, !! la constante 

de Boltzmann y ! la temperatura. De acuerdo con la forma funcional de esta última 
ecuación, al aumentar la temperatura, el coeficiente de difusión aumenta. De 
acuerdo a esto, en las figuras IV.7.1.3-5 mostramos la soluciones a la ecuación KS 
para diferentes valores del coeficiente de difusión y la interacción de largo alcance, 
con la finalidad de ver los efectos que producen estos parámetros en la 
componente a lo largo de la faceta. 
 
Observamos que el aumento en el parámetro de largo alcance ! se ve reflejado 
en el desorden de las facetas, imperfecciones debidas a alineación y la aparición 
de estructuras tipo 1x-2x (Figuras IV.7.1.3-5) Para ! = 0.8  y ℊ = 0.75   se 
presentan 3 estructuras 2x-1x y las facetas intermedias están alineadas siendo del 
tipo 2x (Figura IV.7.1.3), al aumentar ℊ = 0.8  las 2 estructuras 2x-1x que 
anteriormente se veían acopladas en la parte superior izquierda, se desacoplan 
quedando sólo una y las facetas de la esquina superior derecha se empiezan a 
acoplar. Para ℊ = 0.85 se presentan 2 estructuras 2x-1x y las facetas restantes se 
ven mas definidas. Para ℊ = 0.9 el cambio es mas notorio, ya que las facetas 
intermedias del tipo 2x comienzan a juntarse  y las estructuras 2x-1x  empiezan a 
desaparecer. Para ℊ = 0.95 se observa un acoplamiento entre facetas 2x muy 
similar a ℊ = 0.9 pero en esta etapa es mas notorio. Para ℊ = 1 el efecto es aun 
mas notorio. Finalmente para ℊ = 1.5 se obtienen facetas uniformes formadas a 
partir de dos facetas mas pequeñas que se tenían al principio. 
 
Para ! = 0.9  (Figura IV.7.1.4), se tiene un comportamiento similar con el 
coeficiente de difusión, el aumento en el parámetro de largo alcance se ve 
reflejado en el parámetro de difusión para el cual se obtiene facetamiento 
uniforme, en este caso se obtiene a ℊ = 1.7. 
Aumentando el largo alcance a ! = 0.9 (Figura IV.7.1.5), observamos la formación 
de facetas de la forma antes descrita con un parámetro de difusión para la 
formación de facetamiento uniforme de ℊ = 1.9. 
Por lo que podemos observar, el parámetro de largo alcance nos da la formación 
de estructuras tipo 2x-1x y el coeficiente de difusión al aumentar va cambiando la 
superficie hasta llegar a formar un arreglo de facetas uniformes. Este aumento en 
el coeficiente de difusión, experimentalmente puede ser relacionado con el 
aumento en la temperatura de crecimiento y presión de los haces moleculares. Por 
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ejemplo, para el caso de la temperatura, como se definió antes, se puede 
relacionar por medio de la ecuación de Arrhenius. De la figura IV.7.1.4 podemos 
observar la dependencia del coeficiente de difusión con la temperatura que en 
este caso esta dada como 1000/ !. Asociando los valores del coeficiente de 
difusión utilizados en las figuras IV.7.3.3-5, observamos que el facetamiento 
uniforme lo encontramos para entre 1.63 a 1.65, que corresponden a una 
temperatura de crecimiento en el rango de 613 - 606ºC. 
 

 
Figura IV.7.1.3.- Imágenes obtenidas mediante la solución de la ecuación I.6.3.1 KS para 
un perfil ondulatorio por medio de transformadas de Fourier y condiciones a la frontera, 
para diferentes valores del coeficiente de difusión ℊ = 0.75, 0.85… 1 ! 1.5  y un 
parámetro de largo alcance de ! = 0.8. 
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Figura IV.7.1.4.- Imágenes obtenidas mediante la solución de la ecuación I.6.3.1 KS para 
un perfil ondulatorio por medio de transformadas de Fourier y condiciones a la frontera, 
para diferentes valores del coeficiente de difusión ℊ = 0.75, 0.85… 1 ! 1.7 y un parámetro 
de largo alcance de ! = 0.9. 
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Figura IV.7.1.5.- Imágenes obtenidas mediante la solución de la ecuación I.6.3.1 KS para 
un perfil ondulatorio por medio de transformadas de Fourier y condiciones a la frontera, 
para diferentes valores del coeficiente de difusión ℊ = 0.75, 0.85… 1 ! 1.9  y un 
parámetro de largo alcance de ! = 1.0. 
 

 
Figura IV.7.1.6.- Dependencia del coeficiente de difusión con la variación de la 
temperatura dada por la ecuación de Arrhenius para una energía de activación. 
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IV.7.3 Análisis ACF: Periodicidad de alto orden. 
 
En la figura IV.7.3.1a  mostramos una imagen AFM de 3x3µm2 correspondiente a 
la muestra NF1, de 500 nm de espesor. Se observa que, similar a la muestra NF2, 
la superficie resultante esta compuesta de regiones corrugadas uniformes y no 
uniformes. Sin embargo, en contraste a NF2,en NF1 las regiones coarsening están 
compuestas de mas de dos canales. Estas regiones aparecen en la base más o 
menos regular,  sugiriendo la existencia de primeras etapas de estructuras 1x-2x 
que son observadas cuando se lleva a cabo la estabilización. 
 
Las regiones uniformes muestran la formación de canales altamente uniformes de 
periodo lateral entre 65 y 70nm y un alto entre 1.5-2nm. Para esta muestra, casi 
perfectos canales corren distancias de hasta 3µm, que es significativamente mas 
corta que la de la muestra de 1µm de espesor (NF2). 
 
Con la finalidad de analizar a fondo la morfología superficial, empleamos la función 
de autocorrelación (ACF) para analizar las imágenes AFM. Por medio del análisis 
ACF podemos obtener cualitativa y cuantitativamente información sobre los 
diferentes grados de uniformidad en la estructura superficial de la muestra. La 
figura IV.7.3.1 b muestra la imagen ACF de la imagen AFM de la figura IV.7.3.1a. 
Se puede observar incluso que algunas de las características de alargamiento 
corriendo a lo largo también están presentes en la imagen ACF, la coherencia casi 
se pierde en esta área grande. En contraste, tomando la ACF de 1x1µm2 en una 
región uniforme de la superficie, la ACF muestra un alto patrón coherente, 
presentado en la figura IV.7.3.1 c. El análisis ACF es también usado para estudiar 
los defectos relacionados con superficies coarsening. 
Las imperfecciones coarsening en el arreglo de canales puede ser detectado por 
medio del ajuste del perfil ACF con una función ondulatoria amortiguada. Para un 
área uniforme de 1x1µm2, el perfil ACF puede ser ajustado a una función del tipo: 
 

!"#$ ! !!!!
! exp (− !

!!
)      IV.7.3.1) 

 
La cual es mostrada en la figura IV.7.3.2a. 
 
Para el caso del perfil ACF de una región uniforme (Fig. IV.7.3.2 c), se obtiene una 
constante de amortiguamiento !! = 130!"  y un periodo lateral ! = 66!" . En 
contraste, para un área no uniforme de 1x1µm2, la ACF ya no es tan coherente 
como se muestra en la figura IV.7.3.2 a.  El perfil ACF de la figura IV.8.3.1b  de la 
sección transversal es ajustado por dos funciones senoidales con periodos 
!! = 60!" y !! = 130!". Claramente las oscilaciones con  !! son generadas por 
el ancho promedio de los canales simples, el segundo orden de oscilaciones con 
!! puede ser relacionado al coarsening de dos canales simples. Para este perfil se 
obtiene un baja constante de decaimiento de !! = 36!" reflejando la perdida de 
coherencia. 
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Figura.- IV.7.3.1 a) imagen AFM de área 3x3µm2 para la muestra NF1, b) ACF de la 
imagen AFM a), c) ACF para la región uniforme de la imagen AFM a) y d) acercamiento 
en región de la imagen a) donde mostramos la interfase estre estructuras 1x-2x . 

 
 
 
Para un área mas grande de AFM 3x3µm2 (figura IV.7.3.1 a) la ACF muestra un 
patrón bastante diferente, (Figura IV.7.3.2 c), para esta área grande, el perfil de la 
sección transversal, puede ser ajustado  también a dos funciones senoidales, con 
periodos  !! = 695!" y !! = 62!", y una constante de amortiguamiento más 
baja !! = 16!", como en el caso anterior !! puede ser asignado al periodo de la 
faceta simple (la cual también toma en cuenta el periodo 2!! de las estructuras 
2x). Sin embargo, !! representa una tercera oscilación que puede ser asignado a 
las regiones alternadas de coarsening y regiones de canales uniformes. En figura 
IV.7.3.4  mostramos una imagen AFM de 3x3µm2 de otra región de la muestra 
NF1 de la cual observamos mas claramente la tercera oscilación que da lugar a 
una corrugación de segundo orden de periodo lateral alrededor de 700nm. 
 
En la figura IV.7.3.3a se presenta la imagen AFM de otra región de la muestra 
NF1, en donde la influencia del proceso de coarsening puede ser observado en 
sus primeras etapas. En este caso los canales que presentan coarsening están 
casi en una proporción de 2 simples canales por cada estructura coarsening 1x-2x. 
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Figura IV.7.3.2.- Perfil ACF (línea negra) ajustado por medio de la ecuación IV.7.3.1 (línea 
roja) a a) dos periodos para la región no uniforme de la figura IV.8.3.1 a, b) un periodo de 
la región uniforme de la figura IV.7.3.1c y c) dos periodos para 3x3µm2 figura IV.7.3.1b  
 
 
 

 
 
Figura IV.7.3.3.- a) Imagen AFM de 3x3µm2 de área  para la muestra NF1, b) ACF de la 
imagen a). 
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To	go	further	on	the	coarsening	process,	we	explore	a	different	region	of	the	sample	
where	 the	 coarsening	 process	 is	more	 evident	 (see	 Fig	 ).	 	 The	 1	 x1	 μm	AFM	 image	
shows	 a	 region	where	 original	 facets	 of	 a	 lateral	 period	 of	 	 ---	 nm,	 by	 a	 coarsening	
process	are	given	place	to	a	facet	array	that	have	two	times	the	original	lateral	period.		
	
The	 arrow	 in	 the	 figure	 shows	 the	 area	 where	 exist	 the	 transition	 from	 the	 two	
original	facets	and	the	new	one.		
	
The	 coarsening	 process	 is	 represented	 on	 the	 ACF	 image	 by	 the	 union	 of	 well	
separated	lines	(marked	with	an	arrow	in	Fig	___),	which	is	the	mean	cause	of	the	lost	
of	coherence	in	the	ACF	pattern.	
	
of	a	we	observe	other	region	of	the	sample,	with	lateral	period	around	62	nm.	A	1x1	
μm	 AFM	 image	 of	 this	 sample	 is	 shown	 in	 figure	 4.	 As	 evident	 from	 this	 image,	
coarsening	is	a	crucial	mechanism	in	the	formation	of	the	nanofacets.	
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Figura.- IV.7.3.4 imagen AFM de área 3x3µm2 para una región diferente de la muestra 
NF2 con regiones tipo coarsening entre regiones uniformes de facetas. 
 
 
IV.7.4 Coarsening en las primeras etapas: difusión a lo largo de los canales. 
 
En la figura IV.7.3.3a se revela un mecanismo extra coarsening, el cual trabaja a lo 
largo de la dirección del eje del hilo. Podemos deducir de la figura IV.7.3.3a que un 
mecanismo parecido al cierre (zipper) de una camisa, es bastante importante para 
el proceso que convierte dos canales (2x) a uno (1x) por medio de su unión en 
dirección transversal. Podemos decir que este mecanismo tipo-cierre es similar a 
step-bunching, pero en lugar de que los átomos se adhieran sobre un escalón de 
las terrazas, los átomos que se difunden a lo largo de los canales prefieren 
adherirse en los bordes de las estructuras 1x-2x de una manera tal que las 
estructuras 1x son formadas a partir de estructuras 2x.  
Adicionalmente, para esta primera etapa, el mecanismo descrito por las 
ecuaciones I.6.2.1 y I.6.3.1 aún no ha alcanzado un estado estacionario, por lo 
que no hay una fuerte tendencia a formar canales individuales de un ancho único. 
Por lo que cuando se produce una estructura 1x-2x o 1x-3x , el canal tipo 2x o 3x 
tiende a formar un nuevo canal de ancho 2W o 3W, respectivamente, lo cual es 
contrario al caso de NF2, en donde cada canal tiende a tener un mismo ancho W. 
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V.- Resultados Teóricos: Muchos electrones dentro de hilos 

cuánticos. 
 

 
En esta sección presentamos los resultados teóricos que se desprenden de utilizar 
un potencial tipo Yukawa para abordar el problema de muchos electrones, 
interactuando dentro de hilos cuántico de sección transversal cuadrada y circular. 
Se abordan dos casos, con paredes finitas (lo cual nos permite introducir 
parámetros de sistemas reales y observar fenómenos de tunelamiento) e infinitas. 
Finalmente, se abordan también el caso en que existe un campo eléctrico externo 
afectando a los electrones dentro del hilo. Como resultado relevante, mostraremos 
que nuestro modelo sencillo puede describir la formación de un cristal de Wigner, 
el cual es uno de los efectos más relevantes presentes en los HCs. En donde fue 
posible, utilizamos parámetros de materiales semiconductores y se compararon 
con resultados experimentales reportados en la literatura. 
 
 
V.1.- Implementación del Potencial Yukawa a un sistema de  2 electrones en 
HCs cilíndricos y cuadrados con barreras infinitas. 
 
Primero describiremos el caso de HCs de sección transversal circular y de sección 
transversal cuadrada, ambos de GaAs y con barreras infinitas. Para este caso, se 
debe resolver la Ec. II.V.5, esto se hizo numéricamente mediante el método de 
diferencias finitas, el cual es descrito en detalle en el Apéndice E. 
 
V.1.1  El límite κ !∞: electrón libre o material en bulto 
 
Para probar la validez de nuestro algoritmo, calculamos la función de onda de un 
par de electrones interactuando con el potencial Yukawa dado por la Ec. II.4.1, 
para el caso de material en bulto. Para el estado base, el primer y segundo estado 
excitado, resolvimos la Ec. II.4.5 en coordenadas esféricas y tomamos el caso 
límite ! → ∞, con lo cual se recupera el caso de electrones libres (equivalente al 
caso de material en bulto). Los resultados obtenidos fueron comparados con los 
reportados en la referencia [88], donde calculan estas mismas funciones de onda 
utilizando un método numérico, el método WKB y el método de diferencias de 
Gauss-Jackson. En la figura V.1.1 se comparan los resultados de nuestro 
algoritmo con los datos reportados.  Como puede observarse, nuestro algoritmo 
reproduce perfectamente las funciones de onda del par de electrones en el límite 
de material en bulto. 
 
 
  
 



	 75	

 
Figura V.1.1.- Función de onda del bulto en función de la distancia electrón-electrón para 
el estado base, primer y segundo estado excitado. Las líneas son obtenidas mediante la 
solución numérica de la Ec. II.4.5 por medio del método de diferencias finitas para el caso 
de partícula libre usando los parámetros reportados en [81] con E=20MeV. Los símbolos 
representan los datos numéricos reportados en [81]. 
 
V.1.2  El límite κ !0: Interacción tipo Coulomb 
 
En la figura V.1.2 mostramos la energía total del sistema de dos electrones 
interactuando con el potencial Yukawa en función de la separación de los 
electrones (z1-z2). Para este caso, la longitud del hilo se varió entre 20 y 520nm.  
Estos datos son obtenidos al resolver numéricamente la ecuación II.4.5 y 
encontrar las eigen-energías del sistema.  
 
Para generar esta figura utilizamos parámetros de apantallamiento κ asociados a 
densidades efectivas de portadores en el rango de 106 a 1022 cm-3, los cuales 
abarcan el rango de los materiales semiconductores intrínseco hasta altamente 
dopados. De la figura V.1.2 observamos que la energía de interacción electrón-
electrón (e-e) es menor cuando la densidad de portadores incrementa. Este 
comportamiento es consecuencia del efecto de apantallamiento entre electrones, 
el cual disminuye la fuerza de interacción entre pares de electrones. Este efecto es 
más notorio a distancias e-e grandes, mayores a 50nm. Por ejemplo, para una 
distancia e-e pequeña de 10nm, el cambio en la energía entre !! y !! es del orden 
de 56.5meV mientras que para una distancia e-e mayor a 200 nm este cambio en 
energía es prácticamente nulo. Esto es, para distancias e-e mayores a 200nm, y 
para densidades electrónicas de sistemas realistas, la interacción e-e  es 
independiente del parámetro de apantallamiento. 
En el recuadro de la figura V.1.2 mostramos la forma funcional del potencial 
Yukawa, para 4 diferentes parámetros de apantallamiento. Para ! → 0, el segundo 
caso límite, nuestro algoritmo debe recuperar la interacción del tipo Coulomb. En 
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nuestro caso, este limite se obtiene para !! = 10!! !"!!, el cual es representado 
por la línea negra del recuadro de la figura V.1.2. Cuando el valor de ! aumenta, el 
apantallamiento electrónico tiene el efecto de reducir la energía total de interacción 
del sistema e-e. Podemos observar que a distancias e-e menores el efecto de 
apantallamiento es mas notorio y disminuye a distancias e-e grandes hasta el 
punto de volverse casi independiente de éste para distancias mayores a 200 nm. 
Así, observamos que nuestro algoritmo también describe adecuadamente el límite 
en el que dos electrones interactúan mediante un potencial electrostático de tipo 
Coulomb. 
 

 
Figura V.1.2.- Energía del sistema electrón-electrón en función de la separación entre 
electrones. El recuadro muestra la dependencia del potencial Yukawa con la distancia 
electrón-electrón para 4 diferentes densidades electrónicas. 
 
 
V.1.3  Densidades electrónicas para los primeros estados confinados: 
sección transversal 
 
En la figura V.1.3 mostramos las gráficas de contornos de la sección trasversal 
(plano confinado), en dos dimensiones (2D), de la densidad de carga del hilo 
cilíndrico y cuadrado. Estas gráficas son generadas resolviendo la Ec. II.V.4, la 
cual tiene la solución analítica detallada en el Apéndice B. Nos enfocaremos en los 
dos primeros estados confinados. El estado base será representado por C0,1 

(=2.4048,  el primer cero de la función Bessel) para el hilo cilíndrico y nx = ny = 1 
para el hilo cuadrado (figuras V.1.3a y V.1.3c, respectivamente). Por otro lado, el 
primer estado excitado será representado por C0,2 =5.52, (el segundo cero de la 
función Bessel) para el caso del hilo cilíndrico y nx =2, ny = 1 para el hilo cuadrado 
(figuras V.1.3b y V.1.3d, respectivamente). En los cálculos, consideramos para la 
sección transversal x=y=2ρ=8nm, un largo de hilo de 10nm y una densidad de 
carga !(!) ! normalizada a la unidad.   
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Figura V.1.3.- Gráfica de contornos en 2D para la probabilidad  de densidad del estado 
base (a, c) y primer estado excitado (c, d) en la sección transversal del hilo cuadrado (c, 
d) y cilíndrico (a, b). 
 
 
Como podemos observar, la Ec. II.4.4 es independiente del parámetro de 
apantallamiento, por lo tanto, estas distribuciones de carga son independientes 
de !. Esta independencia con el parámetro de apantallamiento es de esperarse, 
debido a que en el sistema propuesto el par de electrones están localizados a lo 
largo del eje del hilo (eje z).  
 
En la figura V.1.3 observamos que el estado base presenta una distribución de 
carga simétrica radial concentrada en el centro del hilo. Para el caso del hilo 
cilíndrico (figura V.1.3a) mas del 90% del total de la carga esta concentrada la 
región circular central del hilo de radio  ρ < 1nm. Para el primer estado excitado 
(figura V.1.3 b) la densidad de carga presenta una distribución toroidal, en el cual 
la mayoría de los portadores de carga están concentrados en un toroide con 
sección transversal de ancho ∼1nm.  La distribución de carga para el estado base 
en el hilo cuadrado es similar a la del hilo cilíndrico, la densidad de cara es más 
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compacta en el centro y los contornos tienden a tomar la forma de la barrera 
cuadrada entre más cercanos estén al borde. El primer estado excitado presenta 
un forma muy diferente a la del hilo cilíndrico, en este caso la carga es distribuida 
simétricamente con respecto el centro  en dos elipsoides. 
Los resultados anteriores pueden ser comparados  directamente con resultados 
reportados en otros lados [16], con los cuales concuerda, pues no difiere del 
tratamiento típico que se le da a sistemas confinados en 2D. El nuevo 
planteamiento que proponemos para el problema de muchos electrones en un HC 
arrojará resultados novedosos cuando analicemos el comportamiento de los 
portadores a lo largo del hilo, visto a lo largo de la sección longitudinal. 
 
 
 
V.1.4  Densidades electrónicas para los primeros estados confinados: 
sección longitudinal 
 
Utilizando el mismo procedimiento, pero ahora a lo largo del eje del hilo, 
calculamos las proyecciones en 2D por medio de la solución analítica de la 
ecuación II.4.4 y la solución numérica de la ecuación II.4.5. Para esta parte 
trabajamos los dos primeros estados de la sección transversal confinada del hilo, 
definidos anteriormente y el estado base en el eje z. En la figura V.1.4 mostramos  
el estado base (nx = ny = 1) (figura V.1.4(a-c)) y el primer estado excitado(nx =2, ny 
= 1)  del hilo cuadrado. En este caso si tenemos dependencia con el parámetro de 
apantallamiento, por lo cual se tomaron valores relevantes en la parte 
experimental de 106 cm-3 (material intrínseco), 1018 cm-3 (material dopado) y 1022 

cm-3 (material altamente dopado). La proyecciones del estado base para el hilo 
cilíndrico son similares a las del hilo cuadrado, es por eso que sólo mostramos las 
del hilo cuadrado. Para este caso utilizamos un hilo de longitud de 10nm, por lo 
que vamos a tener un confinamiento de un hilo corto, similar a un punto cuántico 
alargado. Las proyecciones 3D, en las cuales se pueden observar más detalles en 
la distribución electrónica, se encuentran debajo de cada proyección 2D que le 
corresponde.  
Por otro lado, para el caso del primer estado excitado C0,2 =5.52, (el segundo cero 
de la función Bessel) para el caso del hilo cilíndrico y nx =2, ny = 1 para el hilo 
cuadrado, encontramos diferencias en las distribuciones de carga para las dos 
diferentes geometrías de hilo, teniendo elipsoides simétricas con respecto al 
centro para el hilo cuadrado y toroides para el hilo cilíndrico.  
Observamos que para una densidad de electrones más baja (106 cm-3) las 
distribuciones en el centro se traslapan, para ambos estados, aunque a pesar de 
este traslape las distribuciones se ven bien definidas. Al aumentar la densidad de 
portadores (1022 cm-3) el traslape entre distribuciones es mayor, tal que no se logra 
distinguir una con respecto de la otra. Esto es, al aumentar la densidad de carga 
ésta se redistribuye y el cambio en las distribuciones es más notorio en el centro 
del hilo. 
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Figura v.1.4.- Proyecciones 2D y 3D  del estado base  para el hilo cuadrado en el plano x-
z (a-c) y primer estado excitado para el hilo cuadrado (d-f) y cilíndrico (g-i) de longitud 
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L=10nm, dependientes del parámetro de apantallamiento, para (a, d, g) N=106 cm-3, (b, e, 
h) 1018 cm-3 y (c, f, i) 1022 cm-3.  
 
 
V.1.5  Potencial Yukawa y formación de cristal de Wigner en una dimensión 
 
El anterior efecto de redistribución de carga es parecido al proceso característico 
de la formación del cristal de Wigner descrito en la sección II.2. Con el objeto de 
investigar más a fondo si nuestro modelo es capaz de predecir la formación de 
este cristal se analizaron diferentes escenarios. En la figura V.1.5 mostramos los 
perfiles  de la densidad electrónica !(!) !  tomados a lo largo del eje z para 
sistemas en los cuales la distancia e-e se varió en el régimen de interacción de 
potencial de corto (Fig. V.1.5(a), r=5 nm), intermedio (Fig. V.1.5(b), r=15 nm) y 
largo alcance (Fig. V.1.5(c-f), r=200, 500, 1000 y 5000 nm). Adicionalmente la 
densidad electrónica fue variada en el rango de 106 a 1022 cm-3, el cual está dentro 
de los valores de concentraciones electrónicas experimentales. Una concentración 
de 1024 cm-3 - experimentalmente demasiado alta- fue considerada con la finalidad 
de explorar efectos extremos en un sistema 1D. 
 
Para facilitar la comparación con datos teóricos y experimentales reportados en la 
literatura, realizamos un cálculo estimado de la densidad de carga adicionada para 
cada parámetro de apantallamiento en función de la longitud del hilo. Para !! la 
carga agregada es prácticamente nula para todas las longitudes del hilo 
mostradas en la figura V.1.5. Esto es, para !!  los dos electrones interactúan 
mediante un potencial repulsivo Coulómbico. Para este caso,  observamos que la 
distribución electrónica es tal que los dos electrones tienden a estar lo más 
separadamente posible. Este comportamiento se observa mejor en la figura V.1.6, 
en el cual graficamos la posición del centro de cada pico de la densidad 
electrónica en función de la longitud del hilo. Podemos observar que si existen 
sólo 2 electrones interactuando sin carga adicional, el espaciamiento inter-
partícula incrementa progresivamente, este efecto no cambia al tener un cambio 
en la longitud del hilo, pasando de confinamiento tipo punto cuántico (L/2 < 15 nm) 
al régimen de hilo cuántico (L/2 > 15 nm ).  
Para !! ya se tiene carga adicional considerable. El número de electrones es 
dependiente de la longitud del hilo, lo cual se indica para todos los parámetros de 
apantallamiento en la figura V.1.6.  Para el régimen de fuerte confinamiento (10 
nm de longitud de hilo) la carga extra produce un efecto de apantallamiento que 
provoca que la densidad electrónica se distribuya al centro del hilo. Cuando la 
longitud del hilo es de 30nm la distribución electrónica empieza a generar dos 
distribuciones de carga bien definidas, que se empiezan a alejar del centro del 
hilo; al aumentar la longitud y pasar al régimen de hilo (mayor a 200 nm), esta 
distribución electrónica presenta dos máximos bien diferenciados entre si, 
espaciados simétricamente a lo largo del hilo. Esta distribución se mantiene para 
distancias de 400nm o mayores,  estableciendo dos distribuciones perfectamente 
independientes que guardan siempre una distribución simétrica a lo largo del hilo, 
lo cual es una característica que define la formación de un cristal de Wigner [89-
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92]. Además, el rango de densidad electrónica en el cual se establece la molécula 
de Wigner, para !! , es consistente con resultados previos teóricos y 
experimentales [82-84].  
 
Para !! la carga electrónica adicionada es de 103 cm-3 para una longitud de 10 nm 
a 106 para 10 µm. Para una longitud de 10nm la interacción e-e es completamente 
apantallada, por lo que los dos electrones se encuentran en el centro del punto 
cuántico. Cuando se incrementa la longitud la distribución de carga tiende a 
alejarse del centro y separarse, parecido al caso de !!, encontrando la formación 
de la molécula de Wigner en una longitud de 10 µm. Finalmente para la 
concentración más alta, dada por !!  la interacción e-e es completamente 
apantallada y la molécula de Wigner es destruida, dando lugar a una distribución 
de carga centrada en el origen y siendo independiente de la longitud del hilo. 
 

 
Figura V.1.5.- Densidad de carga !(!) ! , para !! = 10!! !"!! , !! = 1 !"!! , !! =
100 !"!! y !! = 5000 !"!!, para longitudes de hilo de a) 10nm (punto cuántico), b) 30nm 
(límite hilo-punto), c) 400nm (hilo), d) 1000nm, e) 2000nm y f) 10000nm. 
 
De la figura V.1.6 observamos que la densidad electrónica óptima para que el 
sistema en el régimen de hilo cuántico cristalice, dando lugar a la formación de la 
molécula de Wigner, es dada por !!. Para valores mayores a este, la cristalización 
se presenta para longitudes más grandes, por otro lado, existe un límite, tal que si 
la densidad de electrones es mayor, como en el caso de !!  no se logra la 
cristalización a pesar de que la longitud sea muy grande, que es consistente con lo 
reportado. Cuando la densidad es menor, !! , sólo se obtiene una interacción 
repulsiva entre el par de electrones en un sistema sin cristalizar, independiente de 
la longitud del hilo.  
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Figura V.1.6.- Dependencia de la posición del valor máximo del perfil de densidad con las 
longitudes del hilo mostradas en la figura 17 para !! = 10!! !"!! , !! = 1 !"!! , 
!! = 100 !"!! y !! = 5000 !"!!. La carga adicionada por medio de !, en unidades de la 
carga del electrón, es presentada en algunas longitudes representativas. 
 
 
En conclusión, nuestro modelo aún cuando es muy sencillo, es capaz de 
reproducir la formación de la molécula de Wigner de la misma forma que lo hacen 
otro modelos mucho más sofisticados. Además, lo sencillo del modelo permite 
analizar el sistema 1D de muchos cuerpos bajo diferentes escenarios de una 
forma más fácil en cuanto a la manipulación en la distancia e-e, la densidad 
electrónica y el rango de interacción en el potencial. 
 
 
V.2 Implementación del Potencial Yukawa en un sistema de  2 electrones 
dentro de un Hilo cuántico cilíndrico y cuadrado con barreras finitas. 
 
Para este sistema resolvimos la Ec. II.4.5 para los planos x-z (hilo cuadrado) y ρ-z 
(hilo circular) de forma numérica. A su vez, para la sección transversal resolvimos 
las ecuaciones b.23, b.25 y b.36 trascendentales asociadas, mediante el 
procedimiento descrito en el apéndice B. El modelo considera un hilo de GaAs, de 
sección transversal cuadrada y circular, embebido en una matriz de AlxGa1-xAs, 
para una concentración de Aluminio x=0.23. La longitud de la sección transversal 
fue variada dependiendo del estado, para el estado base x= y= 2ρ =4 nm y para el 
primer estado excitado x=y= 2ρ= 10 nm. Estos últimos valores fueron elegidos 
debido a que para secciones de menor tamaño no existe primer estado excitado, 
sólo estado base.  
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V.2.1 Barreras finitas: sección transversal. 
 
En la figura V.2.1 mostramos las gráficas de contorno de la distribución de carga 
en la sección transversal  para el estado base con x= y= 2ρ =4  (Fig. V.2.1(a, b)) y 
del primer estado excitado  (Fig. V.2.1 (e, f)) para x= y= 2ρ =10 nm, en el hilo 
cilíndrico  (Fig. V.2.1 (a, e)) y cuadrado (Fig. (b, f)). Similar al caso de barreras 
infinitas, estas son independientes del parámetro de apantallamiento, para el 
estado base la mayor parte de la carga se encuentra en el centro del hilo, la 
diferencia se da en el borde, para ambas geometrías de hilo, la carga total ya no 
esta distribuida dentro del hilo, también tenemos carga fuera, lo cual es debido al 
tunelamiento electrónico. Por otro lado, la densidad de carga en los bordes toma la 
forma de la sección del hilo: para el caso cuadrado observamos contornos que 
inician circulares y se van haciendo cuadrados en la frontera del hilo. Por otro 
lado,  para el cilíndrico los contornos inician y terminan circulares. Para el primer 
estado excitado tenemos la misma similitud en la distribución de carga mostrados 
en los resultados de barreras infinitas más los efectos de tunelamiento 
encontrados en el estado base. 
 

 
Figura V.2.1.- Gráficas de contorno para la densidad de carga en la sección transversal 
para el estado base (a-d) y el primer estado excitado (e-h). Para x= y= 2ρ =4nm (a, b), x= 
y= 2ρ =8 nm (e, f), se presentan efectos de tunelamiento en el estado base y el primer 
estado excitado, respectivamente. Para x= y= 2ρ =10 nm (c, d), x= y= 2ρ =24, 20 nm (hilo 
cilíndrico y cuadrado, respectivamente) (g, h), se recobra el caso de barreras infinitas 
(estado base y primer estado excitado, respectivamente). 
 
 
Con la finalidad de corroborar consistencia en este modelo, cambiamos el tamaño 
de la sección transversal hasta perder el efecto de tunelamiento, lo cual nos 
debería arrojar resultados similares al caso anterior de barreras infinitas. En la 
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figura V.2.1 presentamos las gráficas de contorno de la sección transversal  para 
el estado base (Fig. V.2.1 (c, d)) y primer estado excitado (Fig. V.2.1 (g, h)), del 
hilo cilíndrico (Fig. V.2.1 (c, g)) y del hilo cuadrado (Fig. V.2.1 (d, h)). Observamos 
que para el estado base, en ambos hilos el efecto de barreras infinitas se presenta 
para secciones transversales x, y, 2ρ ≥ 10 nm. Para el primer estado excitado, 
este efecto se encuentra para x= y= 20nm, en el caso del hilo cuadrado y 2ρ 
=24nm para el hilo cilíndrico. Para el primer estado excitado el tamaño de la 
sección transversal depende de la geometría del hilo, debido a los efectos de 
borde y a que la distribución de carga no es mayor en el centro, como en el caso 
del estado base. 
 
 
V.2.2 Sección transversal: tunelamiento electrónico. 
 
 
En la figura V.2.2  presentamos la gráfica obtenida para los coeficientes de 
transmisión y reflexión electrónicos (Ec. b.26 y b.27) para un hilo cuadrado con las 
mismas secciones transversales utilizadas en las figuras V.2.1 (d, b, h). 
Observamos que para valores mayores a !!!!  (donde !!!!  es el potencial 
asociado a la barrera, definido en la ecuación b.3 del apéndice B) hay una 
transmisión casi total de electrones que se aproximan al 100% con el incremento 
de la energía y lo contrario para la reflexión. Para valores menores a !!!!  la 
transmisión de los electrones desciende y la reflexión aumenta, lo que es señal de 
que los electrones son atrapados dentro del pozo. De la Ec. b.26, si el término 
senoidal es cero, el potencial se vuelve invisible para los electrones incidentes, por 
lo que para que esto ocurra se debe cumplir la condición de que: 
 

!
ℏ 2!∗(!!!! + !) = !" 

 
Donde !! son las energías en las cuales hay una transmisión total de electrones, 
que en la figura V.2.2 a) son los puntos de las curvas que tocan la línea horizontal 
T=1 y el caso contrario para la reflexión R=0. Si despejamos esta energía, 
observamos que obtenemos la fórmula de las eigenenergías para un pozo de 
potencial infinito, reportadas en el apéndice del sistema anterior para el plano 
confinado. 
 
Al aumentar el tamaño de la sección transversal aparecen m´ss oscilaciones en 
las regiones menores a !!!! en el coeficiente de transmisión y reflexión. Ya que 
estos puntos máximos están asociados a eigenenergías en un pozo de barreras 
infinitas, vemos que para L=4nm sólo tenemos el estado base, que es consistente 
con lo calculado para barreras finitas. Para L=10nm aparecen dos máximos, el 
primero en la región de energía menor a !!!! y el segundo en la región mayor a 
!!!!, por lo que en el estado base la transmisión  es menor que en el primer 
estado excitado, lo cual es consistente con los contornos obtenidos para la 
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sección transversal mostrados en la figura V.2.1 d) y además la energía del estado 
base calculada para barreras finitas !!! = 0.083 eV es muy parecida a la de 
barreras infinitas !!! = 0.088 eV. Para L=20nm encontramos 7 oscilaciones, los 
dos primeros máximos, asociados al estado base y primer estado excitado se 
encuentran en la región 0-Vo, presentando una transmisión menor a 1, 
coincidiendo nuevamente con la figura V.2.1 h) y teniendo una energía para el 
sistema de barreras finitas !!! = 0.053 eV, !!! = 0.013 eV y para barreras infinitas 
!!! = 0.056, !!! = 0.014.  
 
Para el coeficiente de reflexión tenemos un comportamiento similar en cuanto a la 
presencia de oscilaciones y un caso contrario, cuando la transmisión es menor, la 
reflexión  mayor y viceversa. Para transmisión total no hay reflexión, ahora los 
mínimos en las oscilaciones se asocian a eigenenergías en el pozo de potencial 
con barreras infinitas. 
 
En conclusión, en esta sección estudiamos el efecto de tunelamiento presente en 
el plano ! − ! para un hilo de sección transversal cuadrada de GaAs embebido en 
una matríz de AlcGa1-cAs. Para tamaños de sección transversal L=4nm sólo 
tenemos el estado base por lo que la mayoría de los electrones traspasan la 
barrera. Al  aumentar L, aparecen mas estados y como consecuencia se 
encuentran más electrones confinados, disminuyendo la probabilidad de 
tunelamiento. En este plano no observamos efectos con el parámetro de 
apantallamiento, ya que, recordando la forma funcional de este sistema, es 
independiente del potencial Yukawa. 
 
 

 
Figura V.2.2.- Coeficiente de a) transmisión y b) reflexión para el hilo cuadrado de sección 
transversal x=y=4, 10 y 20nm. 
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V.2.3 Barreras finitas: sección longitudinal. 
 
En la figura V.2.3 presentamos las proyecciones 2D y 3D del plano x-z, a lo largo 
del hilo, para el estado base y primer estado excitado para el hilo cuadrado (Fig. 
V.2.3 a-d), e-h)) y para el hilo cilíndrico (Fig. V.2.3 i-l)) para diferentes valores del 
parámetro de apantallamiento. Estas fueron calculadas por medio de la solución 
numérica de la ecuación II.4.5 y la solución de las ecuaciones trascendentales en 
la sección transversal (Ec. b.23, b.24 y b.36), considerando hilos cortos de longitud 
z=10nm. Para la sección transversal utlizando los mismos valores considerados 
para generar la figura V.2.1, al caso asociado al caso a tunelamiento (Fig. V.2.3 a-
c, e-g, i-k) ) y el caso limite donde se reproducen contornos similares al sistema 
con barreras infinitas (Fig. V.2.3 d, h, l). Los valores utilizados para el parámetro 
de apantallamiento se adecuaron para encajar con los niveles de impurezas en 
materiales semiconductor intrínsecos (N1), dopados (N2) y altamente dopados 
(N3).  
De las Figuras V.2.3 a-c podemos observar  que para el estado base, debido al 
tunelamiento de electrones, el hilo cuadrado presenta distribuciones de forma 
elipsoidal incompletas. El efecto de apantallamiento es notorio en el centro del 
hilo, al aumentar la densidad electrónica las elipsoides se van traslapando. El 
efecto de tunelamiento desaparece al aumentar el tamaño de la sección 
transversal a L=10nm como se muestra en la figura V.2.3 d). Para el hilo cilíndrico 
se obtienen proyecciones similares a las del hilo cuadrado en el estado base, por 
tal motivo no se muestran en la figura V.2.3. La única diferencia  se observa cerca 
del borde del hilo, donde las distribuciones toman la forma de la barrera y el efecto 
de tunelamiento se pierde en este caso para ρ≥ 5nm. 
En el primer estado excitado, para el hilo cuadrado tenemos 2 distribuciones 
elipsoidales incompletas, asociado al tunelamiento, que muestran un efecto similar 
en el centro del hilo al del estado base con el aumento en la densidad de 
portadores. Aumentando el tamaño de la sección transversal, obtenemos 
distribuciones elipsoidales completas, para un tamaño L≥ 20nm. 
En el caso del hilo cilíndrico, el primer estado excitado presenta distribuciones 
toroidales con efectos de tunelamiento. Este efecto desaparece para radios ρ≥ 
25nm. El efecto de apantallamiento es notorio en el centro del hilo, al aumentar la 
densidad electrónica, los toroides se traslapan. 
Para el primer estado excitado, el efecto de tunelamiento desaparece para 
diferentes valores de L y ρ debido a los efectos de borde, como es de esperarse, 
para el hilo cilíndrico este debe ser de sección mayor que el cilíndrico. Por lo que 
los efectos geométricos son notorios en el primer estado excitado. En el estado 
base la geometría casi no afecta las proyecciones. 
Similar al caso del hilo con barreras infinitas, el efecto de traslape de las 
distribuciones de carga en el centro del hilo se atribuye a la formación de la 
molécula de Wigner. Para este sistema las figuras V.1.5 y V.1.6 permanecen 
invariables, por lo que el valor óptimo de densidad de carga para un hilo esta dado 
por κ2. 
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Figura V.2.3.- Proyecciones 2D y 3D  del estado base  para el hilo cuadrado en el plano x-
z-2D y x-y-z-3D (a-d) y primer estado excitado para el hilo cuadrado (e-h) y cilíndrico (i-l) 
de sección transversal x=y= 2ρ=4, 8nm (Estado base y primer estado excitado, 
respectivamente), x=y=2ρ=10/20,24nm (Estado base/ primer estado excitado hilo 
cuadrado y cilíndrico, respectivamente), caso limite- barreras infinitas, dependientes del 
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parámetro de apantallamiento, para (a, e, i) N1=106, (b, f, j) N2=1018 y (c, d, g, h, k, l) 
N3=1022 cm-3.  
 
 
Concluimos de esta sección que el efecto de la formación de la molécula de 
Wigner se mantiene y es independiente de las barreras finitas y del tamaño de la 
sección transversal, por lo que el valor óptimo para la formación del cristal de 
Wigner esta dado por κ2 para el caso de ambas geometrías  y en un 
comportamiento similar al reportado en la sección V.1.5. 
 
 
V.3 Barreras finitas:  efecto de un campo eléctrico externo. 
 
Habiendo integrado parámetros experimentales a nuestro modelo, propusimos 
añadir el efecto de un campo externo, con la finalidad de estudiar efectos de 
transporte en estado estacionario. Para esto resolvimos numéricamente la 
ecuación II.4.4, que representa al par de electrones en el sistema centro de masa 
y que de acuerdo a su forma funcional es independiente del parámetro de 
apantallamiento y de la forma de la sección transversal. Para este caso se 
tomaron longitudes de hilo de 10nm, 100nm y 1µm con campos eléctricos para 
cada longitud en el rango de 0- ±150 KV/cm, 0- ±150 V/cm y 0- ±0.1 V/cm, 
respectivamente.  
En la figura V.3.1 a) mostramos la densidad electrónica, !(!) ! , normalizada a la 
unidad. Utilizamos el sistema de centro de masa, un hilo de 10nm de longitud con 
y 3 diferentes valores de campo eléctrico. Observamos que para Eext=0 KV/cm la 
distribución de carga presenta un máximo en R= 0 nm, lo cual es consistente con 
lo reportado anteriormente del sistema sin campo eléctrico. Esto es, para este 
caso reproducimos al par de electrones acoplados en el centro del hilo. En este 
caso, la distribución de un solo máximo representa al par de electrones. Al 
aumentar el campo a Eext=80 KV/cm observamos un corrimiento del máximo en 
sentido contrario al campo, el máximo esta vez se encuentra en R=1.54 nm y la 
forma del pico cambia, la densidad se va aproximando más rápido a cero en la 
parte positiva de R, perdiendo la simetría con respecto al centro del hilo y del pico. 
Para Eext=150 KV/cm, encontramos un corrimiento mayor  de R= 2.1 nm, análogo 
al caso anterior, la simetría se pierde con respecto al centro del hilo y del pico. 
Para un Eext<0, los corrimientos son hacia la parte positiva de R y se encuentran 
los mismos efectos al variar el campo.  
 
El efecto del campo externo se ve reflejado en el cambio de la energía del sistema 
centro de masa, el cual se muestra en las figuras V.3.1 b-d). Al aumentar el campo 
se presenta un corrimiento a energías menores. Se presenta un valor límite de Eext 
que es dependiente del tamaño de la longitud del hilo, para campos mayores a 
este ya no se pueden recuperar las condiciones a la frontera para los extremos del 
hilo. Observamos que para valores de campo 0, debemos obtener un valor de 
energía igual al de una partícula de masa 2!∗ en un pozo de potencial infinito  
(ℏ!!!/( 2!∗ 8!!!  ). Para el caso de un hilo de 10nm y un campo nulo, la energía 
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ER=29meV, el cual coincide con el de barreras infinitas, (régimen punto cuántico), 
el campo es del orden de KV/cm, con un límite de ±150KV/cm (Fig. V.3.1 b)). Al 
aumentar la longitud a 100nm para un campo de 0 ER=.29meV,  la escala para el 
campo cambia a V/cm con un Eext máximo de ±150V/cm (Fig. V.3.1c)). Para 
Lz=1µm, el campo externo esta entre 0 y ±0.1V/cm (Fig. V.3.1 d)) y ER=0.0029meV 
para un campo 0. Para las 3 longitudes observamosuna dependencia de la 
energía con Eext similar, tipo parabólico. Este rango de valores encontrados para 
campo eléctrico son comparables con los reportados experimentalmente en la 
literatura, para puntos e hilos cuánticos [85-87]. 
 
 

 
 
Figura V.3.1.- a) Densidad de probabilidad para 3 diferentes valores de campo eléctrico 
(Eext=0, 80 y 150 KV/cm ), b) Dependencia de la energía con la variación del campo 
eléctrico externo de 0 a  ±150 KV/cm para un hilo de longitud Lz=10nm, c) Eext de 0 a 
±150V/cm para Lz=100nm y d) Eext de 0 a ±0.1V/cm para Lz=1µm 
 
 
En la figura V.3.2 (a-d) presentamos las proyecciones 3D para el estado base del 
hilo cuadrado de los planos x-y-R de longitud Lz=100nm, tamaño de sección 
transversal x=y=4nm y su dependencia con el campo externo para 3 valores 0, 80 
y 150 V/cm. La forma de las distribuciones son similares a las encontradas para el 
modelo del hilo con barreras finitas (sección anterior), de forma elipsoidal, esto es 
debido a que para la sección transversal resolvimos las mismas ecuaciones 
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trascendentales que en el apartado anterior. El corrimiento encontrado en la 
densidad de probabilidad de la figura V.3.1 a) se refleja en el desplazamiento de la 
elipsoide hacia la parte negativa de R, debido a que, en este caso, el campo es 
positivo. Análogo a los casos anteriores, el estado base para el hilo cilíndrico es 
similar al del hilo cuadrado.  
 
La Fig. V.3.2 (e-h)) muestra la proyección 3D del primer estado excitado para el 
hilo cuadrado de dimensiones x=y=8nm, Lz=100nm dependiente de la magnitud y 
dirección del campo externo. La distribución electrónica consta de dos elipsoides, 
para el caso del hilo cilíndrico la distribución cambia, teniendo forma toroidal (Fig. 
V.3.2 (i-l)), con un tamaño de sección transversal ρ= 4nm, igual a los resultados 
presentados para barreras finitas e infinitas. Similar al estado base, el efecto del 
campo se asocia al desplazamiento de las distribuciones electrónicas en sentido 
contrario al campo. El desplazamiento para un Eext=80V/cm es de R=15.44nm. El 
máximo desplazamiento obtenido R=20.57nm está dado por un valor de campo 
externo de 150V/cm, de ambas geometrías de hilo y estados confinados 
presentados. Para los tamaños de sección transversal elegidos en este caso, 
tenemos efectos de tunelamiento, que se observan en las distribuciones de 
electrones incompletas mostrados desde una mejor perspectiva en las figuras 
V.3.2(a, e, i). Podemos observar el cambio de las distribuciones en función del 
aumento del campo, obtenemos formas que se van comprimiendo conforme 
aumenta este. 
En conclusión en esta sección estudiamos el efecto de un campo eléctrico externo 
en un sistema tipo HC de sección transversal cuadrada y circular y su 
dependencia con la longitud del HC, estudiando el régimen en el que el HC es 
considerado un punto cuántico en donde el Eext es del orden de KV/cm para  
Lz<30nm y el caso de HC Lz>30nm para un Eext del orden de V/cm, lo cual es 
consistente con lo reportado en trabajos experimentales [88]. 
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Figura V.3.2.- Proyecciones  3D  del estado base  para el hilo cuadrado en el plano x-y-R 
(a-d) y primer estado excitado para el hilo cuadrado (e-h) y cilíndrico (plano ρ-R) (i-l) de 
sección transversal x=y= 2ρ=4nm y x=y= 2ρ=8nm (Estado base y primer estado excitado, 
respectivamente) y longitud Lz=100nm, para (a, b, e, f, i, j) Eext= 0, (c, g, k) 80  y (d, h, l) 
150V/cm. 
 
 
V.4 Dos hilos cuadrados paralelos con barreras finitas. 
 
Continuando con el estudio sistemático de modelado para hilos cuánticos 
propusimos un sistema de dos hilos acoplados con sección transversal cuadrada 
conteniendo un par de electrones cada uno, para un sistema ideal, en el cual el 
par de electrones en un hilo no interactúa con el par de electrones del segundo 
hilo. En esta caso resolvimos la ecuación II.4.4 para un sistema tipo pozo finito en 
el eje y, esto es debido a que en un sistema real se pueden crecer capas de hilos 
apiladas con separaciones entre capas de 100nm o mas, para estas dimensiones, 
los hilos vecinos entre capas ya no interactúan o también se puede crecer una 
sola capa de hilos. Para el eje x resolvimos un sistema de matrices como se 
muestra en el apéndice F, para el eje a lo largo del hilo resolvimos la ecuación 6.5 
por medio del método de diferencias finitas (apéndice E), en sistemas reales, los 
hilos en el eje x se encuentran separados aproximadamente a 55nm, a estas 
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distancias existe interacción entre hilos vecinos de electrones que atraviesan la 
barrera. Para este caso los dos pozos tienen el mismo tamaño y las barreras son 
del mismo tamaño, Nuevamente, consideramos que el pozo es de GaAs y las 
barreras de AlcGa1-cAs, para una concentración c=0.3, por lo que el potencial de la 
barrera estará definido por la ecuación b.4 para !!!!.  
 
Para el caso del eje y trabajamos con el estado base, para el eje x con la primer 
configuración de tamaños utilizamos todos los estados encontrados y para la 
segunda configuración sólo presentamos el estado base, en todos los casos 
usamos una longitud de hilo de 10nm (región de punto cuántico), con la finalidad 
de observar y comparar los efectos de cristalización de electrones de las 
secciones anteriores.  
 
En la figura V.4.1 mostramos las proyecciones 2D del plano x-z y 3D de la 
densidad de carga. En el caso 3D, los planos que cortan las distribuciones son 
asociados al inicio y final del pozo. Para este caso vemos que la forma de las 
distribuciones son similares a las encontradas en la sección de barreras finitas, 
tenemos distribuciones elípticas, Aquí tenemos pozos de 8nm con barreras de 
1nm. 
 
Para el caso del estado base, las distribuciones se encuentran totalmente 
acopladas dentro del pozo para tamaños de pozo y barrera de a=8nm y b=1nm, 
respectivamente (figura V.4.1 a-c)), podemos observar que los planos cortan las 
elipsoides, esa fracción es correspondiente a la probabilidad de tunelamiento para 
ambos pozos. 
El primer estado excitado presenta un desacople en la barrera, teniendo así, 
distribuciones bien definidas en cada pozo. La distribución se muestra incompleta 
en el eje y, esto es debido a que para el pozo en esa coordenada existe 
tunelamiento (x=y=8nm, Figura V.4.1 e-g)), el cual es equivalente al del eje x ya 
que los pozos tienen el mismo tamaño por ser un hilo de sección transversal 
cuadrada. 
 
Para el segundo estado excitado encontramos 3 distribuciones elípticas en el eje 
x, con un acoplamiento dentro del pozo casi total de las elipses centrales (Figura 
V.4.1 i-k)), por lo que casi la tercera parte de la densidad de carga atraviesa la 
barrera.  
Para estas dimensiones sólo tenemos estos 3 niveles de energía, si el tamaño de 
los pozos disminuye, desaparecen niveles, en el caso contrario, si aumentamos el 
tamaño del pozo, observaremos la presencia de mas niveles de energía. 
Para la dependencia con el parámetro de apantallamiento, usando los mismo 
valores para obtener densidades electrónicas en el rango intrínseco- dopado y 
altamente dopado, podemos ver que el efecto en cada hilo es similar al obtenido 
en las secciones anteriores, para densidades bajas (figura V.4.1 a,d,e,h,i,l)) 
observamos la formación de la molécula de Wigner. Al aumentar el parámetro de 
apantallamiento la redistribución de carga hace que se vaya perdiendo la 
cristalización de electrones. 
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Figura V.4.1.- Proyecciones 2D y 3D para dos hilos cuadrados acoplados con dos 
electrones dentro de cada uno, las columnas corresponden al estado base y primer y 
segundo estado excitado encontrados para esta geometría, las 3 primeras filas el tamaño 
de los pozos es de 8nm y barreras de 1nm, la última fila es para un pozo de 10nm y 
barreras de 10nm, las proyecciones son dependientes del parámetro de apantallamiento, 
la primer y última fila corresponde a N1=106, la segunda fila a N2=1018 y la ultima fila a 
N3=1022 cm-3. La longitud del hilo es de 10nm. 
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Para ver que ocurría en el límite dado en la sección de barreras finitas, para no 
encontrar efectos de tunelamiento, aumentamos el tamaño del pozo y de la 
barrera hasta a=b=10nm, observamos de la figura V.4.1 a,h,l) que se recupera la 
forma esperada, se pierde el acoplamiento entre pozos, coincidiendo el valor con 
el reportado para el caso de barreras finitas cuando se exploraron los casos límite 
del tunelamiento, por lo que se recuperaron las distribuciones elípticas completas. 
Las densidades electrónicas en esta fila se calcularon para un parámetro de 
apantallamiento N1=106cm-3 el caso en el que tenemos cristalización de 
electrones. 
 
En esta sección iniciamos los estudios de sistemas de hilos acoplados para 
observar y encontrar los limites de acoplamiento entre pozos y barreras. Este tipo 
de sistemas experimentalmente son de gran interés, ya que por medio de MBE y 
el auto-ensamblado obtenido en este trabajo se pueden crecer hilos cuánticos con 
separaciones menores al periodo de facetamiento, por lo que el modelo propuesto 
puede ser aplicado para observar efectos de muchos cuerpos en sistemas reales. 
El implementar mas hilos al modelo y código que realizamos en este trabajo no es 
muy complejo, teniendo en cuenta el trabajo realizado. 
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Conclusiones y perspectivas 
 

 
En conclusión, en la búsqueda de las condiciones óptimas para el auto-
ensamblado de superficies facetadas las cuales pueden ser utilizadas como 
plantilla para la fabricación de HCs, realizamos diferentes series de crecimiento 
homoepitaxial sobre superficies de AI-GaAs(631) por MBE y, apoyados con 
diversos modelos que describen el facetamiento en superficies vecinales, 
podemos concluir lo siguiente:  
 
I.- A partir de los modelos descritos por las ecuaciones 1.5.2.1 y 1.5.3.1, 
concluimos que para obtener superficies acanaladas uniformes debíamos 
establecer condiciones de crecimiento tales que: (i) los átomos que arriben a la 
superficie de la muestra tengan una alta difusión superficial (esto mediante el 
aumento de TC y/o la razón III/V), (ii) el tiempo de depósito sea lo suficientemente 
largo como para que se establezcan las condiciones de equilibrio de las 
interacciones superficiales asociadas al campo elástico superficial y al proceso de 
coarsening, (iii) que existen etapas del crecimiento en las cuales los procesos 
cinéticos, elásticos y de coarsening tienen pesos específicos diferentes: al inicio 
los procesos cinéticos son los importantes, en tiempos intermedios (alrededor de 
50 minutos, creciendo a 0.6 micras/hora) inestabilidades de las contribuciones 
elástica y de coarsening son las importantes y, para tiempos mayores (alrededor 
de 100 minutos, creciendo a 0.6 micras/hora), el estado estacionario de las 
contribuciones elásticas y de coarsening son las que dominan, estableciendo la 
formación de arreglos facetados de un único periodo lateral.  
Bajo las condiciones exploradas en esta tesis, encontramos que las condiciones 
óptimas para reproducir el auto-ensamblado de facetas uniformes, en el sistema 
MBE instalado en la CIACYT, son: PGa=1.3x10-7 Torr, PAs=7x10-6 Torr, Tc=650 ºC y 
tc≥50min.  
Como perspectiva proponemos explorar mayores tiempos de crecimiento y hacer 
series de crecimiento en la que logremos diferenciar la mejora de la difusión 
superficial al variar TC y la razón III-V por separado. Esto nos permitirá fijar 
valores para los parámetros de la ecuación 1.5.3.1 y relacionados directamente 
con condiciones experimentales. 
 
II.- Propusimos un modelo que describe el proceso de facetamiento en el substrato 
de AI-GaAs(631), que es un plano de AI localizado dentro del TE. El modelo 
propuesto (fundamentado por RHEED y AFM) es similar a los que se han 
propuesto para describir el facetamiento en orientaciones AI sobre los bordes del 
TE y para los SV. Como perspectiva, planteamos crecer una serie de muestras 
crecidas bajo las condiciones óptimas de crecimiento en la cual variemos tC. Esto 
nos servirá para validar nuestro modelo de forma más sólida y para explorar otros 
efectos involucrados en la formación de las superficies facetadas. 
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III.- Desarrollamos un nuevo criterio para explorar facetamiento en planos AI 
dentro del TE y encontrando potenciales nuevas direcciones dentro de él para 
generar el facetamiento 1D. Estas nuevas direcciones se encuentran sobre la 
línea que une un a un plano estable de bajo índice sobre el TE con el plano 
estable de alto índice (11 5 2), el cual se encuentra dentro del TE. Esta nueva 
estrategia puede dar lugar a nuevas posibilidades en auto-ensamblado de 
estructuras 1D y manipulación de las propiedades físicas relacionadas a la 
impurificación, efectos piezoeléctricos, polarización de la luz, entre otras, que a su 
vez pueden dar lugar a nuevos experimentos y la fabricación de dispositivos 1D 
basados en HI. Como perspectiva, proponemos realizar crecimientos 
homoepitaxiales sobre algunos de estos planos. 
 
IV.- Del análisis de los patrones alternados de las estructuras tipo 1x-2x descritas 
en la tesis, concluimos que los modelos existentes (que sólo consideran la 
dirección transversal a las facetas) no son capaces de describir este tipo de 
arreglos alternados de estructuras 1x-2x-1x-…. Proponemos a futuro desarrollar 
modelos de energía superficial elástica y de coarsening que consideren ambas 
direcciones (transversal y longitudinal) de las facetas. 
 
 
V.- Mediante la implementación de un potencial tipo Yukawa, abordamos el 
problema de muchos electrones dentro de un hilo cuántico a través de la 
manipulación del parámetro de apantallamiento. Encontramos que nuestro modelo 
es capaz de reproducir de forma consistente  la cristalización de Wigner. Se 
estableció la dependencia del parámetro de apantallamiento con la aparición de la 
molécula de Wigner y encontramos que su formación depende de una densidad 
crítica de portadores. En nuestro caso, para un hilo de GaAs, la molécula de 
Wigner es encontrada para N2=1018cm-3 en hilos cuántico de longitudes desde 
30nm hasta 5µm. Encontramos que para densidades mayores y menores a este 
valor la cristalización de Wigner no se produce. El valor de densidad que 
encontramos concuerda con otros cálculos y datos experimentales reportados en 
la literatura. 
Como perspectiva planteamos mejorar nuestro modelo incluyendo factores 
adicionales tales como la interacción entre los spines de los electrones. 
 
 
VI.- Mediante nuestro modelo de potencial tipo Yukawa, estudiamos el efecto de 
un campo eléctrico externo en un sistema tipo HC de sección transversal cuadrada 
y circular y su dependencia con la longitud del HC. Analizamos el régimen en el 
que el HC es considerado un punto cuántico, encontrando que los efectos de 
campo son notorios para Eext del orden de KV/cm para  Lz<30nm y en el caso de 
HC (Lz>30nm) el Eext del orden de V/cm, lo cual es consistente con lo reportado en 
la literatura. Como perspectiva, proponemos estudiar el efecto de un campo 
externo sobre HCs crecidos con nuestras muestras para compararlo con nuestro 
modelo. Además, planteamos modificar este modelo para que sea capaz de 
describir transporte electrónico en los HCs. 
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VI.- Finalmente, mediante nuestro modelo de potencial tipo Yukawa, estudiamos 
los efectos al manipular el tamaño de pozo y barrera de los HCs acoplados, i. e., 
separados por barreras finitas y por distancias suficientemente pequeñas. 
Reportamos los efectos de tunelamiento y los estados de energía acoplados como 
función de los tamaños de los pozos y de las barreras.  
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Apéndice A 
 
 

Solución de la ecuación de Schrödinger para un pozo cuántico de 
barreras infinitas. 

 
 

La ecuación de Schrödinger independiente del tiempo, para una partícula que 
se mueve en un potencial esta dada por: 
 

− ℏ!
!!∗ ∇!! + !" = !"     a.1) 

 
Donde ! es el potencial y ! es la función de onda. Para un electrón que se 
encuentra dentro de un pozo de potencial de barreras infinitas, el potencial esta 
definido por regiones (Fig. a1 ) tal que: 
 

! =
∞ !"#" ! < − !

!
0 !"#" − !

! < ! < !
!

∞ !"#" ! > !
!

    a.2) 

 
 
Por lo que la ecuación a.1 para este sistema la utilizamos en una sola 
dimensión: 
 

− ℏ!
!!∗

!!! !
!!! + !" ! = !"(!)   a.3) 

 

 
Figura a1.- Pozo de potencial de barreras infinitas 

 
 

 
La función de onda se define por partes. En las regiones donde el potencial es 
infinito las soluciones son cero, para evitar divergencias, por lo tanto tendremos  
una solución discontinua definida dentro del pozo como: 
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Con ! = !!∗!
ℏ!  . Por condiciones a la frontera, las cuales están definidas por la 

barrera, en ! = ±! , encontramos las eigenenergías del sistema para las 
soluciones pares e impares: 
 

Impares ⇒ ! = 0  ⇒    ! ±! = !"#$ ! ±! = !"#$ !" = 0  a.6) 
 

  !" = (!!!!)!
!  ⇒  ! = !!!! !

!∗!    a.7) 
 

  !!∗(!)
ℏ!  = (!!!!)!

!!  ⇒ !!!!! = (!!!!)!!!ℏ!
!!∗   a.8) 

 
Pares ⇒ ! = 0  ⇒    ! ±! = !"#$ ! ±! = 0    a.9) 

 
  !" = (2!)! ⇒  ! = (!!)!

!              a.10) 
 

  !!∗(!)
ℏ!  = (!!)!

!  ⇒ !!! = (!!)!!!ℏ!
!!∗    a.11) 

 
Con n=0,1,2, ..., las constantes de normalización ! y ! se encuentran de la 
siguiente forma: 
 

!!"#!"#$%

!
!" = 1  ⇒  ! ! = !;  ! ! = ! !

!!        a.12) 
 
por lo tanto la soluciones son [10]: 
 

   !!"#$% ! = !
! !"#

!! !
! !      a.13) 

 

   !!"# ! = !
! !"#

!!!! !
! !                  a.14) 

 
 

Solución de la ecuación de Schrödinger en coordenadas cilíndricas para un 
pozo cuántico de barreras infinitas. 

 
Para el caso del hilo cilíndrico, el tratamiento es similar. La diferencia se ve 
reflejada en la parte cinética de la ecuación de Schrödinger ya que cambiamos 
de sistema de coordenadas, aquí trabajaremos en coordenadas cilíndricas, la 
coordenada de interés es la radial, debido a que la parte en ! esta descrita de 
otra forma, porque en ese eje tenemos al par de electrones. La coordenada 
radial será ! , por lo que la ecuación de Schrödinger es: 
 

− ℏ!
!!∗ ∇!! + !" = !"     a.15) 
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con: 
 

∇!= !
!
!
!" ! !

!" + !
!!

!!
!!! +

!!
!!!      a.16) 

 
Por medio de separación de variables obtenemos la ecuación de la parte radial 
para la función ! que sólo depende de ! , la cual esta dada por: 
 

! !
!" ! !

!" !(!) − ℓ!! ! = −(!)!! !(!)  !"#" ! ≤ !! 
0 !"#" ! ≥ !!     a.17) 

 
 
con !! el radio de la sección transversal del hilo. La Ec. a.14 es la ecuación de 
Bessel y la solución de esta ecuación es: 
 

!!!!(!")  ! ≤ !!     a.18) 
 
 

Con !!(!!!) la función de Bessel de primer especie.  
 
Por medio de la condición a la frontera ! = !!  encontramos las energías 
propias del sistema [16]:  
 

!! !!! = 0      a.19) 
 

!!,! = !!! = !!∗(!)
ℏ! !!      a.20) 

 

!!,! = ! = !!,!! ℏ!
!!∗!!!

      a.21) 

 
Con !!,! el !-ésimo cero de la función Bessel. 
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Apéndice B 

 
 

Solución de la ecuación de Schrödinger para un pozo cuántico de 
barreras finitas. 

 
Debido a que estamos interesados en el estudio de hilos cuánticos 
semiconductores de GaAs embebidos en una matriz de AlcGa1-cAs con c la 
concentración de Aluminio, se propone tratar un sistema de una partícula tipo 
pozo de barreras finitas. Estas barreras estarán definidas por un potencial !!!! 
dado en función de las energías de la banda prohibida de los materiales 
involucrados.  
 
La ecuación de Schrödinger independiente del tiempo en una dimensión, para 
una partícula que se mueve en un potencial esta dada por: 
 

− ℏ!
!!∗

!!! !
!!! + !" ! = !"(!)     b.1) 

Con 
 
 

! =
0 !"#" ! ∈ (− !

! ,
!
!) 

!!!!  !"#" ! ∉ (− !
! ,

!
!)  

    b.2) 

 
!!!! = 0.65 !!"# !"!!"!!!!" − !!"# !"#$    b.3) 

y 
!!"# !"!!"!!!!" = (1.424+ 1.155! + 0.37!!)!"  b.4) 

 

!!"# !"#$ = !.!"#!!.!"#∗!"!!!!
!!!"# !"   b.5) 

 
Figura b1.- Pozo de potencial de barreras finitas 
 
La soluciones serán diferentes en cada región, para las barreras (regiones 1 y 
3, Fig. b1): 
 

!!! !
!!! = !!!

∗

ℏ! !!!! − ! ! ! = !!!!(!)    b.6) 
 

y para el pozo: 

a/2-a/2 a+b 2a+b x

V0

V(x)

1 2 3
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!!!! !
!!! = − !!!∗

ℏ! ! !! ! = −!!!!!(!)   b.7) 
 

Con !!
∗ = 0.0665+ 0.0835! ! ∗!! la masa efectiva del electrón en el material 

que conforma la matriz, !!∗  la masa efectiva del electrón en el material del pozo 
y !! la masa del electrón. 
 
En nuestro caso !! > 0  ⟹ ! < !!!! , por lo que la energía del electrón es 
menor que la altura de la barrera y la solución de la ecuación b.6 es real dada 
como: 
 

! = !! exp !!! + !! exp −!!!     b.8) 
 

Separando la solución para la región 1 y 3 tenemos: 
 

!! = !! exp !!!          b.9) 
 

!! = !! exp −!!!            b.10) 
 

La solución para el pozo es: 
 

!! = !! sin(!!!)+ !! cos(!!!)   b.11) 
 
 
Aplicando condiciones a la frontera, para obtener la continuidad en las 
soluciones a través de las barreras y el pozo, tenemos: 
 

!! !!!
= !! !!!

     b.12) 

!! !
!
= !! !

!
      b.13) 

!
!!

!!!
!" !!!

= !
!!

!!!
!" !!!

    b.14) 

!
!!

!!!
!" !

!

= !
!!

!!!
!" !

!
              b.15) 

 
Por lo tanto tenemos: 
 

!! exp − !!!
! = −!! sin !!!

! + !!cos !!!
!    b.16) 

 
!! exp − !!!

! = −!! sin !!!
! + !!cos !!!

!    b.17) 
 

!!
!!
∗ !! exp − !!!

! = !!
!!∗

!! cos !!!
! + !!sin !!!

!   b.18) 

 
!!
!!∗
!! exp − !!!

! = !!
!!
∗ !! cos !!!

! − !!sin !!!
!   b.19) 
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Sustituyendo la ecuación b.16 en b.18 y b.17 en b.19 obtenemos las siguientes 
ecuaciones: 
 
!!
!!
∗ −!! sin !!!

! + !!cos !!!
! = !!

!!∗
!! cos !!!

! + !!sin !!!
!   b.20) 

 
!!
!!∗

−!! sin !!!
! − !!cos !!!

! = !!
!!
∗ !! cos !!!

! − !!sin !!!
!   b.21) 

 
De las ecuaciones b.20 y b.21 debe cumplirse que !!!! = 0, por lo que alguno 
de estos dos coeficientes debe tomarse como 0: Si hacemos !! = 0  las 
soluciones a la ecuación de Schrödinger para la región del pozo se reducen a 
funciones pares, !! = !! cos(!!!) . Para el otro caso en que !! = 0 , las 
soluciones dentro del pozo son funciones impares, !! = !! sin(!!!), por lo 
tanto tenemos dos tipos de soluciones pares e impares. Con esto encontramos 
las energías pares del sistema, es decir, hacemos !! = 0 en la ecuación b.20: 
 

!!
!!
∗ !!cos !!!

! = !!
!!∗

!!sin !!!
!   b.22) 

 
!!
!!
∗ =

!!
!!∗

tan !!!
!     b.23) 

 
Para las soluciones impares, hacemos !! = 0 en la ecuación b.21: 
 

!!
!!∗

−!! sin !!!
!  = !!

!!
∗ !! cos !!!

!   b.24) 

 
− !!
!!∗

= !!
!!
∗ cot !!!

!    b.25) 

 
Para encontrar las eigenenergías en cada caso se resuelven las ecuaciones 
trascendentales b.23 y b.25. La figura b2 muestra la solución gráfica de estas 
ecuaciones para un caso particular en el que 

!!!
! = 15, de la figura observamos 

que para estos valores, hay 5 energías, las cuales son representadas por las 
intersecciones entre la grafica obtenida por la parte izquierda de la igualdad de 
las ecuaciones  (linea roja) y la parte derecha de estas, dadas por los puntos 
naranjas. Las líneas azul, morado, verde y naranja claro representan las 
funciones tangente y cotangente, la línea naranja fuerte para energías positivas 
es dada por la parte izquierda de la ecuación b.25 y la que se encuentra en la 
región de energías negativas se asocia a la parte izquierda de la ecuación 
b.23. 
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Figura b2.- Solución gráfica de las ecuaciones b.23 y b.25, para 

!!!
! = 15. Los 

puntos que se encuentran en las intersecciones representan las soluciones del 
sistema. 
 
Por otro lado, el coeficiente de Transmisión !" y reflexión !" esta dado por la 
razón entre las partículas que inciden por la barrera en la región 1 y las que 

salen por la barrera 2, es decir  ! = !!
!!

!
, despejando estas constantes del 

sistema de ecuaciones b.16-b.19 obtenemos este coeficiente [16]: 
 

!" = !!
!!

!
= !

!!!!
!!
!!!

!!
!!

!
!"#! !!!

    b.26) 

 
 

!" = 1− ! = 1− !!
!!

!
= 1− !

!!!!
!!
!!!

!!
!!

!
!"#! !!!

   b.27) 

 
 
 

Solución de la ecuación de Schrödinger en coordenadas cilíndricas para un 
pozo cuántico de barreras finitas. 

 
Para el caso del hilo cilíndrico, el tratamiento es similar. Vamos a tener las 
mismas ecuaciones para el potencial (Ec. b.2-b.5). La diferencia esta en el 
cambio de coordenadas, aquí trabajaremos en coordenadas cilíndricas con la 
coordenada radial, a la cual llamaremos !  , por lo que la ecuación de 
Schrödinger es: 
 

− ℏ!
!!∗ ∇!! + !" = !"           b.28) 

 
con: 
 

∇!= !
!
!
!" ! !

!" + !
!!

!!
!!! +

!!
!!!      b.29) 

 

0

5

-5

0 π/2 π 3π/2 2π
qpa/2

E
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Por medio de separación de variables obtenemos la ecuación de la parte radial 
para la función ! que sólo depende de ! , la cual esta dada por: 
 

! !
!" ! !

!" !(!) − ℓ!! ! = −(!!!)!! !(!)  !"#" ! ≤ !! 
!!! !!! !  !"#" ! ≥ !!

    b.30) 

 
 
La Ec. b.30 es la ecuación de Bessel y las soluciones para los casos dados en 
esta ecuación son: 
 

!!!!(!!!)  ! ≤ !!     b.31) 
 

!!!!(!!!)  ! ≥ !!     b.32) 
 

Con !!(!!!) y !!(!!!)   las funciones de Bessel de primer y segunda especie.  
 
Aplicando condiciones a la frontera para ! = !!  para la continuidad de la 
función de onda: 
 

!!!! !!!! = !!!!(!!!!)     b.33) 
 

 
  !!!!

∗
!
!" !! !!! !! =

!!
!!∗

!
!"!! !!! !!

    b.34) 

 
Reescribiendo la ecuación b.34, tenemos: 
 

  !!!!
∗ !!!!! !!! = !!

!!∗
!!!!! !!!     b.35) 

 
Por lo que la ecuación trascendental resulta de la mezcla de la ecuación b.33 y 
b.35: 
 

  !!!!
= !! !!!!

!! !!!!
= !!

∗

!!∗
!!!!! !!!
!!!!! !!!

       b.36) 

 
Esta ecuación se resuelve gráficamente de la misma forma que el caso del 
pozo cuadrado finito. 
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Apéndice C 
 
 

Una modificación del método de cuarto orden de Runge-Kutta tiempo-
diferenciación exponencial. 

 
Sea una ecuación diferencial no lineal dependiente del tiempo, podemos 
escribir esta de la forma: 
 

!! = ℒ! + ℵ(!, !)    c.1) 
 

Donde ℒ,ℵ son operadores lineales y no lineales, respectivamente. Podemos 
discretizar la parte espacial tal que: 
 

!! = !" + !(!, !)    c.2) 
 

con !,! matrices asociadas a los operadores lineales y no lineales, 
respectivamente. Multiplicando c.2 por un factor de integración !!! e integrando 
la ecuación  sobre pasos de tiempo que van de ! = !!  a ! = !!!! = !! + ℎ, 
tenemos:  
 

!!!! = !!!!! + !!! !!!"!
!  !(! !! + ! , !! + !)!"   c.3) 

 
Proponemos una formula del tipo: 
 

!!!! = !!!!! + ℎ !!!!!
!!! −1 !!

!!!
!
! !!!!   c.4) 

 
!ℎ!! = !!! − !       c.5) 

 
!ℎ!!!! + ! = !! + !

!!!!! +
!
!!!!! +⋯+ !!

!!!    ! ≥ 0  a.6) 
 

De acuerdo a las ecuaciones anteriores, definiendo funciones extra, la forma 
final de c.4 será [89]: 
 

!! = !
!!
! !! + !!! !

!!
! − ! !(!!, !!)         c.7) 

 

!! = !
!!
! !! + !!! !

!!
! − ! ! !!, !! + !

!         c.8) 

 

!! = !
!!
! !! + !!! !

!!
! − ! 2! !!, !! + !

! –! !!, !!     c.9) 

 
!!!! = !!!!! + ℎ!!!!! −4− !ℎ + !!! 4− 3!ℎ + !ℎ ! ! !!, !! + 2 2+ !ℎ +
!!! −2+ !ℎ ! !!, !! + !

! + ! !!, !! + !
! + −4− 3!ℎ − !ℎ ! + !!! 4−

!ℎ ! !!, !! + ℎ             c.10) 
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La ecuación c.10 se resuelve por medio de una función propuesta estacionaria 
!!, el paso para el tiempo ℎ, la matriz ! se asocia al termino cuadrado que 
resulta de realizar la transformada de Fourier a las derivadas de la ecuación a 
resolver, que son del tipo !!!, no lineales. La matriz ! esta conformada por los 
términos restantes que surgen de la transformada de Fourier de las derivadas 
restantes, del tipo !!!!! ,!!! ,!!!!. En este trabajo se realizo un código para 
resolver la ecuación de interés. 
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Apéndice D 

 
 

Ecuación de Schrödinger para dos partículas 
 

La ecuación de Schrödinger normalmente es utilizada para una sola partícula 
que se mueve en un potencial. Para extender esta a un sistema multipartículas, 
necesitamos hacer la función de onda ! y el potencial funciones de la posición 
de todas las partículas, por lo que esta ecuación independiente del tiempo,  
para un sistema de n partículas, esta dada como: 
 

−ℏ
!

2
1
!!

∇!!
!

!!!
! !!, !!,…  !! + ! !!, !!,…  !! ! !!, !!,…  !!  

= !"(!!, !!,…  !!)      d.1) 
 
En el caso de  dos partículas de masa !! y !! , si el potencial ! sólo es 
dependiente de la separación entre las dos partículas ! ≡ !! − !!, podemos 
jugar con él un poco y producir una forma más simple. 
Primero definimos el centro de masa como: 
 

! = !!!!!!!!!
!!!!!

        d.2) 
Introduciendo la masa reducida: 
 

! = !!!!
!!!!!

     d.3) 

tenemos entonces: 
 

!! = !+ !
!!
!     d.4) 

 
!! = !− !

!!
!     d.5) 

 
Los gradientes pueden ser obtenidos en función de las coordenadas ! y  !. 
Considerando la componente !  y la regla de la cadena obtenemos las 
siguientes derivadas: 

!"
!!!!

= !"
!!!

!!!
!!!!

+ !"
!!!

!!!
!!!!

= !"
!!!

+ !"
!!!

!!
!!!!!

     d.6) 

 
= !"

!!!
+ !"

!!!
!
!!

     d.7) 

 
!"
!!!!

= !"
!!!

!!!
!!!!

+ !"
!!!

!!!
!!!!

= !"
!!!

+ !"
!!!

!!
!!!!!

    d.8) 

 
= − !"

!!!
+ !"

!!!
!
!!

     d.9) 
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La relación para las otras dos componentes es similar, cambiando la derivada 
de la función ! por el gradiente, tenemos: 

 
∇!= ∇! + !

!!
∇!                          d.10) 

 
∇!= −∇! + !

!!
∇!               d.11) 

Diferenciando con respecto a x las derivadas obtenidas, para encontrar la 
forma del operador Laplaciano obtenemos: 
 

!!!
!!!!!

= !
!!!

+ !
!!

!
!!!

!"
!!!

+ !
!!

!"
!!!

     d.12) 

 

= !!!
!!!!

+ !"
!!!!!!

!!!
!!!!!

+ !!!
!!!!

!
!!

!
   d.13) 

 
 

!!!
!!!!!

= !!!
!!!!

+ !"
!!!!!!

!!!
!!!!!

+ !!!
!!!!

!
!!

!
  d.14) 

 
La combinación de estas dos expresiones que aparecen en la ecuación de 
Schrödinger es, después de cancelar términos y poner en términos de 
comunes denominadores da como resultado: 
 

− ℏ!
!!!

!!!
!!!!!

− ℏ!
!!!

!!!
!!!!!

= − ℏ!
! !!!!!

!!!
!!!!

− ℏ!
!!

!!!
!!!!

    d.15) 

 
El cálculo para las otras dos componentes es similar. El resultado final es [90]: 
 

− ℏ!
! !!!!!

∇!!! − ℏ!
!! ∇!

!! + ! ! ! = !"             d.16) 
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Apéndice E 
 

 
Diferencias finitas. 

 
El método de diferencias finitas permite resolver ecuaciones diferencias en 
derivadas parciales de forma aproximada por medio de discretización.  
 
El primer paso para la aplicación del método consiste en discretizar el intervalo 
(!! , !!) del plano o eje en el que se quiere resolver la ecuación, es decir, crear 
una malla, en la cual los puntos de esta están separados una distancia ℎ. 
 
Sea la función !(!) definida en el intervalo (!! , !!), que tiene derivada k-ésima, 
entonces la expansión de !(!) usando series de Taylor alrededor del punto  !!, 
contenido en el intervalo (!! , !!) será: 
 

! ! = ! !! + !!!!
!!

!"
!" !!

+ (!!!!)!
!!

!!!
!!! !!

+⋯+ (!!!!)!
!!

!!!
!"! !

   e.1) 

 
donde ! = !! + !(! − !!) y 0 < ! < 1. 
 
Existen diferentes formas de generar la aproximación a la primer derivada: 
Diferencias regresivas, diferencias progresivas y diferencias centradas. En este 
trabajo se utilizó la diferencia centrada obtenida mediante el siguiente 
procedimiento. (Para detalles sobre los otros tipos de aproximaciones revisar la 
ref. 91 ). 
 
Considerando la ecuación e.1 con ! = 3 y escribiendo !(!) en ! = !! + ∆! y 
! = !! − ∆!, tenemos: 
 

! !! + ∆! = ! !! + ∆! !"!" !!
+ ∆!!

!!
!!!
!"! !!

+ ∆!!
!!

!!!
!"! !!

  e.2) 

 

! !! − ∆! = ! !! − ∆! !"!" !!
+ ∆!!

!!
!!!
!"! !!

− ∆!!
!!

!!!
!"! !!

  e.3) 

 
Restando ambas ecuaciones: 
 

! !! + ∆! − ! !! − ∆! = 2∆! !"!" !!
+ ∆!!

!!
!!!
!"! !!

+ !!!
!"! !

  e.4) 

 
Despejando la deriva: 
 

!"
!" !!

= ! !!!∆! !! !!!∆!
!!! + !(Δ!!)    e.5) 
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Con un error debido al truncamiento de segundo orden dado por  !(Δ!!). 
 
Ya que en este trabajo se resolvió la ecuación de Schrödinger, es necesario 
obtener una expresión para la segunda derivada, la cual se construye de forma 
análoga. 
Partimos del desarrollo en seria de Taylor para ! = !! + ∆! y ! = !! − ∆!: 
 
 

! !! + ∆! = ! !! + ∆! !"!" !!
+ ∆!!

!!
!!!
!"! !!

+ ∆!!
!!

!!!
!"! !!

+ ∆!!
!!

!!!
!"! !!

  e.6) 

 
! !! − ∆! = ! !! − ∆! !"!" !!

+ ∆!!
!!

!!!
!"! !!

− ∆!!
!!

!!!
!"! !!

+ ∆!!
!!

!!!
!"! !!

  e.7) 

 
 
En este caso para obtener el término que involucra la segunda derivada, 
sumamos las ecuaciones anteriores y despejamos [99]: 
 
 

!!!
!"! !!

= ! !!!∆! !!! !! !! !!!∆!
∆!! − ∆!!

!"!
!!!
!"! !!

  e.8) 

  
!!!
!"! !!

= ! !!!∆! !!! !! !! !!!∆!
∆!!     e.9) 

 
 
Los resultados mostrados en este trabajo, para el caso del par de electrones 
colocados a lo largo del hilo cuadrado y cilíndrico fueron resueltos con una 
discretización de 106  particiones en el eje !. 
Para el caso del par de electrones dentro del hilo cuadrado y cilíndrico en 
presencia de un campo eléctrico externo, la ecuación que involucra al campo, 
que representa al sistema centro de masa, se discretizó de la misma forma. 
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Apéndice F 
 
 

Solución de la ecuación de Schrödinger dos pozos cuánticos de barreras 
finitas acoplados. 

 
 
La ecuación de Schrödinger en una dimensión para una partícula bajo efecto 
de un potencial esta dada por:  
 

− ℏ!
!!∗

!!! !
!!! + !" ! = !"(!)     f.1) 

con: 
 

 ! =

!!!!  !"#" ! < 0
0  !"#" 0 < ! < !

!!!!   !"#" ! < ! < ! + !
0 !"#" ! + ! < ! < 2! + !
!!!!   !"#" ! > 2! + !  

    f.2) 

 
Con !!!!   definido en la ecuación b.3 del apéndice B para barreras 
dependientes de la energía de banda prohibida de los materiales. 
 

 
Figura f1.- Sistema de doble pozo acoplado, definido por regiones, con barreras de 
ancho b y pozos de ancho a. 
 
De acuerdo a la figura f1, Las soluciones en las barreras son: 
 

!!! !
!!! = !!!

∗

ℏ! !!!! − ! ! ! = !!!!(!)    f.3) 
 

!!,!,! = !!,!,! exp !!! + !!,!,! exp −!!!    f.4) 
 

 
 y las soluciones en los pozos están dadas como: 
 

!!! !
!!! = − !!!

∗

ℏ! ! ! ! = −!!!!(!)    f.5) 
 

!!,! = !!,! exp(!!!!)+ !!,! exp(−!"!!)   f.6) 
 

Sistema 2 electrones: Doble pozo cuadrado con Potencial Finito

21 3 4 5

x0 a a+b 2a+b

3

r=z1-z2

e- z

x

y

ρ 

L=1µm

e-

FIG. 1. A schematic representation of the two-electron system in a cylindrical nanowire.

electrons is assumed to be 20nm. The screening parameter  =
q

2q2Ne

✏0✏rKBT takes the values of 10�5

nm

�1, 0.1 nm

�1

and 200 nm

�1, which correspond to carrier densities of Nd = 106e�/cm3, 1017e�/cm3 and 1021e�/cm3, respectively.
Then, all calculations are well suited in the range of intrinsic and doped materials [27].

B. Schrödinger equation for a two-electron system

Two types infinite nanowires, namely, circular and square cross-section are considered. A schematic representation of
the two-electron system for the particular case of the circular QWR is displayed in Fig. 1. Then, the time-independent
Schrödinger equation for the two-electron wave function  

12

is given by

� ~2
2me

r2 
12

+ V

e↵

 
12

+ V

ext

 
12

= E 
12

, (1)

where r2 ⌘ r2

1

+r2

2

, V
e↵

= Ve�w(x, y) + Ve�e(z) is the total interaction potential, which contains the potential of
confinement (electron-wall interaction), Ve�w(x, y), and the electron-electron interaction, Ve�e(z), Vext

is an external
(electric or magnetic) field and E is the eigenvalue of energy. We are particularly considering a free-standing QWR,
it is then assumed that the electronic change is totally localized inside the nanowire and that is exactly zero outside.
Then, Ve�w is zero inside the nanowire and infinite outside. The electron-electron interaction potential has the
following Yukawa form,

VYe�e(r) =
e

2

4⇡✏
0

✏r

exp [�r]

r

. (2)

As can be seen from the previous equation, the Yukawa potential depends only on the relative distance between the
two electrons, r =

p
(x

1

� x

2

)2 + (y
1

� y

2

)2 + (z
1

� z

2

)2. Then, for simplicity, we consider that the electrons are
located along the main axis of symmetry, z, of the cylindrical nanowire, see Fig. 1, then, r = z

1

� z

2

. V

ext

will be
associated to an external electric field of the form,

V

ext

= � e

2

4⇡✏
E

ext

(z
1

+ z

2

). (3)

In order to numerically solve Eq. (1), one should rewrite it in simpler form. First, one can define the center of mass
and the reduced mass, respectively, as R = z1+z2

2

and µ = me
2

. Then, one gets the following change of variables:

z

1

= R+
r

2
, (4)

z

2

= R� r

2
. (5)

Thus, one can redefine the nabla operators in terms of the coordinates r and R as follows,

r
1

= rr +
1

2
rR, (6)

Ecuación de Schrödinger a resolver:

2

Last equations, both have numerical solution. We pro-
pose to solve by the finite di↵erence method, which is
presented later. Because, we use reduced units, in the
remainder of the work will default ⇤.

1) SQUARE NANOWIRE: xy-PLANE SOLUTION

The equation dependent of x and y is:

Y
dX2

d2x
+X

dY 2

d2y
� V

e�w

XY = �(E
x

+ E
y

)XY, (5)

Where X = X(x) and Y = Y (y), in this case con-
sider the nanowire of GaAs material in a matrix of
Al

x

Ga1�x

As, therefore V
e�w

is a fraction of the di↵er-
ence between the GAP of AlGaAs and GaAs at room
temperature (T = 300K) for the x = 0.23 aluminum
concentration (Equation ??).

V
e�w

= 0.65(E
gap

(Al
x

Ga1�x

As)� E
gap

(GaAs)) (6)

E
gap

(Al
x

Ga1�x

As) =
1.424 + 1.155x+ 0.37x2

27.211
Ha(7)

E
gap

(GaAs) =
1.519� 5.405 ⇤ 10�4T 2

(T + 204)27.211
Ha (8)

Solve 5 we have the transcendent equations for x and
y:

Tan[x1] =

s
m⇤

m⇤
1

(
x2
0

x2
1

� 1) (9)

Tan[y1] =

s
m⇤

m⇤
1

(
y20
y21

� 1) (10)

whit m⇤
1 = 0.01971m

e

the mass in the Al
x

Ga1�x

As,

m⇤ = 0.00665m
e

, x0 = y0 =
q

Ve�wL

2
m

⇤

2 and:

x1 =
p

2L2m⇤(V
e�w

� E
x

) (11)

y1 =
q
2L2m⇤(V

e�w

� E
y

) (12)

2) CYLINDRICAL NANOWIRE: R✓ PLANE
SOLUTION

↵J ‘
l

(↵)

J
l

(↵)
=

q
m

⇤

m

⇤
1
(�� ↵2)K ‘

l

(
q

m

⇤
1

m

⇤ (�� ↵2))

K
l

(
q

m

⇤
1

m

⇤ (�� ↵2))
, (13)

where ↵ = qr0 =
p

2m⇤(V
e�w

� E
⇢

)r20 = � � m

⇤

m

⇤
1
�2,

� = �r0, �2 = 2m⇤
1E⇢

, q2 = 2m⇤(V
e�w

� E
⇢

), and l =
0, 1, 2....

FINITE DIFFERENCE

Di↵erent numerical methods to compute approximate
solutions to di↵erential equations, eg Runge Kutta of or-
der 3 and 4, which is a set of iterative methods dependent
on initial conditions. In this paper, the finite di↵erence
method for solving the Scrödinger equation with a poten-
tial Coulomb and Yukawa type was used. This numerical
method used to approximate finite di↵erential equations.
The first step in the application of the method is to dis-
cretize the region of the plane in which you want to solve
the equation with a mesh. The grid points are separated
by a distance or in the z direction. We can develop C(z)
in a Taylor series around a point, and the second derivate
is:

d2C(z)

dz2
=

C(z � u)� 2C(z) + C(z + u)

u2
(14)

Thus we can see that the value of the wave function at
a point is dependent on two neighboring wave functions.
Boundary conditions were used in the function and arises
from it, C(0.0001) = N1,

dC

dz 0.0001
= 0, Z(0.0001) = N2

and dZ

dz

|0.0001 = 0, with N1, N2 constants

III. RESULTS

Because we are interested in studying crystal struc-
tures (semiconductor materials) to adhere more to the
conditions of real systems, we used a separation between
electrons of the order parameter of the crystal lattice,
which is between 5.4 (Si) and 5.65 (GaAs)Å and cross
section lenght between 2 and 15nm. On the other hand
screening parameter gives information about the density
of carriers in the system, (for solid materials magnitudes
are reported from N

d

= 106 � 1013cm�3) for this work
we choose values of 0.1, 1 and 10, which correspond to
densities of the order of N

d

/✏
r

= 1010�1014cm�3, where
✏
r

is the relative dielectric constant. We can say that we
will try in the range of intrinsic and doped materials..[]....
Once established our conditions, previously, in order

to verify the consistency of our treatment method is the

3

r=z1-z2

e- z

x

y

ρ 

L=1µm

e-

FIG. 1. A schematic representation of the two-electron system in a cylindrical nanowire.

electrons is assumed to be 20nm. The screening parameter  =
q

2q2Ne

✏0✏rKBT takes the values of 10�5

nm

�1, 0.1 nm

�1

and 200 nm

�1, which correspond to carrier densities of Nd = 106e�/cm3, 1017e�/cm3 and 1021e�/cm3, respectively.
Then, all calculations are well suited in the range of intrinsic and doped materials [27].

B. Schrödinger equation for a two-electron system

Two types infinite nanowires, namely, circular and square cross-section are considered. A schematic representation of
the two-electron system for the particular case of the circular QWR is displayed in Fig. 1. Then, the time-independent
Schrödinger equation for the two-electron wave function  

12

is given by

� ~2
2me

r2 
12

+ V

e↵

 
12

+ V

ext

 
12

= E 
12

, (1)

where r2 ⌘ r2

1

+r2

2

, V
e↵

= Ve�w(x, y) + Ve�e(z) is the total interaction potential, which contains the potential of
confinement (electron-wall interaction), Ve�w(x, y), and the electron-electron interaction, Ve�e(z), Vext

is an external
(electric or magnetic) field and E is the eigenvalue of energy. We are particularly considering a free-standing QWR,
it is then assumed that the electronic change is totally localized inside the nanowire and that is exactly zero outside.
Then, Ve�w is zero inside the nanowire and infinite outside. The electron-electron interaction potential has the
following Yukawa form,

VYe�e(r) =
e

2

4⇡✏
0

✏r

exp [�r]

r

. (2)

As can be seen from the previous equation, the Yukawa potential depends only on the relative distance between the
two electrons, r =

p
(x

1

� x

2

)2 + (y
1

� y

2

)2 + (z
1

� z

2

)2. Then, for simplicity, we consider that the electrons are
located along the main axis of symmetry, z, of the cylindrical nanowire, see Fig. 1, then, r = z

1

� z

2

. V

ext

will be
associated to an external electric field of the form,

V

ext

= � e

2

4⇡✏
E

ext

(z
1

+ z

2

). (3)

In order to numerically solve Eq. (1), one should rewrite it in simpler form. First, one can define the center of mass
and the reduced mass, respectively, as R = z1+z2

2

and µ = me
2

. Then, one gets the following change of variables:

z

1

= R+
r

2
, (4)

z

2

= R� r

2
. (5)

Thus, one can redefine the nabla operators in terms of the coordinates r and R as follows,

r
1

= rr +
1

2
rR, (6)

4

FIG. 2. Wave functions at the bulk as a function of the electron-electron distance for the ground and first and second excited
states of the system parameters used in Ref. [30] with Er = 20 MeV and for the case of the free particle. Symbols are numerical
data reported in Ref. [30]. Lines are results obtained solving numerically Eq. (11) by means of the finite di↵erence method.

r
2

= �rr +
1

2
rR. (7)

By using the previous changes of variable, Eq. (1) reads as,

� ~2
4me

r2

R + V

ext

(R)

�
 

12

+


� ~2
2µ

r2

r + V

e↵

(r)

�
 

12

= E 
12

. (8)

Then, Eq. (8) has two contributions; one that depends solely of the center of mass of the two-particle system and
the other that is only a function of the relative distance between electrons. One can then apply the usual technique
of separation of variables,  

12

(r,R) = A(r)B(R). Thus, Eq. (8) can be rewritten as,

� ~2
4m⇤

B

r2

RB + V

ext

(R)

�
+


� ~2
2µA

r2

rA+ V

e↵

(r)

�
= ER + Er, (9)

where E = ER + Er is also split in two independent contributions. Finally, the solution of Eq. (1) has been now
reduced to the solution of two simpler and independent equations [28]:

� ~2
4me

r2

RB + V

ext

(R)B = ERB, (10)

� ~2
2µ

r2

rA+ V

e↵

(r)A = ErA, (11)

In this work, we consider that V
ext

(R) = 0. The case with external electric field will be presented elsewhere Ref.

C. Testing the numerical algorithm at the bulk

Eqs. (10) and (11) have been numerically solved using the finite di↵erences method [29]. To test the validity of
our algorithm, we first evaluate the wave functions of two particles at the bulk interacting with the Yukawa potential
given by Eq. (2). Our results are explicitly compared with those reported in Ref. [30] for the ground state and the
first and second excited states, see Fig. 2. Additionally, our algorithm is tested when the screening parameter takes
the value  ! 1, i.e., the limit of the free electrons. As can be seen from the figure, the agreement between previous
numerical data and the analytical expression for the free particle wave function are fully recovered by our algorithm.
Hence, we are confident that our calculations for the ground states at di↵erent carrier densities were correctly carried
out.

Reyna: quizas valdria la pena incluir una figura para el potencial de Yukawa para diferentes valores del parametro
de apantallamiento. Explicar la fisica de la Fig. 2.
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states of the system parameters used in Ref. [30] with Er = 20 MeV and for the case of the free particle. Symbols are numerical
data reported in Ref. [30]. Lines are results obtained solving numerically Eq. (11) by means of the finite di↵erence method.
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ϕ1 = a1e
qx + b1e

−qx

ϕ2 = a2 cos(kx)+ b2 sin(kx)

ϕ3 = a3e
q(x−a) + b3e

−q(x−a)

ϕ4 = a4 cos(k(x − a))+ b4 sin(k(x − a))

ϕ5 = a5e
q(x−a−b) + b5e

−q(x−a−b)
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Solución numérica

15
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Separando las soluciones y por medio de las condiciones a la frontera para 
hacer continua la función de onda, tenemos: 
 
 

!! ! = !! !      f.7) 
 

!! ! = !! !      f.8) 
 

!! !!! = !! !!!     f.9) 
 

!! !!!! = !! !!!!     f.10) 
 

!! ! = 0 = !! + !! = !! + !! = !! ! = 0    f.11) 
 

!! ! = ! = !! exp !"!! + !! exp −!"!!  
= !! exp !!! + !! exp −!!! = !! (! = !) f.12) 

 
!! ! = ! + ! = !! exp !! ! + ! + !! exp −!! ! + !  

= !! exp !!!(! + !) + !! exp −!!!(! + !) = !! (! = ! + !) f.13) 
 

!! ! = 2! + ! = !! exp !!! 2! + ! + !! exp −!!! 2! + !  
= !! exp !! 2! + ! + !! exp −!! 2! + ! = !! (! = 2! + !) f.14) 

 
Una forma sencilla de tratar con este problema es por medio de matrices como 
se muestra a continuación. 
De la ecuación f.11, obtenemos la siguiente matriz de 2x2: 
 

!!
!! = !

!!!
!! − !"! !! + !!!
!! + !!! !! − !!!

!!
!!    f.15) 

 
Similar al caso anterior la segunda matriz asociada a la ecuación f.12 es: 
 

!! exp !!!
!! exp −!!! = !

!!!
!! + !"! !! − !"!
!! − !"! !! + !"!

!! exp !!!!
!! exp −!!!!

  f.16) 

 
y 
 

!! exp !!!!
!! exp −!!!!

= exp !!!! 0
0 exp −!!!!

!!
!!   e.17) 

 
 
Sustituyendo f.15 en f.17 tenemos: 
 

!! exp !!!!
!! exp −!!!!

= exp !!!! 0
0 exp −!!!!

!
!!!

!! − !"! !! + !!!
!! + !!! !! − !!!

!!
!!  

f.18) 
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Sustituimos f.18 en f.16: 
 

!! exp !!!
!! exp −!!! = 

 
!

!!!!!
!! + !"! !! − !"!
!! − !"! !! + !"!

exp !!!! 0
0 exp −!!!!

!! − !"! !! + !!!
!! + !!! !! − !!!

!!
!!   

 f.19) 
 

Realizando la multiplicación de matrices de la ecuación f.19 y reduciendo 
términos, la matriz resultante es: 
 

!! exp !!!
!! exp −!!! =

cos !!! + !!!!!!!
!!!!!

sin !!! − !!!!!!!
!!!!!

sin !!!
!!!!!!!
!!!!!

sin !!! cos !!! − !!!!!!!
!!!!!

sin !!!
!!
!!  

f.20) 
 
Para usar una notación compacta: 
 

!! =
cos !!! + !!

! − !!!
2!!!!

sin !!! − !!
! + !!!
2!!!!

sin !!!

!!! + !!!
2!!!!

sin !!! cos !!! − !!
! − !!!
2!!!!

sin !!!
 

 

= !! !!
−!! !!

 

f.21) 
Por lo tanto: 
 

!! exp !!!
!! exp −!!! = !! !!

−!! !!
!!
!!   f.22) 

 
Para la unión de la siguiente región dada por la ecuación f.13, se procede de la 
misma forma: 
 

!! exp !! ! + !
!! exp −!! ! + !

= exp !!! 0
0 exp −!!!  

!! exp !!!
!! exp −!!!    f.23) 

 
Para el pozo de la ecuación f.13: 
 

!! exp !!! ! + !
!! exp −!!!!(! + !

= exp !!! 0
0 exp −!!!  

!! exp !!!
!! exp −!!!  

 



	 115	

= exp !!! 0
0 exp −!!!  

!! !!
−!! !!

!!
!!    f.24) 

 
Para la región final tenemos entonces: 
 

!! exp !! 2! + !
!! exp −!! 2! + !

= !! !!
−!! !!

!! exp !!(! + ! ) 
!! exp −!! ! + !   f.25) 

 
sustituyendo f.22 en f.23 y el resultado en f.25: 
 
!! exp !! 2! + !
!! exp −!! 2! + !

= !! !!
−!! !!

exp !!! 0
0 exp −!!!  

!! !!
−!! !!

!!
!!  

 f.26) 
 
multiplicando las matrices del lado derecho de la igualdad: 
 

!! exp !! 2! + !
!! exp −!! 2! + !

= α! !!
−!! !!

!!
!!                    f.27) 

con:   
 

!! = !!
! exp !!! −!!

! exp −!!!    f.28) 
 

!! = !!!! exp !!! +!!!! exp −!!!    f.29) 
 

!! = −!!
! exp !!! +!!

! exp −!!!    f.30) 
 

Para el cálculo de las eigenenergías hacemos !! = !! = 0, por lo que la matriz 
f.27 queda: 
 

0
!! exp −!! 2! + ! = α! !!

−!! !!
!!
0                    f.31) 

 
Lo que significa que: 
 
 

α! = 0     f.32) 
 

!! = −!!!! exp !! 2! + !    f.33) 
 

La ecuación f.32 es la de eigenenergías y de la ecuación f.33 se obtiene el 
coeficiente de transmisión y reflexión. [16] 
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