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Chapter 1

Introduction

One of the fundamental topics that arise in the study of amorphous solid ma-

terials is the dynamical arrest state that occurs in these systems during their

process of solidi�cation. This feature is presented in numerous systems, such

as gels and glasses, which are essential in many technologically specialized

materials. Taking into account the literature, we can �nd a variety of studies,

ranging from experiments, numerical simulations, and theoretical models [1,2],

all with the goal of characterizing the speci�c mechanism involved in the dy-

namic arrest. As a result, two remarkable and important feature emerges

as universal �ngerprints of these materials, namely, their inability to reach

thermodynamic equilibrium within experimental times and the fact that their

�nal properties will depend on the preparation protocol.

Among the variety of systems studied in the �eld of amorphous materials,

colloidal amorphous solids constitute a particularly relevant category, of enor-

mous fundamental and practical relevance in industrial sectors such as food,

oil, and plastics, and as nano/micro-electronic devises for modern technolo-

gies. All these systems are formations of colloidal particles of (sub)micrometer

dimensions, and provide a rich functionality (optical activity, mechanical

strength, di�erent types of magnetism, conductivity, etc.), already being a

source (and increasingly becoming prominent) for advanced functional mate-

rials. It has been shown that homogeneous nano/micro particles exhibit a

rich phase behavior and are able to develop amorphous structures reminiscent

of atomic or molecular packing. Also, these kind of particles possess an im-

portant feature that we will study in detail in the next chapters: in order to

determine the dynamical properties of a colloidal suspension it is necessary

to know the full description of the translational and orientational di�usion

processes when the particles are interacting among themselves through non-

spherical pair potentials. Such geometrical asymmetry has long been known

to be a key factor in designing molecules, supramolecular formations (e.g.,

surfactants, liquid crystals), or block co-polymers to enable self- assembly pro-

cesses into solution-based aggregates, such as micelles, vesicles, polymersomes

or sophisticated block co-polymers, as well as liquid crystalline bulk phases [3].
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One of the most simple study cases of systems of particles with anisotropic

interactions we can analyse is the one formed by colloidal particles that inter-

act among themselves through a dipolar potential. There is a large number of

experimental works, numerical simulations, and theoretical models of dipolar

colloidal systems, of which various relevant physical properties are studied, for

example, their phase diagrams such as the one presented in Figure. 1.1. From

this complex phase diagram, a variety of assembled mesostructures can be

seen, including crystals of unusual symmetry, gels with open network struc-

tures, particle chains and, depending on the dipole moments and particle

sizes for mixtures of dipolar colloids, single-species interpenetrating networks

of crosslinked chains, mixed interpenetrating networks with block-like struc-

tures, and random orientation of the particles or networks of crosslinked chains

of one species sheathed by particles of the other species can be formed, just

as it is observed in the snapshots (c-f) in Fig. 1.1.

Thus, the variety of structures of the systems of dipolar colloids mentioned

above are used to model real systems of great technological and scienti�c in-

terest, such as the so-called �Janus" particles (JPs), which are unique among

the variety of nano/micro objects because they provide asymmetry and can

thus generate drastically di�erent chemical or physical properties as well as

directionality within a single particle (represented pictorially in Fig 1.2). The

broken symmetry o�ers e�cient and distinctive means to target complex self-

assembled materials and realize the emergence of properties inconceivable for

homogeneous particles or symmetric interacting particles. Because the above

properties, historically these kind of particles were named after the two-faced

Roman deity Janus, and the term was �rst used to describe �ctional spher-

ical particles having one hemisphere hydrophilic and the other hydrophobic.

Nowadays, the term is used to describe a special type of nanoparticles whose

surfaces have two or more distinct physical properties. The �rst researcher to

realize the potential and signi�cance of such particles was the Nobel Laure-

ate and French physicist Pierre-Giles de Gennes, who addressed this class of

particles in his Nobel lecture in 1991 [5].

From the previous examples, we learn that the existence of exotic phases

in the models of Janus particles are the result of the necessary consideration

of both translational and orientational degrees of freedom. Observing the for-

mation of a certain type of orientational gel it is reminiscent of the case of

spherically symmetric attractive potentials, such as the particle systems with

Lennard Jones type interaction. Under equilibrium conditions, it is expected

that in certain thermodynamic states, and given the existence of the spinodal

region, the system will be separated into two states, gas and liquid. However,
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Figure 1.1: Self-assembly and phase behavior of dipolar Janus particles (JP)

(a,b) and binary systems of dipolar colloids (c-f). (a) Phase diagram of dipolar

Janus colloids in the packing fraction η vs T−1 plane. (b) Snapshot showing

the transition from �uid to gel-like open network at η = 0.1 as the tempera-

ture decreases, from left to right: 0.21, 0.19, 0.17, 0.15. In the bottom wor,

snapshots of a binary mixture of dipolar colloids are shown with percolated

networks of crosslinked chains (gel): (c) Red and blue particles of slightly dif-

ferent size but with the same dipole momenta arranged randomly along chains

upon sudden quenches from a higher temperature. (d) Red and blue particles

of slightly di�erent size but with the same dipole moment arranged in blocks

along chains when the system is undergoing a slow temperature quench. See

Ref. [4]

Figure 1.2: Janus particles with the following morphologies: (a) spheres, (b)

and (c), two types of cylinders, and (d) and (e) disc-shaped. The next are

several dumbbell-shaped particles with (f) asymmetric or snowman shape, (g)

and (k) symmetric appearance, (h) attached nodes and (i) eccentric encapsu-

lation; (l) is known as a Janus vesicle or capsule. See Ref. [3]
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as shown in various experiments and simulations, if the system is brought un-

der a suddenly temperature quench within its spinodal region, the gas-liquid

separation will not take place and will remain stagnant in the formation of an

amorphous solid, meaning either a physical gel, or a porous glass, depending

on how low the temperature at which the system was taken. Di�erent theo-

retical approaches have been used to predict this phenomenology. One of the

successful theoretical framework, is the Self-Consistent Generalized Langevin

Equation (SCGLE) theory in its non equilibrium extension. Later we will

describe the historical review and the technical details of this theory, but we

want to brie�y show the results for the non-equilibrium processes involved in

the spinodal decomposition of suddenly and deeply quenched simple �uids, as

reported by Olais et al. [6]. The main result of their research is the dynamic

arrest diagram shown in Fig. 1.3. The �rst main feature of the predicted

phase diagram of attractive hard spheres is the continuity of region III, corre-

sponding to the glass phase below and to the right of the curve T0(φ), which

contains the high-packing/ high-temperature �repulsive" glasses and the low-

packing/low-temperature �attractive" glasses. For low volume fractions φ, this

liquid-glass transition penetrates the unstable region of the gas-liquid coexis-

tence as a glass-gel transition, with the gel phase constituting region II of the

diagram. Finally, this study associates the formation of gels with the early

arrest of the growing spatial heterogeneities and its temperature dependence,

described by the Cahn-Hilliard-Cook (CHC) classical linear theory of spin-

odal decomposition which has been shown to be a particular limit of the non

equilibrium SCGLE theory. The previous analysis results in the recognition

that indeed shallow quenches lead to full phase separation, whereas deeper

quenches lead to the formation of gels.

The literature mentioned above makes one wonders if, for example the

formation of complex gels in the phase diagrams of the Janus systems sum-

marized in the Fig 1.1, are a consequence of an out-of-equilibrium phenomena,

and if they can be studied with a model derived from �rst principles. With

these questions in mind, the work described in this thesis gave rise to a the-

oretical tool that considers conditions of non-equilibrium in systems whose

particles are non-spherically interacting: these are the focus of the present

work and are being the �rst approach to more complex systems, such as the

aforementioned Janus particles, to name only one kind of complex systems.

This thesis is then structured as follows: in chapter 2 we establish the previ-

ous works and the foundations of the development of the SCGLE theory, with

specially attention on the variant of the theory that treats non spherical -kind

of potentials, showing as an example the asymptotical dynamical properties

of a liquid of interacting dipolar hard spheres. The main result of this work is
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Figure 1.3: Summary of the non-equilibrium volume fraction φ-vs-T phase

diagram predicted in Ref. [6] for a hard sphere system (HS) with an attractive

Yukawa interaction liquid. At high temperatures and densities, compressing

or cooling this system drives it through the transition (blue solid line) to states

of non equilibrium repulsive glasses. At intermediate and low densities and

temperatures the NE-SCGLE theory predicts that (i) the spinodal line Ts(φ)

(red dashed line) is a frontier between equilibrium and non-ergodic states,

(ii) that the liquid-glass transition line penetrates inside the spinodal region

as a glass-glass transition line (dashed blue line), (iii) that between these two

dynamic arrest lines there exists a crossover temperature T0(φ) (circles), above

which the unstable homogeneous liquid fully phase separates (region I), and

below which it forms gels (region II), and (iv) that below the composed (solid

and dashed) blue line there exists a continuous region of porous repulsive

glasses (region III).
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presented in chapter 3, which contains the theoretical framework of the non

equilibrium extension of the non spherical SCGLE theory starting with the

Onsager-Machlup abstract formalism that is later applied to a liquid of non-

spherical interacting particles via the local density and general equations are

obtained for the time-dependent structure factor in the case when we perform

in the system a suddenly instantaneous temperature quench. We continue in

chapter 4 applying the derived formalism to describe the slow orientational

dynamics as well the equilibration and aging of a system of classical dipolar

hard-spheres with quenched positional disorder near to its �spin-glass" tran-

sitions. In order to describe the classical dipolar system we explore in detail

the full translational and rotational non equilibrium self-consistent equations

in chapter 5, and the numerical methodology for their solutions. In chapter 6

a system of angle-dependent attractive interacting colloidal particles is anal-

ysed, in order to get a phase diagram of �Janus-like" colloidal particles, using

the non equilibrium theory developed in previous chapters. Finally, this work

is closed with the �nal thoughts and main conclusions, as well as future work

in chapter 7.
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In this chapter, we present an overview of the most general aspects concern-

ing the theoretical approach which describes the equilibrium collective and self

dynamics of colloidal suspensions conformed by particles interacting through

non-spherical potentials. The relevant physical properties are de�ned, and

the appropriate language to be employed is introduced in the description and

characterization of the structural and dynamical properties of non-spherical

colloidal �uids. We refer the reader to several articles with original references

and we will assume a minimum basic background in liquids theory in order

to ease (some times by direct comparison) the comprehension of the discourse

presented here.
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2.1 Review of the Self Consistent Generalized

Langevin Equation Theory

2.1.1 Historical review of the theory

A current open problem in the soft matter �eld is the search of a satisfac-

tory model for the microscopic description of complex colloid dynamics, while

retaining a general formalism practical enough to make only some approx-

imations and to take into account some microscopic parameters of physical

signi�cance.

The last 30 years have seen several important theoretical developments

for many particular systems and boundary conditions of said systems. Of

special importance are the theories where di�usion phenomena are measured,

via the Brownian motion of individual particles in the colloidal suspensions;

this is known as self-di�usion phenomena. There are also collective di�usion

experiments where the relaxation of the local concentration �uctuations are

measured, usually via some generalized di�usion coe�cient, i. e. the van

Hove function G(r, t) of the colloidal Brownian �uid, or its Fourier transform,

the intermediate scattering function F (k, t) which contains all of the dynamic

information of the �uid in equilibrium. For this reason, a complete theo-

retical model that describes dynamical properties should aim to the correct

calculation and understanding of the scattering function.

This work will focus on the dynamic properties of a system formed by

N non-spherical interacting particles in the abstract framework now known

as the Self-Consistent Generalized Langevin Equation theory (SCGLE): its

�rst version was detailed in the work of L. Yeomans-Reina and M. Medina-

Noyola, published in 2001. Before this work, several steps were made in

order to reach a full working form of the theory by the same research group,

led by M. Medina-Noyola and detailed in the timeline 2.1. In the follow-

ing years, improvements have been made, as well as applications to several

physical colloidal systems with a variety of dynamical properties and even a

non-equilibrium version of the SCGLE theory. The advances relevant to this

work are pictured in 2.1; however, considerable literature has been published

regarding the SCGLE theory that is out of the scope of the present work and

hence will not be mentioned.
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2.1.2 SCGLE for liquids of Brownian spherical interact-

ing particles

The SCGLE theory is a framework that allows for the calculation of F (k, t)

and the self di�usion coe�cient Fs(k, t), given that the e�ective interaction

pair potential between particles u(r) is known, as well as any of its static

structural properties, such as the static structure factor S(k) or the radial

distribution function g(r). This allows for the application of the theory to a

wide number of simple and complex system.

In its �rst version (2002), the SCGLE theory was applied numerically

to describe the collective dynamics of the two dimensional repulsive Yukawa

Brownian �uid: Brownian dynamic simulations were performed to compare

with the theoretical predictions for the intermediate scattering function F (k, t)

and the self-scattering function Fs(k, t); the results show a good agreement

between theory and simulations [7].

The following step in the development of the SCGLE theory was the ex-

tension of the calculation of dynamic properties to colloidal mixtures (2005),

since the mono-disperse case is a very idealized condition rarely found in nat-

ural circunstances. The applications of colloidal mixtures are everywhere: in

industrial, natural and chemical processes. It was then a straightforward di-

rection to go for the theory: to propose a description of the intermediate and

long-time properties of colloidal mixtures. Once the exact memory-function

expressions for the partial intermediate scattering function of a colloidal mix-

ture were derived, the Langevin equation approach was used, while noting

that in this particular work, hydrodynamic interactions were not taken into

account, and it is not applicable to hard-sphere potentials due to the restric-

tions used here of continuous pairwise interactions. This model is then applied

to a binary mixture of Brownian particles interacting through a hard-core pair

potential plus a repulsive Yukawa tail [8]. Comparisons are made of the inter-

mediate and self scattering functions between the mono-disperse system and

the functions for each component of the mixture, with good agreements.

In 2007, the SCGLE model was found to predict the phenomena of dy-

namic arrest in disperse colloidal systems, similar to the well-known Mode

Coupling Theory (MCT) developed for that speci�c purpuse. The full numer-

ical solution of the SCGLE provides a route to the location of the �uid-glass

transition in the space of the macroscopic parameters of the system, given

that the inter particle forces (i.e., their potential of interaction) are known.

This is useful for the development of criteria to predict wheter a system in any
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Figure 2.1: A timeline by year, authors and titles of research papers of signif-

icance to this thesis work.
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given macroscopic conditions, will reach an ergodic or a dynamically-arrested

state. Predictions are made with this model for the hard sphere system with

the Percus Yevick approximation for the static structure factor S(k) and for

the charged sphere system modelled via a repulsive screened Coulomb poten-

tial in the HNC (hypernetted chain) approximation. The results are in good

agreement with the experimental data available [9].

So far, our review has covered only systems of HS particles, so the SCGLE

equations are written for any radially symmetric system in the equilibrium.

In the following section we will see the details of the non-equilibrium version

of the SCGLE theory and its application to the non-spherical case of a system

of interacting particles.

2.2 SCGLE theory for the dynamics of Brow-

nian liquids of non-spherically interacting

particles

In this section we brie�y describe the extension of the equilibrium SCGLE

theory to the description of the dynamics of liquids formed by non-spherical

particles, �rstly developed by Elizondo-Aguilera et al. [10]. We will brie�y

review the generalized Langevin equation as a general and fundamental for-

malism, then de�ne the main properties involved in the description of the

dynamics of liquids formed by non-spherical particles, and then will summa-

rize the time-evolution equations that result from this application of the GLE

formalism, and which constitute the essence of the equilibrium SCGLE the-

ory. After this review, we shall proceed in the next section to develop the

extension of the SCGLE theory to the case with non-equilibrium conditions.

2.2.1 The generalized Langevin equation (GLE) formal-

ism.

The GLE formalism describes the dynamics of the thermal �uctuations δai(t) (≡
ai(t) − aeqi ) of the instantaneous value of the macroscopic variables ai(t)

(i = 1, 2, ..., ν), around their equilibrium value aeqi . It has the structure of

a general linear stochastic equation with additive noise for the vector δa(t) =
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[δa1(t), δa2(t), ..., δaν(t)]
† (with the dagger indicating transpose), namely,

dδa(t)

dt
= −ωχ−1δa(t)−

t∫

0

L(t− t′)χ−1δa(t′)dt′ + f(t). (2.1)

In this equation, χ is the matrix of static correlations, χij ≡
〈
δai(0)δa∗j(0)

〉
,

ω is an antihermitian matrix, ωij = −ω∗ji ≡
〈
δȧi(0)δa∗j(0)

〉
(with 〈...〉 denot-

ing the average over the initial values δa(0)). The matrix L(t) is determined

by the �uctuation-dissipation relation Lij(t) = fi(t)f ∗j (0), where fi(t) is the

ith component of the vector of random forces f(t) and the overline denotes

the average over the realizations of f(t). Besides the selection rules imposed

by these symmetry properties of the matrices χ, ω, and L(t), other selection

rules may be imposed by other symmetry conditions. As shown in [11], if the

variables ai(t) have a de�nite parity upon time reversal, ai(−t) = λiai(t) with

λi = 1 or -1, then ωij = −λiλjωij and Lij(t) = λiλjLij(t).

Widely used in the early description of thermal �uctuations in simple liq-

uids [12,13], the generalized Langevin equation (GLE) was strongly associated

with the Zwanzig-Mori projection operator formalism [14�16]. This associa-

tion, however, obscures the fact that in reality the mathematical structure

of the GLE is not a consequence of the hamiltonian basis of its Zwanzig-

Mori's derivation, nor its validity is restricted to the description of �uctuations

around the thermodynamic equilibrium state (as Zwanzig-Mori's derivation

is). Instead, it is not di�cult to discover [11] that the mathematical attribute

of stationarity is a necessary and su�cient condition for the stochastic time-

evolution equation of the �uctuations to have the structure of Eq.(2.1). Such

an alternative point of view originates from the Onsager and Machlup theory

of thermal �uctuations [17, 18] which also extends the fundamental (mathe-

matical and physical) framework underlying Langevin's proposal of his cele-

brated equation [19].

The Onsager and Machlup theory constitutes a general model of equilib-

rium �uctuations. Including memory e�ects in this model is the phenomeno-

logical route to the generalized Langevin equation formalism [13]. One impor-

tant feature in this line of reasoning is its remarkable �exibility. Thus, since

the essence of this formalism is the mathematical condition of stationarity [11],

and not necessarily the physical condition of thermodynamic equilibrium, it

is in principle applicable to describe non-equilibrium stationary states (SS)

of matter, as illustrated in the following section. In this section, however, we

only consider its application to conventional equilibrium conditions.
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2.2.2 Collective description of the translational and ori-

entational degrees of freedom.

Let us start by considering a liquid formed by N identical non-spherical

colloidal particles in a volume V [10], each having a mass m and a inertia

tensor I. The translational degrees of freedom are described by the vectors

rN ≡ (r1, ..., rN) and pN ≡ (p1, ...,pN), where rn denotes the center-of-mass

position vector of the nth-particle and pn ≡ mdrn/dt = mvn(t) is the asso-

ciated linear momentum. Similarly, the orientational degrees of freedom are

described by the abstract vectors ΩN ≡ (Ω1, ...,ΩN) and LN ≡ (L1, ...,LN),

where Ωn denotes the Euler angles which specify the orientation of the nth

molecule, and Ln = I(Ωn)ωn is the corresponding angular momentum, so that

ωn denotes the angular velocity. Let us now assume that the potential energy

U(rN ,ΩN) of the interparticle interactions is pairwise additive, i.e., that

U(rN ,ΩN) =
N∑

n,n′=1

u(rn, rn′ ; Ωn,Ωn′), (2.2)

where u(rn, rn′ ; Ωn,Ωn′) is the interaction potential between particles n and

n′. In the particular case of axially-symmetric particles, that we bear in mind

here, the third Euler angle is redundant, hence Ωn = Ωn(θn, φn).

The most basic observable in terms of which we want to describe the

dynamical properties of a non-spherical colloidal system is the time dependent

microscopic one-particle density

n(r,Ω; t) ≡ (1/
√
N)

N∑

n=1

δ(r− rn(t))δ(Ω−Ωn(t)). (2.3)

Given that the angular dependent function Ω = Ω(θ, φ), any function f(r,Ω)

can be expanded with respect to plane waves and spherical harmonics as

f(r,Ω) =
1

V

1√
4π

∫
dk
∑

lm

(i)lflm(k)e−ik·rY ∗lm(Ω) (2.4)

where

flm(k) =
√

4πil
∫

V

dr

∫
dΩf(r,Ω)e−ik·rYlm(Ω). (2.5)

Thus, using Eq. (2.3) in (2.4) and (2.5), we may de�ne the so-called tensorial

density modes

nlm(k, t) =

√
4π

N
il

N∑

n=1

eik·rn(t)Ylm(Ωn(t)), (2.6)
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and hence, we can de�ne the following two-time correlation functions,

Flm;l′m′(k, τ ; t) ≡ 〈δn∗lm(k, t+ τ)δnl′m′(k, t)〉 (2.7)

=
4π

N
il−l

′
N∑

n6=n′

〈
eik·[rn(t+τ)−rn′ (t)]Y ∗lm(Ωn(t+ τ))Yl′m′(Ωn′(t))

〉
,

where δnlm(k, t) ≡ nlm(k, t)− 〈nlm(k, t)〉.

We also de�ne for completeness the self components

nSlm(k, t) ≡
√

4πileik·rT (t)Ylm(ΩT (t)), (2.8)

and the corresponding two-time correlation functions

F S
lm;l′m′(k, τ ; t) ≡ 〈nS∗lm(k, t+ τ)nSl′m′(k, t)〉

= 4πil−l
′
〈
eik·[rT (t+τ)−rT (t)]Ylm(ΩT (t+ τ))Yl′m′(ΩT (t))

〉
, (2.9)

where rT (t) denotes the position of the center of mass of any of the particles

at time t and ΩT (t) describes its orientation. As indicated before, we will

refer to τ as the delay (or correlation) time, whereas for t we will refer to the

evolution time.

The equal-time value of these correlation functions are Flm;l′m′(k, τ =

0; t) = Slm;l′m′(k; t) and F S
lm;l′m′(k, τ = 0; t) = 1 where Slm;l′m′(k; t) are the

tensorial components of the static structure factor S(k,Ω,Ω′; t). Of course,

the dependence of these quantities on the evolution time t is only relevant

if the state of the system is non-stationary. Under the condition of thermo-

dynamic equilibrium, Flm;l′m′(k, τ ; t), F S
lm;l′m′(k, τ ; t), and Slm;l′m′(k; t) cannot

depend on t, and we should denote them as F
(eq)
lm;l′m′(k, τ), F

S(eq)
lm;l′m′(k, τ), and

S
(eq)
lm;l′m′(k).

2.2.3 Summary of the equilibrium SCGLE equations.

Applying the GLE formalism described in subsection 2.2.1, to the dynamical

variables nlm(k, t) and nSlm(k, t) de�ned in Subsection 2.2.2, one can derive ex-

act memory function equations for F
(eq)
lm;l′m′(k, τ) and F

S(eq)
lm;l′m′(k, τ) [10]; These

memory function equations require the independent determination of the cor-

responding self and collective memory functions. In a manner similar to the

spherical case, the simple Vineyard-like approximate closure relations for these
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memory functions convert the originally exact equations into a closed self-

consistent system of approximate equations for these dynamic properties [10].

The resulting approximate system of equations constitute the extension to

liquids of particles interacting through non-spherical pair potentials, of the

equilibrium SCGLE theory of the dynamic properties of liquids of spherical

particles. These extended equations only involve an external input the cor-

responding projections S
(eq)
lm;l′m′(k) of the equilibrium static structure factor.

Although for the rest of this section we shall only refer to these equilibrium

structural properties, for notational convenience in the rest of this work we

shall not write the label (eq).

Let us thus summarize the set of self-consistent equations that constitute

the equilibrium SCGLE theory for a Brownian liquid of axially-symmetric non

spherical particles. In the simplest version of our theory (we refer the reader

to Ref. [10] for details), these equations involve only the diagonal elements

Flm(k, τ) ≡ Flm;lm(k, τ) and F S
lm(k, τ) ≡ F S

lm;lm(k, τ), and are written in terms

of the corresponding Laplace transforms Flm(k, z) and F S
lm(k, z) as

Flm(k, z) =
Slm(k)

z +
k2D0

TS
−1
lm (k)

1 + ∆ζ∗T (z)λ
(lm)
T (k)

+
l(l + 1)D0

RS
−1
lm (k)

1 + ∆ζ∗R(z)λ
(lm)
R (k)

(2.10)

and

F S
lm(k, z) =

1

z +
k2D0

T

1 + ∆ζ∗T (z)λ
(lm)
T (k)

+
l(l + 1)D0

R

1 + ∆ζ∗R(z)λ
(lm)
R (k)

. (2.11)

In equations (??), D0
R is the rotational free-di�usion coe�cient, and D0

T is

the center-of-mass translational free-di�usion coe�cient, whereas the func-

tions λ
(lm)
T (k) and λ

(lm)
R (k) are de�ned as λ

(lm)
T (k) = 1/[1 + (k/kc)

2] and

λ
(lm)
R (k) = 1, where kc = α × kmax, with kmax being the position of the

main peak of S00(k) and α = 1.305. This ensures that for radially-symmetric

interactions, we recover the original theory describing liquids of soft and hard

spheres [20].

On the other hand, within the well de�ned approximations discussed in

appendix A of Ref [10], the functions ∆ζ∗α(τ) (α = T,R) may be written as

∆ζ∗T (τ) =
1

3

D0
T

(2π)3n

∫
dkk2

∑

l

[2l + 1]
[
1− S−1l0 (k)

]2
F S
l0(k; τ)Fl0(k; τ)(2.12)
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and

∆ζ∗R(τ) =
1

2

D0
R

(2π)3
n

4

1

(4π)2

∫
dk
∑

l,m

[2l + 1]h2l0(k) [Al;0m]2
[
S−1lm (k)

]2

×F S
lm(k; τ)Flm(k; τ)

(2.13)

where hlm(k) denotes the diagonal k -frame projections of the total corre-

lation function h(k,Ω,Ω′), i.e., hlm(k) is related to Slm(k) by Slm(k) =

1 + (n/4π)hlm(k), and n = N/V is the number density. Finally, Al;mm′ ≡[
C+
lmδm+1,m′ + C−lmδm−1,m′

]
and C±lm ≡

√
(l ∓m)(l ±m+ 1).

Let us mention that, in order to obtain the closed set of eqs. (2.10)-

(2.13) involving the functions Flm(k, τ), F S
lm(k, τ), ∆ζ∗T (τ) and ∆ζ∗R(τ), we

have introduced simple �rst-order Vineyard-like approximations, connecting

the collective and self memory kernels for both translational and rotational dy-

namics (see eq. 42 in Ref. [10]). In turn, the functions ∆ζ∗T (τ) and ∆ζ∗R(τ) are,

respectively, the translational and rotational memory kernels for the tracer dif-

fusion, which can also be obtained within the GLE formalism [21]. For the

main details in determining eqs. (2.12) and (2.13) the reader is referred to

the appendix of Ref. [10] and the references therein.

Thus, equations (2.10)-(2.13) constitute the equilibrium non spherical ver-

sion of the SCGLE theory, whose solution provides the full time-evolution of

the dynamic correlation functions Flm(k; τ) and F S
lm(k; τ) and of the memory

functions ∆ζ∗α(τ).

2.3 Dynamical properties of a liquid of dipo-

lar hard spheres: Dynamically arrested di-

agram

The complete solution of the self-consistent system of equations discussed

above provides the full wave-vector and time dependence of the generalized

correlators Flm(k; t) and F S
lm(k; t). Thus, a detailed description of the slow

dynamics of a given system may be realized by solving Eqs. (2.10)-(2.13) for

every relevant value of l and m (in many cases, as in the example described

below, the values for l and m are restricted due to symmetry considerations

imposed by the system itself). Under some circumstances, however, one may

only be interested in identifying and locating the regions of the di�erent er-

godic or non ergodic phases involving the translational and orientational de-
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grees of freedom of our system in its state space. For this purpose it is possible

to derive from the full SCGLE equations the so-called bifurcation equations

which allow us to obtain the dynamic arrest diagram in a similar fashion as in

the spherical case. In this chapter we �rst derive these bifurcation equations

and we then apply them to a particular system, namely, a dipolar hard sphere

�uid. The idea is only to illustrate the applicability of our theory in a simple

but non-trivial exercise, that can be contrasted with the corresponding results

previously obtained by MCT [22].

2.3.1 Asymptotic limit for SCGLE equations

Equations. (2.10)-(2.13) described in the previous section may be numeri-

cally solved using standard methods once the projections Slm(k) of the static

structure factor are provided. Under some circumstances, however, one may

be only be interested in identifying and locating the regions in state space that

correspond to the various possible ergodic or non ergodic phases involving the

translational and orientational degrees of freedom of a given system. For this

purpose it is possible to derive from the full SCGLE equations the so-called

bifurcation equations, i.e., the equations for the long-time stationary solutions

of equations (2.10)-(2.13). These are written in terms of the non-ergodicity

parameters de�ned as

flm(k) ≡ lim
τ→∞

Flm(k; τ)

Slm(k)
, (2.14)

fSlm(k) ≡ lim
τ→∞

F S
lm(k; τ), (2.15)

and

∆ζ∗(∞)
α ≡ lim

τ→∞
∆ζ∗α(τ), (2.16)

with α = T,R. The simplest manner to determine these asymptotic solutions

is to take the long-time limit of equations (2.10)-(2.13), leading to a system

of coupled equations for flm(k), fSlm(k), and ∆ζ
∗(∞)
α .

It is not di�cult to show that the resulting equations can be written as

flm(k) =
[Slm(k)]λ

(lm)
T (k)λ

(lm)
R (k)

Slm(k)λ
(lm)
T (k)λ

(lm)
R (k) + k2γTλ

(lm)
R (k) + l(l + 1)γRλ

(lm)
T (k)

(2.17)

and

fSlm(k) =
λ
(lm)
T (k)λ

(lm)
R (k)

λ
(lm)
T (k)λ

(lm)
R (k) + k2γTλ

(lm)
R (k) + l(l + 1)γRλ

(lm)
T (k)

, (2.18)
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where the dynamic order parameters γT and γR, are de�ned as

γα ≡
D0
α

∆ζ
∗(∞)
α

, (2.19)

are determined from the solution of

1

γT
=

1

6π2n

∫ ∞

0

dk k4
∑

l

[2l + 1]
[
1− S−1l0 (k)

]2
Sl0(k)fSl0(k)fl0(k), (2.20)

and

1

γR
=

1

16π2n

∫ ∞

0

dkk2
∑

lm

[2l+ 1][Sl0(k)− 1]2S−1lm (k)fSlm(k)flm(k)A2
l;0m. (2.21)

As discussed in Ref. [10], fully ergodic states are described by the condi-

tion that the non-ergodicity parameters (i.e., flm(k), fSlm(k), and ∆ζ
∗(∞)
α ) are

all zero and hence, the dynamic order parameters γT and γR are both in�nite.

Any other possible solution for these bifurcation equations indicate total or

partial loss of ergodicity. Thus, γT and γR �nite indicate full dynamic arrest

whereas γT �nite and γR = ∞ correspond to the mixed state in which the

translational degrees of freedom are dynamically arrested but not the orien-

tational degrees of freedom.

2.3.2 The dipolar hard sphere �uid

As a simple illustration on the use of the bifurcation equations (Eqs. (2.20) -

(2.21)) to determine a dynamic arrest diagram, let us these equations for a par-

ticular system, namely, a monodisperse �uid of dipolar hard spheres (DHS).

This system consists of N -identical hard spheres with diameter d and dipolar

momentum µn, where |µn| = µ for all n. Besides the hardcore interaction,

the pairwise potential also includes a dipolar term given by

Udip(r
N ,ΩN) = µ2

∑

n6=n′

|rn − rn′|−5[(rn − rn′)2(en · en′)

−3((rn − rn′) · en)((rn − rn′) · en′)], (2.22)

where the unit vector en ≡ µn/µ pointing in the direction of the dipole µn
describes the orientation of the nth particle, also denoted as Ωn.

In Ref. [23], the external determination of the static structure factor S(k,Ω,Ω′),
was provided by Wertheim's solution using the Mean Spherical Approxima-

tion (MSA). The details of the determination of the resulting structure factor,



2.3. Dynamical properties of a liquid of dipolar hard spheres:

Dynamically arrested diagram 19

0.3 0.4 0.5 0.6 0.7

η

0.075

0.1

0.125

0.15

T
*

I. Fully ergodic states

III. Fully frozen states

II. Partially frozen

states

γ
T
=∞ γ

R
=∞

γ
T
-finite γ

R
-finite

γ
T
-finite

γ
R
=∞

η
PY

(g)
=0.537

η
RCP 

=0.64

IV.

Figure 2.2: Phase diagram for the liquid and glassy states of the dipolar hard-

sphere system. The corresponding translational arrest lines (dashed blue)

match at a volume fraction η ≈ 0.51 calibrating the parameter α for the

interpolating function λlmT (k) to the value α = 1.941.

whose only non zero projections are S00(k), S10(k) and S11(k), can be con-

sulted in appendix E of reference [22]. This information, evaluated at a given

point (η, T ∗) in the phase space spanned by the volume fraction η ≡ π
6
nd3

and the scaled temperature T ∗ ≡ d3/µ2β, was then employed in Eqs. (2.20) -

(2.21), whose solution are the values γT (η, T ∗) and γR(η, T ∗) of the dynamic

order parameters at that state point, which determine the expected dynamic

state of the system at that particular state point (η, T ∗). Scanning in this

manner the full state space, in Ref. [10] the regions of fully ergodic, fully ar-

rested, and dynamically mixed states were determined.

The results of these calculations are summarized in the dynamic arrest di-

agram of Fig. 4.5, where the state space can be partitioned in four distinct re-

gions depending on the packing fraction and on the scaled temprature. There

is a �uid fully-ergodic region (I) delimited by two di�erent phase boundaries.

Thus, �xing a point in this region, the control parameters may be modi�ed to

induce two type of transitions. One of these transitions drives the system into

a mixed state (II) where the translational degrees of freedom (TDF) freeze,

whereas orientational degrees of freedom (ODF) remain ergodic (notice that

this transition occurs at a volume fraction η
(g)
PY = 0.537 which coincides with
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the SCGLE prediction for the glass transition of the hard sphere �uid using

the Percus Yevick approximation). Another possibility may be observed, for

example, by lowering the temperature. This drive the system into a fully

non-ergodic phase (II), where both TDF and ODF freezes in a glassy state.

Finally, another type of transition is observed by �xing a di�erent point in the

mixed region (II). The ODF can also be freezed by lowering the temperature.

Finally, we notice that we have used the packing fraction ηrcp = 0.64 of the

random close packing as a cuto� to exclude the non-physical scenarios, the

region (IV).

In conclusion, the tools developed by Elizondo et al [10] were capable of

accurately describe the equilibrium scenario of translational and rotational

dynamics of Brownian liquids formed by particles that interact through non-

spherically symmetric pairwise potentials. However, one of the expectations

stated in [10] was to describe aging phenomena on systems involving non-

spherically symmetric interactions, as being done for liquids formed by spher-

ical particles. What follows in the next Chapter is the realization of that idea

that was the main result of my Doctoral period.
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This Chapter contains the �rst original contribution of this thesis. As ex-

plained in the previous chapter the equilibrium version of the SCGLE theory

and its applications to the dipolar hard-spheres �uid was derived in Ref. [10]

and in the PhD. thesis of Luis Fernando Elizondo. Here we develop the ex-

tension of such the non-spherical SCGLE theory to non equilibrium conditions.

In the previous chapter, a quick review of the main aspects in the SC-

GLE theory of liquids was given, with emphasis in the interactions between a

system of non-spherical particles; this review is the basis for the full detailed

theoretical description of a non-stationary, irreversible and non equilibrium

process which is characteristic of systems that exhibit glassy dynamics, and

one of such characteristic behaviour that we wish to focus on, is the property

of aging [24].

In this section we will outline, �rstly the principal concepts and derivations

of the equations that constitute the non equilibrium version of the SCGLE

formalism, and secondly the theory applied to glass-forming liquids of non-

spherical particles. This speci�c formalism shall be referred from now on as

the non equilibrium generalized Langevin equation theory (NE-SCGLE).

The formalism known as SCGLE has been extended, as mentioned above,

to provide a bridge between the states of ergodic equilibration to non equilib-

rium aging. The details have been reported extensively in the relevant litera-
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ture, so here we will review the main details with emphasis in the information

required for our non-spherical system.

3.1 Non-stationary Onsager-Machlup Theory

The phenomenological route to the generalized Langevin equation formalism

is the Onsager-Machlup general model of �uctuations [13], which summarizes

the dynamics of a continuous stochastic process (stochastic or random process

refers to a mathematical abstraction de�ned as a collection of variables ran-

domly changing over time). The Onsager-Machlup theory is used to de�ne a

probability density for any stochastic process, in analogy with the Lagrangian

of a dynamic system: this theory was developed �rst by Lars Onsager and S.

Machlup in 1953.

In addition to the general model of �uctuations, the inclusion of memory

e�ects is also part of the SCGLE formalism, which by taking this e�ect into

account, adds to its �exibility of said formalism in order to accurately describe

non equilibrium processes.

The starting point of the generalized Langevin equation formalism is the

mathematical condition of stationarity [11], which means not only the ther-

modynamic equilibrium physical condition, but also non-equilibrium station-

ary states. By following this line of thought, and in order to model a non-

stationary stochastic process as a sequence of stationary processes [24], the

Onsager theory of thermal �uctuations and irreversible processes was devel-

oped [17,18,25,26].

To summarize the previous statements regarding the non equilibrium ver-

sion of Onsager's formalism:

1. The mean value a(t) of the vector a(t) = [a1(t), a2(t), ..., aν(t)]
† con-

stituted by the ν macroscopic variables that describe the state of the

system is the solution of some generally non-linear equation, represented

by

da(t)

dt
= R [a(t)] , (3.1)

whose linear version in the vicinity of a stationary state ass (i.e.,R [ass] =

0) reads
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d∆a(t)

dt
= −L[ass] · E [ass] ·∆a(t), (3.2)

with ∆a(t) ≡ a(t)− ass.

2. The relaxation equation for the ν×ν covariance matrix σ(t) ≡ δa(t)δa†(t)
of the non-stationary �uctuations δa(t) ≡ a(t) − a(t) can be written

as [24]

dσ(t)

dt
= −L[a(t)] · E [a(t)] · σ(t) (3.3)

− σ(t) · E [a(t)] · L†[a(t)] +
(
L[a(t)] + L†[a(t)]

)
.

3. In addition, the non-equilibrium version of Onsager's formalism intro-

duces the globally non-stationary (but locally stationary) extension [24]

of the generalized Langevin equation for the stochastic variables δai(t+

τ) ≡ ai(t+ τ)− ai(t) [24],

∂δa(t+ τ)

∂τ
=− ω[a(t)] · σ−1(t) · δa(t+ τ)

−
∫ τ

0

dτ ′γ[τ − τ ′; a(t)] · σ−1(t) · δa(t+ τ ′) + f(t+ τ),
(3.4)

where the random term f(t + τ) has zero mean and two-time corre-

lation function given by the �uctuation-dissipation relation < f(t +

τ)f(t + τ ′) >= γ[τ − τ ′; a(t)]. From this equation one derives the

time-evolution equation for the non-stationary time-correlation matrix

C(τ ; t) ≡ δa(t+ τ)δa†(t), reading

∂C(τ ; t)

∂τ
=− ω[a(t)] · σ−1(t) · C(τ ; t)

−
∫ τ

0

dτ ′γ[τ − τ ′; a(t)] · σ−1(t) · C(τ ′; t),
(3.5)

whose initial condition is C(τ = 0; t) = σ(t).

Regarding the second point, the equations L[a] is a ν×ν �kinetic� matrix,

de�ned in terms of R [a] as L[a] ≡ − (∂R [a] /∂a) · E−1 [a], whereas E [a] is

the ν × ν thermodynamic (�stability�) matrix, de�ned as

Eij[a] ≡ − 1

kB

(
∂2S[a]

∂ai∂aj

)
= −

(
∂Fi[a]

∂aj

)
(i, j = 1, 2, ..., ν), (3.6)
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with S[a] being the entropy and Fj[a] ≡ k−1B (∂S[a]/∂aj) the conjugate inten-

sive variable associated with aj. The function S = S[a], which assigns a value

of the entropy S to any possible state point a in the phase space of the system,

is the fundamental thermodynamic relation [27], and constitutes the most im-

portant and fundamental external input of the non-equilibrium theory. The

previous equations, however, do not explicitly require the function S = S[a],

but only its second derivatives de�ning the stability matrix E [a]. The most

important property of the matrix E [a] is that its inverse is the covariance of

the equilibrium �uctuations, i.e.,

E [aeq] · σeq = I, (3.7)

with σeqij ≡ δai δaj
eq
, where the average is calculated by using the already

known probability distribution P eq[a] of the equilibrium ensemble.

In reference to the third statement in the Onsager formalism, the equa-

tions ω[a] represents conservative (being either mechanical, geometrical or

streaming) relaxation processes, and it is simply the antisymmetric part of

L[a], i.e., ω[a] = (L[a] − L†[a])/2. The memory function γ[τ ; a(t)], on the

other hand, summarizes the e�ects of all the complex dissipative irreversible

processes taking place in the system.

By taking the Laplace transform (LT) of eq. (3.5) in order to integrate

out the variable τ in favour of the variable z, this equation is rewritten as

C(z; t) =
{
zI + L[z; a(t)] · σ−1(t)

}−1 · C(τ = 0; t) (3.8)

with L[z; a(t)] being the LT of

L[τ ; a(t)] ≡ 2δ(τ)ω[a(t)] + γ[τ ; a(t)]. (3.9)

To avoid confusion, let us mention that the quantity L[z; a(t)] previously de-

�ned is not an angular momentum, despite of the notation. The phenomeno-

logical�kinetic� matrix L[a(t)] appearing in Eq. (3.3), can be expressed now

as a function of this quantity L[z; a(t)], which is understand as a generalized

kinetic matrix from the Green-Kubo theory.

L[a(t)] = L[z = 0; a(t)] ≡ ω[a(t)] +

∫ ∞

0

dτγ[τ ; a(t)], (3.10)

which extends to non-equilibrium conditions the Kubo formula (also known

as Green-Kubo formula). Let us recall that the Kubo formula is an equa-

tion expressing the linear response of any observable quantity, due to a time-

dependent perturbation: applications include charge and spin susceptibilities
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of electron systems due to external electric or magnetic �elds, as well as a

response to external mechanical forces or vibrations.

In our system of interest, the precise determination of γ[τ ; a] is not always

possible, except for a few speci�c systems or in certain limiting cases; hence,

for the rest of the systems we must resort to some approximations, that will

take the mathematical form of a closure relation which will describe γ[τ ; a(t)]

in terms of the two-time correlation matrix C(τ ; t). From this consideration,

a self consistent equation system will arise to be solved explicitly for a given

example in the following section.

3.2 Evolution of the Non-stationary Structure

Factor

The abstractions in the Onsager-Machlup theory can be applied to the de-

scription of our interest: namely, the non-equilibrium di�usive processes inside

colloidal dispersions. In order to do so, we will �rst start identifying the fol-

lowing general state variables: ai = a(r,Ω) ≡ N(r,Ω)/∆V de�ned as the number

concentration of N particles with orientation Ω in the rth cell of an imaginary

partitioning of the volume occupied by the liquid in C cells of volume ∆V . In

the continuum limit, the components of the state vector a(t) will become the

microscopic local concentration pro�le n(r,Ω; t) de�ned in Eq. (2.3), and the

fundamental thermodynamic relation S = S[a] (which assigns a value of the

entropy S to any point a of the thermodynamic state space [27]) becomes the

functional dependence S = S[n] of the entropy (or equivalently, of the free

energy) on the local concentration pro�le n(r,Ω; t).

Using this identi�cation in Eqs. (3.1) and (3.3) leads to the time evolution

equations for the mean value n(r,Ω; t), and for the covariance σ(r,Ω; r′Ω′; t) ≡
δn(r,Ω; t)δn(r′,Ω′; t) of the �uctuations δn(r,Ω; t) = n(r,Ω; t)−n(r,Ω; t) of

the local concentration pro�le n(r,Ω; t). These two equations are the non-

spherical extensions of Eqs. (3.6) and (3.8) in reference [24], which form a

coupled set between two translational and rotational local mobility functions,

bT (r,Ω; t) and bR(r,Ω; t), and can be also written as functions of the two-time

correlation function C(r,Ω; r′Ω′; t, t′) ≡ δn(r,Ω; t)δn(r′,Ω′; t′) via an approx-

imation.

The complete set of well-de�ned approximations made on the memory

function C(r,Ω; r′Ω′; t, t′) extended to the system of non-spherical particles

like the ones described in reference [24] in the context of spherical particles,

results in the aforementioned NE-SCGLE theory.
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The general NE-SCGLE and its main equations applied in general to many

systems have been extensively discussed elsewhere, so instead we will focus

on explaining the intricacies of such equations in the particular phenomena

of liquids composed of non spherical particles that form glasses, due to being

subjected to a controlled descent in temperature, while constraining the non

spherical particles to remain homogeneous and isotropic, as well as with a

�xed number density n.

Thus, rather than solving the time-evolution equation for n(r,Ω; t), we

have that n(r,Ω; t) = n now becomes a control parameter. As a result, we only

have to solve the time-evolution equation for the covariance σ(r,Ω; r′Ω′; t) =

σ(r−r′,Ω,Ω′; t). Furthermore, let us only consider the simplest cooling proto-

col, namely, the instantaneous temperature quench at t = 0 from an arbitrary

initial temperature Ti to a �nal value Tf .

At this point we notice that it is actually more practical to identify the

abstract vector of state variables a(t) = [a1(t), a2(t), ..., aν(t)]
† not with the

local concentration n(r,Ω; t) itself, but with just one of its tensorial modes,

so that a(t) = [a1(t)], with a1 ≡ nlm(k, t), de�ned in Eq.(2.6).

Under the above stated conditions, the corresponding non-stationary co-

variance σ(t) is just a scalar, denoted by Slm(k, t), and de�ned as

σ(t) = Slm(k, t) ≡ δn∗lm(k, t)δnlm(k, t), (3.11)

with δnlm(k, t) ≡ nlm(k, t) − nlm(k, t). In other words, Slm(k, t) is a diago-

nal element of the matrix Slm,l′m′(k, t) ≡ δn∗lm(k, t)δnl′m′(k, t), and the time-

evolution equation of Slm(k, t) now follows from identifying all the elements

of Eq. (3.3) with those already known.

The �rst of such elements is the thermodynamic matrix E [a], which in this

case is also a scalar quantity denoted as Elm [nlm(k)]; this quantity is de�ned

in terms of the second derivative of the entropy S[nlm(k)] (in a contracted

description in which the only explicit macroscopic variable is nlm(k)) as

Elm [nlm(k)] ≡ − 1

kB

(
d2S[nlm(k)]

dn2
lm(k)

)
. (3.12)

According to Eq. (3.7), this thermodynamic property is precisely the inverse

of the equilibrium value of Seqlm(k) ≡ δn∗lm(k)δnlm(k)
eq
of Slm(k, t),

Elm [nlm(k)] = 1/Seqlm(k). (3.13)
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We will notice now that Elm [nlm(k)] is not just the diagonal element of the

matrix Elm,l′m′ [n], de�ned in terms of the second partial derivative of the

entropy S[n] a as

Elm,l′m′ [n] ≡ − 1

kB

(
∂2S[n]

∂nlm(k)∂nl′m′(k)

)
. (3.14)

but this element is, according again to Eq. (3.7), rather the full equilibrium

covariance Seqlm,l′m′(k) ≡ δn∗lm(k)δnl′m′(k)
eq
, whose diagonal elements Seqlm(k)

do determine Elm [nlm(k)], according to Eq. (3.13). We shall mention, addi-

tionally, that Elm [nlm(k)] is also a functional of the spatially non-uniform local

temperature �eld T (r). To indicate this dependence more explicitly we denote

the thermodynamic matrix as Elm [nlm(k);T ]. In the present analysis, how-

ever, we will impose the constraint that at any instant the system is thermally

uniform, T (r) = T , and instantaneously adjusted to the reservoir tempera-

ture T , which will then be a (possibly time-dependent) control parameter T (t).

The second element of Eq. (3.3) that we must identify is the kinetic matrix

L[a]. For this, let us �rst compare the equilibrium version of Eq. (3.8), namely,

C(z) =
{
zI + L[z; a] · σ−1

}−1 · σ, (3.15)

with the particular case in Eq. (2.10), in which the scalars Flm(k, z) and

Slm(k) correspond, respectively, to C(z) and σ. This comparison allows us to

identify L[z; a] with the scalar

[
k2D0

T

1 + ∆ζ∗T (z)λ
(lm)
T (k)

+
l(l + 1)D0

R

1 + ∆ζ∗R(z)λ
(lm)
R (k)

]
. (3.16)

Extending this identi�cation to non-stationary conditions, we have that

L[z; a(t)] =

[
k2D0

T

1 + ∆ζ∗T (z; t)λ
(lm)
T (k; t)

+
l(l + 1)D0

R

1 + ∆ζ∗R(z; t)λ
(lm)
R (k; t)

]
, (3.17)

where the functions λ
(lm)
R (k; t) are de�ned as the unity and the functions

λ
(lm)
T (k; t) as λ

(lm)
T (k; t) = 1/[1 + (k/kc(t))

2], where kc = 1.305 × kmax(t),

with kmax(t) being the position of the main peak of S00(k; t). The functions

∆ζ∗T (z; t) and ∆ζ∗R(z; t), to be de�ned below, are the non-stationary versions

of the functions ∆ζ∗T (z), and ∆ζ∗R(z).

ain a non-contracted description in which the explicit macroscopic variables are all the

tensorial density modes nlm(k) of the microscopic one-particle density n(r,Ω; t)
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Since L[a(t)] = L[z = 0; a(t)] (see Eq. (3.10)), the general and abstract

time-evolution equation in Eq. (3.3) for the non-stationary covariance be-

comes

∂Slm(k; t)

∂t
=

− 2

[
k2D0

T

1 + ∆ζ∗T (z = 0; t)λ
(lm)
T (k = 0; t)

+
l(l + 1)D0

R

1 + ∆ζ∗R(z = 0; t)λ
(lm)
R (k = 0; t)

]

× [Elm(k, t)Slm(k; t)− 1] , (3.18)

where Elm(k, t) = Elm [nlm(k);T (t)]. In the present application to the in-

stantaneous isochoric quench at time t = 0 to a �nal temperature Tf and

�xed bulk density n, this property is constant, i.e., for t > 0 we have that

Elm(k, t) = Elm [nlm(k);Tf ] = E (f)lm (k). In addition, in consistency with the

coarse-grained limit z = 0 in ∆ζ∗T (z = 0; t) and ∆ζ∗R(z = 0; t), we have also

approximated λ
(lm)
T (k; t) and λ

(lm)
R (k; t) by its k → 0 limit λ

(lm)
T (k = 0; t) and

λ
(lm)
R (k = 0; t), which are unitary. Thus, the previous equation reads

∂Slm(k; t)

∂t
= −2

[
k2DT

0 b
T (t) + l(l + 1)DR

0 b
R(t)

]
E (f)lm (k)

[
Slm(k; t)− 1/E (f)lm (k)

]
,

(3.19)

where the translational and rotational time-dependent mobilities bT (t) and

bR(t) are de�ned as

bT (t) = [1 +

∫ ∞

0

dτ∆ζ∗T (τ ; t)]−1 (3.20)

and

bR(t) = [1 +

∫ ∞

0

dτ∆ζ∗R(τ ; t)]−1. (3.21)

in terms of the non-stationary τ -dependent friction functions ∆ζ∗T (τ ; t) and

∆ζ∗R(τ ; t).

In order to determine bT (t) and bR(t), we adapt to non-equilibrium non-

stationary conditions, the same approximations leading to Eqs. (2.12) and

(2.13) for the equilibrium friction functions ∆ζ∗T (τ) and ∆ζ∗R(τ), which in

the present case lead to similar approximate expressions for ∆ζ∗T (τ ; t) and

∆ζ∗R(τ ; t), namely,

∆ζ∗T (τ ; t) =
1

3

D0
T

(2π)3n

∫
dkk2

∑

l

[2l + 1]
[
1− S−1l0 (k; t)

]2
F S
l0(k, τ ; t)Fl0(k, τ ; t)

(3.22)



3.2. Evolution of the Non-stationary Structure Factor 29

and

∆ζ∗R(τ ; t) =
1

2

D0
R

(2π)3
n

4

1

(4π)2
×

∫
dk
∑

lm

[2l + 1]h2l0(k; t)[Al;0m]2
[
S−1lm (k; t)

]2
F S
lm(k, τ ; t)Flm(k, τ ; t), (3.23)

where Flm;l′m′(k, τ ; t) are the non-stationary, τ -dependent correlation func-

tions Flm;l′m′(k, τ ; t) ≡ 〈δn∗lm(k, t + τ)δnl′m′(k, t)〉, with F S
lm;l′m′(k, τ ; t) being

the corresponding self components.

In a similar manner, the time-evolution equations for Flm;l′m′(k, τ ; t) and

F S
lm;l′m′(k, τ ; t) are written, in terms of the Laplace transforms Flm;l′m′(k, z; t),

F S
lm;l′m′(k, z; t), ∆ζ∗T (z; t), and ∆ζ∗R(z; t), as

Flm(k, z; t) =
Slm(k; t)

z +
k2D0

TS
−1
lm (k; t)

1 + ∆ζ∗T (z; t)λ
(lm)
T (k; t)

+
l(l + 1)D0

RS
−1
lm (k; t)

1 + ∆ζ∗R(z; t)λ
(lm)
R (k; t)

, (3.24)

F S
lm(k, z; t) =

1

z +
k2D0

T

1 + ∆ζ∗T (z; t)λ
(lm)
T (k; t)

+
l(l + 1)D0

R

1 + ∆ζ∗R(z; t)λ
(lm)
R (k; t)

. (3.25)

For any given set of thermodynamic functions Elm [nlm(k);Tf ], (3.19) to

(3.25) equations, they form a closed set that gives way to the non-equilibrium

properties of the system Slm(k; t), Flm(k, τ ; t), F S
lm(k, τ ; t), and their solu-

tion forms a complete description of the non stationary and non equilib-

rium structural relaxation in the process of glass forming in liquids, all of

this embedded in the NE-SCGLE methodology; this is no trivial feature and

more so, the only input required by the NE-SCGLE theory is the analytical

form of Elm [nlm(k);Tf ] and any given projected initial static structure factor

Slm(k) ≡ Slm(k; t = 0).

As we will see in the next chapter, the application of the theory is straight-

forward, and we want to explore the key features of simple systems just as the

dipolar-interacting colloidal particles (Chap. 4 and 5) or attractive-angular-

dependent interacting particles (Chap. 6).
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As a �rst application of the �non equilibrium" theoretical framework de-

veloped in previous chapter, we now discuss the slow dynamics near the spin

glass (SG) transition [28] of a classical Heisenberg system consisting of a set

of linear interacting classical dipoles with random positional disorder. This

illustrative example allows us to investigate the relevant features of the orien-

tational dynamics during the equilibration and aging processes, and it opens

for discussion many relevant issues, such as the relationship between these

theoretical predictions and the phenomenology of aging in real spin-glass sys-

tems.

4.1 An illustrative example.

Eqs. (3.19)-(3.25) describe the coupled translational and rotational dynamics

of a Brownian liquid of non-spherical particles in search of thermodynamic

equilibrium after a sudden quench. A thorough application to a concrete sys-

tem should then exhibit the full interplay of the translational and rotational
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degrees of freedom during this process. As an illustrative application here we

discuss the solution of our resulting equations describing the irreversible evo-

lution of the orientational dynamics of a system of strongly interacting dipoles

with �xed but random positions subjected to a sudden temperature quench.

For this, let us recall that two important inputs of Eqs. (3.19)-(3.25),

are the short-time self-di�usion coe�cients D0
T and D0

R, which describe, re-

spectively, the short-time Brownian motion of the center of mass and of the

orientations of the particles. Hence, arbitrarly setting D0
T = 0 implies that

the particles are prevented from di�using translationally in any time scale,

thus remaining �xed in space. Within this simpli�cation Eq. (3.19) reduces

to

∂Slm(k; t)

∂t
= −2l(l + 1)DR

0 b
R(t)E (f)lm (k)

[
Slm(k; t)− 1/E (f)lm (k)

]
, (4.1)

whereas Eqs. (3.24) and (3.25) now read

Flm(k, z; t) =
Slm(k; t)

z +
l(l + 1)D0

RS
−1
lm (k; t)

1 + ∆ζ∗R(z; t)λ
(lm)
R (k, t)

, (4.2)

and

F S
lm(k, z; t) =

1

z +
l(l + 1)D0

R

1 + ∆ζ∗R(z; t)λ
(lm)
R (k, t)

. (4.3)

Also, the time-dependent translational mobility satis�es bT (t) = 1. Hence, we

only need to complement Eqs. (4.1), (4.2) and (4.3) with

bR(t) = [1 +

∫ ∞

0

dτ∆ζ∗R(τ ; t)]−1. (4.4)

and

∆ζ∗R(τ ; t) =
1

2

D0
R

(2π)3
n

4

1

(4π)2

∫
dk
∑

lm

[2l + 1]h2l0(k; t) [Al;0m]2
[
S−1lm (k; t)

]2

×F S
lm(k, τ ; t)Flm(k, τ ; t),

(4.5)

where Al;0m ≡
[
C+
l0δ1,m + C−l0δ−1,m

]
and C±l0 ≡

√
(l ∓ 0)(l + 1). In the follow-

ing subsections we report the simplest application of these equations.
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4.2 Slow Dynamics and Spin Glass transitions

of a classical and disordered Heisenberg sys-

tem

Let us consider a system formed by N identical dipolar hard spheres of di-

ameter σ bearing a point dipole of magnitude µ at their center, such that the

dipolar moment of the n-th particle (n = 1, 2...N) can be written as µn = µµ̂n
where the unitary vector µ̂n describes its orientation. Thus, the orientational

degrees of freedom of the system, ΩN , are described by the set of unitary

vectors (µ̂1, µ̂2, ..., µ̂N) = ΩN , so that the pair potential u(rn, rn′ ; Ωn,Ωn′)

between particles n and n′ is thus the sum of the radially-symmetric hard-

sphere potential uHS(|rn − rn′|) plus the dipole-dipole interaction, given by

udip(rn, rn′ ; Ωn,Ωn′) = µ2|rn − rn′ |−5[(rn − rn′)2(µ̂n · µ̂n′) (4.6)

−3((rn − rn′) · µ̂n)((rn − rn′) · µ̂n′)].

The state space of this system is spanned by the number density n and the tem-

perature T , expressed in dimensionless form as [nσ3] and [kBTσ
3/µ2] (with

kB being Boltzmann's constant). From now on we shall denote [nσ3] and

[kBTσ
3/µ2] simply as n and T , i.e., we shall use σ as the unit of length, and

µ2/kBσ
3 as the unit of temperature; most frequently, however, we shall also

refer to the hard-sphere volume fraction φ ≡ πn/6.

The application of the NE-SCGLE equations starts with the external de-

termination of the thermodynamic function E (f)lm (k) ≡ Elm(k;φ, Tf ). At a given

state point (φ, T ), the function Elm(k;φ, T ) can be determined using the fact

that its inverse is identical to the projection Seqlm(k;φ, T ) of the equilibrium

static structure factor Seq(k,µ,µ′) at that state point. In the context of the

present application, this equilibrium property will be approximated by the so-

lution of the mean spherical approximation (MSA) for the dipolar hard sphere

(DHS) . The details involved in the determination of the resulting equilibrium

static structure factor, whose only non zero projections are Seq00(k), Seq10(k) and

Seq11(k) = Seq1−1(k), can be consulted in appendix E of reference [22]

The equilibrium projections Seqlm(k;φ, T ) can also be used in the so-called

bifurcation equations of the equilibrium theory. These are Eqs. (2.17)-

(2.21) for the non-ergodic parameters γeqT (φ, T ) and γeqR (φ, T ). According to

Eq.(2.19), however, D0
T = 0 implies γeqT (φ, T ) = 0, so that in the present case

we must only solve Eq. (2.21) for γeqR (φ, T ). If the solution is in�nite we

say that the asymptotic stationary state is ergodic, and hence, that at the

point (φ, T ) the system will be able to reach its thermodynamic equilibrium
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state. If, on the other hand, γeqR (φ, T ) turns out to be �nite, the system is

predicted to become dynamically arrested and thus, the long time limit of

Slm(k, t) will di�er from the thermodynamic equilibrium value Seqlm(k;φ, T ).

The application of this criterion leads to the prediction that the system under

consideration will equilibrate for temperatures T above a critical value Tc(φ),

whereas the system will be dynamically arrested for temperatures below Tc.

In this manner one can trace the dynamic arrest line Tc = Tc(φ).

We can now use the same thermodynamic function E (f)lm (k) ≡ Elm(k;φ, Tf )

to go beyond the determination of the dynamic arrest line Tc = Tc(φ) by

solving the set of NE-SCGLE equations (4.1)-(4.5) to describe the rotational

di�usive relaxation of our system. For this, let us notice that these equations

happen to have the same mathematical structure as the NE-SCGLE equations

that describe the translational di�usion of spherical particles (see, e.g., Eqs.

(2.1)-(2.6) of Ref. [6]). Although the physical meaning of these two sets of

equations is totally di�erent, their mathematical similarity allows us to im-

plement the same method of solution described in Ref. [29]. Thus, we do not

provide further details of the numerical protocol to solve Eqs. (4.1)-(4.5), but

go directly to illustrate the resulting scenario. For example, along the isochore

φ = 0.2, this procedure determines that Tc = Tc(φ = 0.2) = 0.116.

At this point let us notice that there are two possible classes of stationary

solutions of Eq. (4.1). The �rst class corresponds to the long-time asymp-

totic condition limt→∞ Slm(k; t) = 1/E (f)lm (k), in which the system is able to

reach the thermodynamic equilibrium condition Seqlm(k) = 1/E (f)lm (k). Equili-

bration is thus a su�cient condition for the stationarity of Slm(k, t). It is,

however, not a necessary condition. Instead, according to Eq. (4.1), another

su�cient condition for stationarity is that limt→∞ bR(t) = 0. This is precisely

the hallmark of dynamically-arrested states. In what follows we discuss the

phenomenology predicted by the solution of Eqs. (4.1)-(4.5) for each of these

two mutually exclusive possibilities.

4.3 Equilibration of the System of Interacting

Dipoles with Random Fixed Positions

Let us now discuss the solution of Eqs. (4.1)-(4.5) describing the non-equilibrium

response of the system to an instantaneous temperature quench. For this, we

assume that the system was prepared in an equilibrium state characterized by

the initial value S
(i)
lm(k) = S

(eq)
lm (k, φ, Ti) = Slm(k, t = 0), of Slm(k, t), and that
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Figure 4.1: (Color online) Illustration of an equilibration process: (a) Snap-

shots of the time evolution of the l = 1,m = 0 static structure factor

projection, S10(k, t), corresponding to the isochoric quench Ti → Tf for

φ = 0.2, with Ti = 0.3 and Tf = 0.15. The (red) dashed line is the

initial structure factor S10(k, t = 0) = S
(i)
10 (k). The (blue) dot-dashed

line is the asymptotic limit S10(k, t → ∞) = S
(f)
10 (k) = S

(eq)
10 (k). The

sequence of thinner (brown) solid lines in between represents S10(k, t) for

t = 0.3, 0.78, 1.42, 2.33 and t → ∞. For reference we also include the non-

evolving component S00(k, t) = Seq00(k;φ, Ti), indicated by the dotted line. (b)

Snapshots of the orientational autocorrelation function C1(τ ; t) as a function

of correlation time τ (thin brown solid lines), corresponding to the same iso-

choric quench and same sequence of waiting times t as in (a). The (red) dashed

line represents the initial function C1(τ ; t = 0) = C
(eq)
1 (τ ;φ, Ti) and the (blue)

dot-dashed line is the asymptotic limit C1(τ ; t → ∞) = C
(eq)
1 (τ ;φ, Tf ). The

inset plots the α-relaxation time, de�ned as C1(τα; t) = 1/e, as a function of

waiting time t.
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at time t = 0 the temperature is instantaneously quenched to a �nal value

Tf . Normally one expects that, as a result, the system will eventually reach

full thermodynamic equilibrium, so that the long time asymptotic limit of

Slm(k, t) will be the equilibrium projections S
(eq)
lm (k;φ, Tf ). Such equilibration

processes are illustrated in Fig. 4.1(a) with an example in which the sys-

tem was quenched from an initial equilibrium state at temperature Ti = 0.3,

Slm(k, t = 0) = Slm(k;φ, Ti), to a �nal temperature Tf = 0.15 > Tc = 0.116,

keeping the volume fraction constant at φ = 0.2.

Under these conditions, we should expect that the system will indeed equi-

librate, so that Slm(k, t → ∞) = S
(eq)
lm (k;φ, Tf ). This, however, will only be

true for S10(k, t) and S11(k, t), since, according to Eq. (4.1), S00(k, t) must

remain constant for t > 0, indicating that the arti�cially-quenched spatial

structure will not evolve as a result of the temperature quench. For the same

reason, Eqs. (4.2) and (4.3) imply that the normalized intermediate scattering

functions F00(k, τ ; t)/S00(k; t) and F S
00(k, τ ; t) will be unity for all positive val-

ues of the correlation time τ and waiting time t. For reference, the structure

of the frozen positions represented by S00(k, t) = S
(eq)
00 (k, φ, Ti), is displayed

in Fig. 4.1(a) by the (magenta) dotted line, which clearly indicates that the

�xed positions of the dipoles are strongly correlated, in contrast with a sys-

tem of dipoles with purely random �xed positions, in which S00(k, t) would

be unity. In the same �gure, the initial and �nal equilibrium static structure

factor projections, S
(i)
10 (k) = S

(eq)
10 (k;φ, Ti) and S

(f)
10 (k) = S

(eq)
10 (k;φ, Tf ), are

represented, respectively, by the (red) dashed and (blue) dot-dashed curves.

The sequence of (brown) solid curves in between represents the evolution of

S10(k, t) with waiting time t, as a series of snapshots corresponding to the

indicated values of t.

For each snapshot of the static structure factor projections Slm(k, t), the

solution of Eqs. (4.1)-(4.5) also determines a snapshot of each of the dy-

namic correlation functions Flm(k, τ ; t) and F S
lm(k, τ ; t). These functions are

related with other more intuitive and experimentally accessible properties,

such as the time-dependent autocorrelation function C1(τ ; t) ≡ 〈∑N
i=1 µ̂i(t +

τ) · µ̂i(t)〉/〈
∑N

i=1 µ̂i(t) · µ̂i(t)〉 of the normalized dipole vectors µ̂i. In fact,

since our dynamic correlators Flm(k, τ ; t) and F S
lm(k, τ ; t) were assumed to be

described from the intermolecular k-frame [10], one can relate them with the

time-dependent autocorrelation function C1(τ ; t) directly through the follow-

ing expression [30],
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C1(τ ; t) =
1

3
lim
k→0

1∑

m=−1
F S
1m(k, τ ; t) (4.7)

Let us notice that, according to Eq. (4.3), the three terms in the sum

on the right hand side of Eq. (4.7), F S
10(k, τ ; t), F S

11(k, τ ; t) and F S
1−1(k, τ ; t),

satisfy the same equation of motion (which only depends explicitly on l)

and contribute exactly in the same manner to the τ and t dependence of

C1(τ ; t). Thus, C1(τ ; t) summarizes the irreversible time evolution of the ori-

entational dynamics, as illustrated in Fig. 4.1(b) with the snapshots corre-

sponding to the same set of evolution times t as the snapshots of S10(k, t)

in Fig. 4.1(a). We observe that C1(τ ; t) starts from its initial equilibrium

value, C1(τ ; t = 0) = C
(eq)
1 (τ ;φ, Ti) and quickly evolves in a waiting time t

towards C1(τ ; t → ∞) = C
(eq)
1 (k, τ ;φ, Tf ). This indicates that the expected

equilibrium state at (φ = 0.2, Tf ) is reached without impediment and that the

orientational dynamics remain ergodic at that state point.

As mentioned before, the structure of Eqs. (4.1)-(4.5) is the same as that

of the equations in [29] describing the spherical case. Thus, one should not be

surprised that the general dynamic and kinetic scenario predicted in both cases

will exhibit quite similar patterns. For example, the non-equilibrium evolu-

tion described by the sequence of snapshots of C1(τ ; t) can be summarized

by the evolution of its α-relaxation time τα(t), de�ned through the condition

C1(τα; t) = 1/e. In the inset of Fig. 4.1(b) we illustrate the saturation ki-

netics of the equilibration process in terms of the t-dependence of τα(t), as

determined from the sequence of snapshots of C1(τα; t) displayed in the �gure.

Clearly, after a transient stage, in which τα(t) evolves from its initial value

τ eqα (φ, Ti), it will eventually saturate to its �nal equilibrium value τ eqα (φ, Tf ).

4.4 Aging of the System of Interacting Dipoles

with Random Fixed Positions

Let us now present the NE-SCGLE description of the second class of irre-

versible isochoric processes, in which the system starts in an ergodic state but

ends in a dynamically arrested state. For this, let us consider now the case in

which the system is subjected to a sudden isochoric cooling, at �xed volume

fraction φ = 0.2, and from the same initial state as before, but this time to

the �nal state point (φ, Tf = 0.095) lying inside the region of dynamically

arrested states (the second of the two quenches schematically indicated by
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Figure 4.2: Illustration of an aging process: (a) Snapshots of the non-

equilibrium time evolution of the l = 1,m = 0 static structure factor pro-

jection, S10(k, t), corresponding to the isochoric quench Ti → Tf for φ = 0.2,

with Ti = 0.3 and Tf = 0.095. The (red) dashed line is the initial struc-

ture factor S10(k, t = 0) = S
(i)
10 (k). The (blue) dot-dashed line is the (now

inaccessible) equilibrium structure factor S
(eq)
10 (k;φ, Tf ), whereas the (black)

dotted line is the predicted asymptotic limit S10(k, t → ∞) = S
(a)
10 (k). The

sequence of thinner (brown) solid lines in between represents S10(k, t) for

t = 1.16, 4.264, 14.056, and 150.61. (b) Snapshots of the orientational au-

tocorrelation function C1(τ ; t) as a function of correlation time τ (thin brown

solid lines), corresponding to the same isochoric quench and same sequence

of waiting times t as in (a). The (red) dashed line represents the initial func-

tion C1(τ ; t = 0) = C
(eq)
1 (τ ;φ, Ti), the (blue) dot-dashed line is the expected

(but now inaccessible) equilibrium correlation C
(eq)
1 (τ ;φ, Tf ), and the (black)

dotted line is the predicted long-t asymptotic limit, C1(τ ; t→∞) = C
(a)
1 (τ).

The inset plots the corresponding α-relaxation time as a function of waiting

time t, with the (black) dashed line representing the asymptotic power law

τα ∝ t2.45.
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the dashed vertical arrows of Fig. (4.5).

Under such conditions, the long-time asymptotic limit of Slm(k; t) will

no longer be the expected equilibrium static structure factor S
(eq)
lm (k;φ, Tf ),

but another, well-de�ned non-stationary structure factor S
(a)
lm (k). In Fig.

4.2(a) we illustrate this behavior with a sequence of snapshots of the non-

equilibrium evolution of S10(k; t) after this isochoric quench at φ = 0.2 from

T (i) = 0.3 to T (f) = 0.095. There we highlight the initial structure factor

S
(i)
10 (k) = S

(eq)
10 (k;φ, Ti), represented by the (red) dashed line and the dy-

namically arrested long-time asymptotic limit, S
(a)
10 (k), of the non-equilibrium

evolution of S10(k; t), described by the (black) dotted line. For reference, we

also plot the expected, but inaccessible, equilibrium static structure factor

S
(eq)
10 (k;φ, Tf ) 6= S

(a)
10 (k) (blue dot-dashed line).

Finally, let us illustrate how this scenario of dynamic arrest manifests itself

in the non-equilibrium evolution of the dynamics. We recall that for each snap-

shot of the non-stationary structure factor Slm(k; t), the solution of Eqs. (4.1)-

(4.5) also determines a snapshot of all the dynamic properties at the waiting

time t. For example, in Fig. 4.2(b) we present the sequence of snapshots of

C1(τ ; t), plotted as a function of correlation time τ , that corresponds to the

sequence of snapshots of S10(k; t) in Fig 4.2(a). In this �gure we highlight

in particular the initial value C1(τ ; t = 0) = C
(eq)
1 (τ ;φ, Ti) (red dashed line),

the predicted non-equilibrium asymptotic limit, C
(a)
1 (τ) ≡ limt→∞C1(k, τ ; t)

(black dotted line) and the inaccessible equilibrium value of C
(eq)
1 (τ ;φ, Tf )

(blue dot-dashed line). Notice that, in contrast with the equilibration pro-

cess, in which the long-time asymptotic solution C
(eq)
1 (τ ;φ, Tf ) decays to zero

within a �nite relaxation time τ eqα (φ, Tf ), in the present case C
(eq)
1 (τ ;φ, Tf )

does not decay to zero, but to a �nite plateau. This arrested equilibrium

correlation function, however, is completely inaccessible, since now the long-t

asymptotic limit of C1(k, τ ; t) is C
(a)
1 (τ), which is also a dynamically arrested

function, but with a di�erent plateau than C
(eq)
1 (τ ;φ, Tf ).

Just like in the equilibration process, which starts at the same initial state,

here we also observe that at t = 0, C1(τ ; t) shows no trace of dynamic arrest,

and that as the waiting time t increases, the relaxation time increases as well.

We can summarize this irreversible evolution of C1(τ ; t) by exhibiting the ki-

netics of the α-relaxation time τα(t) extracted from the sequence of snapshots

of C1(τα; t) in the same �gure. This is done in the inset of �g. 4.2(b). Clearly,

after the initial transient stage, in which τα(t) increases from its initial value

τ eqα (φ, Ti) in a similar fashion as in the equilibration case, τα(t) no longer satu-
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rates to any �nite stationary value. Instead, it increases with t without bound,

and actually diverges as a power law, τα(t) ∝ ta, with a ≈ 2.45.

Except for quantitative details, such as the speci�c value of this exponent,

we �nd a remarkable general similarity between this predicted aging scenario

of the dynamic arrest of our system of interacting dipoles, and the correspond-

ing aging scenario of the structural relaxation of a soft-sphere glass-forming

liquid described in Ref. [29] (compare, for example, our Fig. 4.2(b), with Fig.

12 of that reference). As mentioned before, however, our intention in this pa-

per is not to discuss the physics behind these similarities and these scenarios,

but only to present the theoretical machinery that reveals it.

4.5 Crossover from equilibration to aging: De-

termination of the dynamical arrested dia-

gram

Of course, one could continue describing the predictions of the NE-SCGLE

theory regarding the detailed evolution of each relevant structural and dy-

namic property of the glass-forming system along the process of equilibration

or aging. At this point, however, we would like to unite the main results

of the previous two sections in a single integrated scenario that provides a

more vivid physical picture of the predictions of the present theory. With

this intention, we have put together the results for the isochoric evolution of

a characteristic dynamical property extracted from the correlation functions,

i.e. the α-time correlation τα(t; η) in terms of the temperature T (Fig. 4.4),

and in terms of the evolution time t (Fig. 4.3). For both perspectives, we can

take a better vision of what we want to show about the dynamical crossover

between the two-states taking as an example an isochore η = 0.2, and di�er-

ent temperatures T . From both examples we take the �rst observation taking

only the slope of the asymptotic limit for the τα functions, for the values of

temperature that equilibrate going to a slope for long times, while the non

equilibrium temperatures going to a power law τα(T ) ≈ ta for a = 2.45, the

same qualitative behavior presented in simple repulsive systems just like the

WCA-potential system [29].

The ergodic-arrested states that were presented above in the system can

be spanned with the quenches methodology taking into account that there

exist a series of values of states points (η, T ) that make e�ective the frontier
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Figure 4.4: Waiting time dependence of the α-relaxation time τα(t;T ) for a

sequence of �xed temperatures. The dashed line is τ eqα (T ) ≡ limt→∞ τα(t;T ),

which is the equilibrium α-relaxation time of the hard-sphere system, pre-

dicted by the equilibrium SCGLE theory.

between both regions. If we use the quenches method for a continuum of iso-

chores η > 0, and for each value of the volume fraction, we determine Tc, then

we can obtain the complete dynamical arrest diagram, that for the system

presented it is shown in Fig. 4.5. This algorithm for the generation of the

dynamical arrested phase diagram can be applied in general for both trans-

lational and orientational degrees of freedom. In next Chapter we generalize

the numerical methodology of the solution of the non equilibrium SCGLE and

we apply it to the well-known dipolar hard sphere system.
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As we recall in the previous chapter, we can see that the non-equilibrium

non-spherical SCGLE theory can arise to us the true behavior of the dynamical

properties inside the dynamical arrest region, as the aging phenomena is well

described for, for example, time correlation function C(t, τ) and the α-time

relaxation for the example described before, that was the liquid of dipolar hard

sphere and the translational degrees of freedom were suddenly freezing. In this

chapter, we loose the above restriction and we review the main features of the

solution of these equations for a few elementary non-equilibrium processes

that we can model with the present theory.



46

Chapter 5. Non equilibrium phase diagrams of liquids of

non-spherical interacting particles.

5.1 Mathematical and numerical methodologies

In this section we brie�y discuss the most relevant mathematical and numer-

ical aspects of the strategy of solution of the NE-SCGLE equations (3.19)�

(3.25), illustrating some steps with the concrete examples involving the DHS

model. It is important to emphasize, however, that the strategy and methods

described in this Section will be applicable not only to this illustrative but

speci�c model, but to all other systems within the wider class described by

the generic pair potential in Eq. (4.7).

5.1.1 Formal solution of Eq. (3.19)

Let us start the description of the general methodological aspects of the solu-

tion of the NE-SCGLE equations (3.19)-(3.25) by focusing on the mathemat-

ical structure of Eq. (3.19). De�ning the functions αlm(k) = 2k2D0
TElm(k;Tf )

and βlm(k) = l(l + 1)D0
RElm(k;Tf ), it is not di�cult to show that its formal

solution can be written as

Slm(k; tw) = S∗lm(k;uT (tw), uR(tw)), (5.1)

with the function S∗lm(k;uT , uR) given by

S∗lm(k;uT , uR) = S
(0)
lm (k)e−(αlm(k)uT+βlm(k)uR) +

Elm(k;T ∗f )−1
[
1− e−(αlm(k)uT+βlm(k)uR)

]
.

(5.2)

In these equations, the functions uT (tw) and uR(tw) play the role of the trans-

lational and rotational �material� times [29], de�ned as

uT (tw) =

∫ tw

0

bT (t′w)dt′w (5.3)

and

uR(tw) =

∫ tw

0

bR(t′w)dt′. (5.4)

Let us also de�ne the inverse functions

tw(uT , uR) =

∫ uT

0

du′T
b∗T (u′T , u

′
R)

(5.5)

and

tw(uT , uR) =

∫ uR

0

du′R
b∗R(u′T , u

′
R)
, (5.6)

where b∗T (uT , uR) ≡ bT (tw(uT , uR)) and b∗R(uT , uR) ≡ bR(tw(uT , uR)). In order

for these two expressions to yield the same value of the actual (real! ) waiting
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time tw, it is necessary that not only their right sides coincide, but also that

the di�erential form of this identity holds, so that the relationship

dtw =
duT

b∗T (uT , uR)
=

duR
b∗R(uT , uR)

, (5.7)

must be satis�ed along the physical trajectory (uT (tw), uR(tw)) in the (uT , uR)

plane.

To generate this physical trajectory, let us use of Eqs. (5.1) and (5.2) to

evaluate Slm(k; tw) at a discrete sequence of waiting times t
(n)
w (n = 0, 1, 2, ....),

or equivalently, to evaluate S∗lm(k;uT , uR) at the corresponding sequence of

points (u
(n)
T , u

(n)
R ) in the plane (uT , uR), since at each waiting time t

(n)
w , Eqs.

(5.3) and (5.4) assign the values u
(n)
T = uT (t(n)) and u

(n)
R = uR(t(n)) to the

material times uT and uR. In practice, we start by inputting the (given) initial

value S
(0)
lm (k) of Slm(k; t) in Eqs. (3.22)-(3.25), whose solution determines

∆ζ∗T (τ ; tw = 0) and ∆ζ∗R(τ ; tw = 0), and through Eqs. (3.20)-(3.21), also

the initial value (b
∗(0)
T , b

∗(0)
R ) ≡ (bT (0), bR(0)) of the sequence (b

∗(n)
T , b

∗(n)
R ) ≡

(bT (t
(n)
w ), bR(t

(n)
w )). This is the n = 0 step of the evaluation of the sequence

Slm(k; t
(n)
w ), bT (t

(n)
w ), bR(t

(n)
w ) with n = 0, 1, 2, .....

In general, at any subsequent step n, corresponding to the waiting time

t
(n)
w , we �rst input the value Slm(k; t

(n)
w ) in Eqs. (3.20)-(3.25), whose so-

lution determines bT (t
(n)
w ) and bR(t

(n)
w ), among all the other dynamic prop-

erties at time t
(n)
w (or, equivalently, at the point (u

(n)
T , u

(n)
R ) in the plane

(uT , uR)). The next step starts with the arbitrary choice of a su�ciently

small increment ∆u
(n)
T ≡ u

(n+1)
T − u(n)T . Since Eq. (5.7) implies that ∆t

(n)
w =

∆u
(n)
T /bT (t

(n)
w ) = ∆u

(n)
R /bR(t

(n)
w ) this choice then determines ∆u

(n)
R ≡ u

(n+1)
R −

u
(n)
R and ∆t

(n)
w ≡ t

(n+1)
w − t

(n)
w , thus de�ning also t

(n+1)
w and the new point

(u
(n+1)
T , u

(n+1)
R ) along the real trajectory in the �material-time� plane (uT , uR).

The determination of (u
(n+1)
T , u

(n+1)
R ), together with Eq. (5.2) allows us to

evaluate S∗lm(k;u
(n+1)
T , u

(n+1)
R ), which we can also label as Slm(k; t

(n+1)
w ). This

allows us to start the next step of the sequence, by inputting Slm(k; t
(n+1)
w ) in

Eqs. (3.20)-(3.25).

The full solution of the NE-SCGLE equations (3.19)-(3.25) traces the real

trajectory of the point (uT (tw), uR(tw)) on the plane (uT , uR), as the wait-

ing time proceeds from tw = 0 to tw = ∞. Some general features of this

real trajectory can be anticipated from the analysis of the possible long-time

asymptotic limits b
(a)
T ≡ limtw→∞ bT (tw) and b

(a)
R ≡ limtw→∞ bR(tw) of bT (tw)

and bR(tw).
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5.1.2 Trajectory (uT (tw), uR(tw)) on the plane (uT , uR): three

possible scenarios

If both, bT (tw) and bR(tw), reach �nite values b
(a)
T = b

(eq)
T > 0 and b

(a)
R = b

(eq)
R >

0 within a �nite time, then Eqs. (5.3) and (5.4) imply that, as tw increases

from 0 to in�nity, the material times will also increase without bound, 0 ≤
uT ≤ ∞ and 0 ≤ uR ≤ ∞, so that the real trajectory will start at the origin,

(uT , uR) = (0, 0), and will end at (uT , uR) = (∞,∞). According to Eqs. (5.1)

and (5.2), the system will then be able to reach full equilibrium, characterized

by the condition Slm(k; t→∞) =
[
Elm(k;T ∗f )

]−1
.

If, in contrast, both asymptotic values u
(a)
T and u

(a)
R turn out to be �nite,

i.e., limtw→∞ uT (tw) = u
(a)
T < ∞ and limtw→∞ uR(tw) = u

(a)
R < ∞, the real

trajectory will also start at the origin, (uT , uR) = (0, 0), but now will end

at the point (uT , uR) = (u
(a)
T , u

(a)
R ). Under these conditions, according to Eq.

(5.2), none of the tensorial components Slm(k; t) will be able to reach its

equilibrium value
[
Elm(k;T ∗f )

]−1
, but will be trapped in a fully arrested (or

fully non-ergodic) state, whose asymptotic non-equilibrium structure factor

will be described by the components

S
∗(a)
lm (k) = S

(0)
lm (k)e−(αlm(k)u

(a)
T +βlm(k)u

(a)
R ) +

Elm(k;T ∗f )−1
[
1− e−(αlm(k)u

(a)
T +βlm(k)u

(a)
R )
]
.

(5.8)

This, of course, may only occur if both mobilities vanish asymptotically, i.e.,

if b
(a)
T = b

(a)
R = 0.

These two asymptotic scenarios happen to appear when solving Eqs. (3.19)

� (3.25) for the dipolar hard sphere �uid within the MSA thermodynamic in-

put described in Chapter 2. Let us imagine for concreteness that this model

system, assumed initially at equilibrium at the state point (φi, T
∗
i ) = (0.3, 2.0),

is suddenly quenched to a lower �nal temperature T ∗f , with the volume fraction

constrained to remain constant. Two quenches of this type, that di�er only

in the depth, are schematically indicated in the inset of Fig. 5.1 by the down-

ward arrows I and II. In the same inset we also indicate two complementary

irreversible processes, in which the system, also initially at equilibrium at the

same initial state (η, T ∗i ) = (0.3, 2.0), is now instantaneously compressed to

a higher volume fraction ηf , with the temperature T ∗ constrained to remain

constant (horizontal arrows III and IV). For each of these processes, solving

Eqs. (3.19)-(3.25) determines the real trajectory of the point (uT (tw), uR(tw))

on the plane (uT , uR), as tw increases from 0 to in�nity.

The resulting trajectories for the shallowest temperature quench (arrow

I, corresponding to T ∗f = 0.5) and for the shallowest crush (arrow III, cor-

responding to ηf = 0.5), illustrate the most common process, namely, full
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Figure 5.1: Evolution of the �material times� (uT , uR) (a) after a suddenly

instantaneous quench of temperature from an initial temperature Ti = 2.0 to

a �nal temperature Tf = 0.2 for a �xed isochore η = 0.3, and (b) after a

suddenly instantaneous compression from an initial volume fraction ηi = 0.3

to a �nal volume fraction ηf = 0.55 for a �xed temperature T ∗ = 2.0. The

evolution of these quantities follows the evolution of the relationship in Eq.

(5.7), introducing a equally-spaced uT grid. For instance, two limit regions

can be observed: for initial values of uT , we can approximate the u times

relationship to uR ≈ (b0T/b
0
R)uT , i.e. the �rst mobilities values immediately

after performed the quench; and the for long uT times, the approximation for

uR ≈ (b
(eq)
T /b

(eq)
R )uT .
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Figure 5.2: (a) Evolution of the �material times� (uT , uR) after a suddenly

instantaneous quench of temperature from an initial temperature Ti = 2.0 to

a �nal temperature Tf = 0.05 for a �xed isochore η = 0.3, and (b) after a

suddenly instantaneous compression from an initial volume fraction ηi = 0.3

to a �nal volume fraction ηf = 0.6 for a �xed temperature T ∗ = 2.0. The

evolution of these quantities follows the evolution of the relationship in Eq.

(5.7), introducing a equally-spaced uT grid. For instance, two limit regions

can be observed: for initial values of uT , we can approximate the u times

relationship to uR ≈ (b0T/b
0
R)uT , i.e. the �rst mobilities values immediately

after performed the quench; and the for long uT times, the approximation for

uR ≈ (b
(eq)
T /b

(eq)
R )uT .

equilibration, in which both mobilities, bT (tw) and bR(tw), reach their �nite

equilibrium values b
(eq)
T > 0 and b

(eq)
R > 0 at an exponential-like fashion, i.e.,

within a well-de�ned �nite equilibration time t
(eq)
w . After this waiting time,

uT (tw) and uR(tw) will increase linearly with tw (see Eqs. (5.3) and (5.4)),

so that the trajectory (uT (tw), uR(tw)) will be described at long times by a

straight line uR ∝ (b
(eq)
T /b

(eq)
R )uT , which will diverge to in�nity at long times.

These two trajectories, whose asymptotic state is an equilibrium state, are

represented in Fig. 5.1.

In contrast, the trajectory corresponding to the deepest temperature quench

(vertical arrow II, with T ∗f = 0.05) is presented in Fig. 5.2 (a) and illustrates

the �fully arrested� or �fully non-ergodic� scenario, in which the long time

asymptotic mobilities vanish, and the asymptotic limits of uT (tw) and uR(tw)

now attain the �nite values u
(a)
T and u

(a)
R . Thus, the trajectory (uT (tw), uR(tw))

starts at the origin, very much as in the previous case, but now ends at the

point (u
(a)
T , u

(a)
R ) (= (0.015, 0.34) in the present example). In stark contrast
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with the equilibration processes, in which the long-time asymptotic value of

the mobilities are �nite and are attained at an exponential-like fashion (thus

de�ning the concept of �equilibration time�), in the present case, the vanish-

ing of the asymptotic mobilities has profound kinetic implications. The most

important is the prediction that the approach to the non-equilibrium fully

non-ergodic stationary state is no longer exponential-like. Instead, it occurs

at an extremely slower, power-law, fashion, as discussed below in more detail.

Besides these two possibilities (full equilibration and full dynamic arrest)

one can identify still a third possibility, in which u
(a)
T turns out to be �nite

with u
(a)
R being in�nite. This is illustrated by the deepest instantaneous crush

schematically indicated by the horizontal arrow IV in Fig. 5.3, whose real

trajectory, presented in Fig. 5.2 (b), is con�ned to the subspace 0 ≤ uT ≤
u
(a)
T = 0.0506 and 0 ≤ uR ≤ u

(a)
R = ∞. In this third possibility bR(tw) will

reach a �nite asymptotic value b
(a)
R > 0, but bT (tw) will vanish asymptotically.

This corresponds to a dynamically-mixed state, in which the translational

degrees of freedom will become dynamically arrested, but not the orientational

ones.

5.2 Illustrative solutions of the NE-SCLGE Equa-

tions.

Once the thermodynamic input E (f)lm (k) of our model DHS �uid has been pro-

vided by the mean spherical approximation (MSA), we can start the numerical

solution of the NE-SCGLE equations (3.19)�(3.25). In this section we review

the main features of the solution of these equations for a few elementary non-

equilibrium processes that we can model with the present theory.

5.2.1 Quenching and crushing the DHS model.

For concreteness, in the illustrative examples presented below we shall assume

that the system was prepared to be initially at equilibrium at a volume fraction

η0 = 0.3 and a temperature T0 = 2.0. At tw = 0 this system is subjected to an

instantaneous quench to a lower �nal temperature Tf , with the volume fraction

constrained to remain constant. Two quenches of this type, that di�er only in

their depth, are schematically indicated in Fig. 5.3 by the dashed downward

arrows I and II.

We shall also consider another idealized manipulation protocol, in which

the system, also initially at equilibrium at the same initial state (η0, T0) =

(0.3, 2.0), is now instantaneously compressed to a higher volume fraction ηf ,

with the temperature T0 constrained to remain constant. This process, which
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Figure 5.3: State diagram of the dipolar hard sphere �uid. The vertical arrows.

we shall refer to as instantaneous crush, is schematically represented by any

of the horizontal arrows III and IV in Fig. 5.3, which then correspond to two

instantaneous crushes that only di�er in their �nal volume fraction ηf .

For each of these instantaneous processes, the solution of the NE-SCGLE

equations (3.19)-(3.25) will describe the non-equilibrium structural relaxation

of the system in terms of the irreversible evolution of the non-equilibrium

properties Slm(k; tw), bT (tw), bR(tw), ∆ζ∗T (τ ; tw), ∆ζ∗R(τ ; tw), Flm(k, τ ; tw), and

F S
lm(k, τ ; tw) after the described thermal or mechanical instantaneous manip-

ulation. In other words, we are assuming that for waiting times tw > 0 the

system is assumed to be left unperturbed but constrained by the isochoric and

isothermal conditions of the �nal density and temperature.

Let us point out, however, that an instantaneous quench/crush is a conve-

nient representation of real cooling/compressing processes that occur at large

cooling/compressing rates. For example, a more realistic cooling protocol

could be described by T (tw) = θ(−∆tw − tw)T0 + θ(∆tw + tw)θ(−tw)[Tf −
rtw] + θ(tw)Tf , with r ≡ (T0 − Tf )/∆tw being a �nite cooling rate. If the

system was at equilibrium at T = T0 for tw < −∆tw, the initial condition

would be Slm(k; tw = −∆tw) = Seqlm(k; η0, T0) = 1/E (f)lm (k; η0, T0), and we

would then have to solve the NE-SCGLE equations during the �nite tran-

sient −∆tw < tw < 0, leading to a value of Slm(k; tw = 0) di�erent from

Seqlm(k; η0, T0) = 1/E (f)lm (k; η0, T0).

A fast temperature quench, however, only involves the transfer of molecu-

lar kinetic energy, which indeed may be quite fast compared with the con�g-

urational restructuring involved in the evolution of Slm(k; tw). Thus, here we
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shall neglect this slight di�erence in the initial value Slm(k; tw = 0), and will

use Slm(k; tw = 0) = Seqlm(k; η0, T
∗
0 ) = 1/E (f)lm (k; η0, T0) as the initial condition,

corresponding to the instantaneous isochoric quench. In contrast, an instan-

taneous crush of a liquid of hard spheres is actually a more severe idealization

than the instantaneous temperature quench. However, since the examples that

follow are only aimed at illustrating the mathematical and numerical strategy

of solution of the NE-SCGLE Eqs. (3.19)�(3.25), here we shall also ignore the

e�ects of the restructuring of the liquid during the transient of a �nite com-

pression rate, and will use Slm(k; tw = 0) = Seqlm(k; η0, T0) = 1/E (f)lm (k; η0, T0)

as the initial condition for the four processes indicated in Fig. 5.3.

5.2.2 Dynamic arrest diagram of the DHS model.

In Fig. 5.3 we also include for reference the dynamic arrest diagram (or �non-

equilibrium phase diagram�) of the DHS system in the plane (η, T ). It consists

of the three regions bordered by the solid lines, which are the transition lines

that separate the region of equilibrium (or �ergodic�) states, from two addi-

tional regions, one of them corresponding to fully arrested states and the other

one to mixed (or partially arrested) states, in which translational di�usion is

arrested but rotational di�usion is not. These non-equilibrium phases were

announced by the simple analysis of the possible non-equilibrium stationary

solutions of Eq. (3.19) in Chapter 3.

The dynamic arrest lines reproduced in Fig. 5.3, however, were deter-

mined in 2015 by Elizondo-Aguilera et al. [10], from the equilibrium version of

the SCGLE theory, extended to �uids formed by particles interacting through

orientation-dependent pair interactions. Such an extension was also devel-

oped in the same reference. The corresponding calculation of the dynamic

arrest diagram was based on the determination of the non-ergodicity param-

eters, which are the long-τ limits of ∆ζ
∗(eq)
T (τ), ∆ζ

∗(eq)
R (τ), F

(eq)
lm;l′m′(k, τ), and

F
S(eq)
lm;l′m′(k, τ), all of which must vanish at equilibrium states. Let us emphasize

here that these predictions of the equilibrium SCGLE theory are qualitatively

identical to those derived long before, in 1997, using the �non-spherical� ver-

sion of mode-coupling theory (MCT), by Schilling and Scheidsteger [22], as

illustrated in Fig. 1 of Ref. [10]. In particular, both theories predict the ex-

istence of the same non-equilibrium phases and the same topology of their

corresponding non-equilibrium phase diagram.

Being intrinsically equilibrium theories, MCT and the previously-referred

SCGLE theory, cannot describe intrinsically non-equilibrium phenomena such

as aging. This limitation is removed by the present non-equilibrium (or NE-

SCGLE) theory. Thus, a relevant issue to clarify refers to the exact relation-

ship between the non-equilibrium and the equilibrium versions of this theory,
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and the consistency between their predicted scenarios regarding the dynamic

arrested phases of the DHS model liquid. Such a relationship was immediately

established in the context of the original NE-SCGLE theory proposed in 2010

by Ramírez-Geonzález and Medina-Noyola [24], which only referred to spher-

ical particles, and it extends without change to the present �non-spherical�

context.

For this we mean that the present non-equilibrium theory, represented

by Eqs. (3.19)-(3.25), becomes the equilibrium SCGLE theory developed in

Ref. [?] in the long-time limit tw → ∞ and assuming equilibration, i.e., that

limtw→∞ Slm(k; tw) = S
(eq)
lm (k;n, Tf ) = 1/E (f)lm (k). In fact, applied to liquids

formed by particles interacting through the present kind of non-spherical po-

tentials, the referred equilibrium SCGLE theory, is represented by the set

of equations (3.22)�(3.25), with Slm(k; t) replaced by its equilibrium value

S
(eq)
lm (k;n, Tf ). As we shall see in the appendix, the NE-SCGLE Eqs. (3.19)�

(3.25) provides a more powerful method to determine the non-equilibrium

phase diagram which, of course, coincides with that in Fig. 5.3. In what

follows, however, we shall also illustrate that the present NE-SCGLE theory

provides a wealth of additional predictions, such as the non-equilibrium evolu-

tion of all the structural and dynamical properties involved in these equations.

5.3 Nonequilibrium kinetics of structural and

dynamical relaxation.

This section illustrates the predictive capabilities of the NE-SCGLE theory, by

describing the scenario that emerges from the full solution of the NE-SCGLE

equations corresponding to the elementary instantaneous processes indicated

by the four arrows in Fig. 5.3. Let us start by illustrating the irreversible evo-

lution of the most central dynamical properties entering in these equations,

namely, the tw-dependent tensorial components Flm(k, τ ; tw) of the interme-

diate scattering function, explicitly coupled by Equations (3.19)�(3.25).

The predicted evolution of Flm(k, τ ; tw) after the shallow quench (arrow

I of Fig. 5.3) of the DHS liquid is presented in Fig. 5.4(a),(b). This set

of �gures illustrates a typical process of equilibration, in which the system,

initially at equilibrium at the state point (η, T0) = (0.3, 2.0), is subjected to

a (shallow) instantaneous quench to another equilibrium state point, in this

case with �nal temperature Tf = 0.1, but the same volume fraction η = 0.3.

Thus, both functions evolve from their initial value F eq
00 (η, T0) and F

eq
10 (η, T0) to

their �nite �nal value F eq
00 (η, Tf ) and F

eq
10 (η, Tf ). The kinetics of this process is

quasi-exponential, with these �nal values fully reached after fairly well-de�ned

equilibration times teqT and teqR . Then, we present the crushing process (arrow
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Figure 5.4: Sequence of snapshots of the projections of the intermediate scat-

tering function F S
lm(k, τ ; tw) at k = 7.1 plotted as a function of correlation

time τ for a sequence of values of the waiting time tw (=0.2, 2.0, 5.0, 12, 20,

32, 60, and 108) after (a,b) the sudden temperature quench at �xed volume

fraction η = 0.3, from Ti = 2 to Tf = 0.2, and after (c,d) the sudden density

crushing at �xed temperature T = 2.0, from ηi = 0.3 to ηf = 0.55. The

evolution is going from the initial state at tw = 0 (solid black lines in a) and

b) ) to the �nal state tw →∞ (solid blue lines).
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Figure 5.5: Sequence of snapshots of the projections of the intermediate scat-

tering function F S
lm(k, τ ; tw) at k = 7.1 [thin solid (green) lines] plotted as

a function of correlation time τ for a sequence of values of the waiting time

tw (=0.25, 5.6, 106, 400, 590, and 1600) after (a,b) the sudden temperature

quench at �xed volume fraction η = 0.3, from Ti = 2 to Tf = 0.05, and after

(c,d) the sudden density crushing at �xed temperature T = 2.0, from ηi = 0.3

to ηf = 0.6. The process start in the initial state (black solid line) and evolves

until the asymptotic non equilibrium state at tw →∞, that it is not actually

the �nal equilibrium state (blue solid line). These behavior represents the

aging phenomena, which is a truly non-equilibrium process.

II of Fig. 5.3) in Fig. 5.4(c)-(d), and both functions evolve from their initial

value at equilibrium at the state point (η0, T0) = (0.3, 2.0), F eq
00 (η0, T ) and

F eq
10 (η0, T ) to their �nite �nal value at ηf = 0.55 with the same temperature

T = 2.0, F eq
00 (ηf , T ) and F eq

10 (ηf , T ). Both scenarios shown the equilibration

process in the fashion of the evolution of �material times� (uT (tw), uR(tw))

showed in previous sections.

On the contrary, Flm(k, τ ; tw) after the deep quench (arrow III of Fig.

5.3) of the DHS liquid presented in Fig. 5.5(a),(b) illustrates a truly �non-

equilibrium" process, in which the system, initially at equilibrium at the state

point (η, T0) = (0.3, 2.0), is subjected to a (deep) instantaneous quench to

another equilibrium state point, in this case with �nal temperature Tf = 0.05,
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but the same volume fraction η = 0.3. Thus, both functions evolve from their

initial value F eq
00 (η, T0) and F eq

10 (η, T0) but their �nite �nal value F eq
00 (η, Tf )

and F eq
10 (η, Tf ) are not reaching in a �nite waiting time. The kinetics of this

process is now in a fashion of law-potency for waiting time, with these �nal

values only reached after fairly well-de�ned equilibration times u
(a)
T and u

(a)
R .

Then, we present the crushing process (arrow IV of Fig. 5.3) in Fig. 5.4(c)-

(d), and both functions evolve from their initial value at equilibrium at the

state point (η0, T0) = (0.3, 2.0), F eq
00 (η0, T ) and F eq

10 (η0, T ) to their �nite �nal

value at ηf = 0.6 with the same temperature T = 2.0.
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In this chapter, we now discuss the application of the non equilibrium SC-

GLE theory to the description of the non-equilibrium processes involved in an

angular-dependent atractive potential as a model for the particular liquid of

�Janus"-like colloidal particles, drawing the non equilibrium dynamical arrest

diagram and the time-dependent non-ergodic parameters γT and γR.

6.1 Detecting dynamic arrest transition for at-

tractive angle-dependent potential.

Following the previous results, we will continue using the SS potential for the

simplicity of the expression and the good static information that provides for

the SCGLE theory [6]. As a next step, we use a radial potential for the corre-

lation function at (4.7) in the form u(r) = − exp(−r/z)/r, i.e. an attractive
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Figure 6.1: Dynamical Arrest diagram for the non spherical model �uid de-

scribed calculated with the Sharma-Sharma approximation for Elm(k; n̄lm, T
∗).

Just as the dynamical arrest diagram for dipolar Hard-Sphere system [10],

there are three di�erent state regions, calculated from the solution of γeqα (T, φ)

of the equilibrium �bifurcation equation� (chapter 2), but the region III for

�Janus-like� particles is now an instability region and where the solution for

γeqα (T, φ) is undetermined.
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Yukawa potential. We calculated the equilibrium structure factor Seqlm fol-

lowing with the calculation of the dynamical arrest diagram using the gamma

function γeqα , and the correlation function in k-space via the SS approximation

as

βu(k) ≡ −(4π/T ∗)

∫ ∞

1

drr2 × [sin(kr)/(kr)]u(r), (6.1)

We show the resulting diagram in Fig. 6.1. The manner to calculate the

frontier of the di�erent arrest regions is di�erent in this case; the transition

from the full ergodic region (I) to the shaded region (III) is marked by the

divergence at k = 0 of one of the structure factor components, S10(k;T ∗), for
temperatures below the transition curve (blue and red lines), instead of the

discontinuity of γeqα , which is undetermined because of the divergence of the

static structure. In order to understand this new phenomenology, we should

review the systems of interacting particles by attractive potentials, such as

the Lenard-Jones (LJ) potential, which were tested in the same fashion as

we previously did, except that the equilibrium equilibrium SCGLE theory

for spherically-symmetric potentials [6] was used. Inside the thermodynamic

unstable (spinodal) region for these attractive systems, the thermodynamic

properties such as the static structure factor S(k;T ) is not determined, and

as a consequence, the gamma function γeq is also undetermined. The authors

at [6] use the nonequilibrium version of the SCGLE theory to provide a manner

to overcome this limitation of the equilibrium theory, o�ering an unexpected

scenario of the dynamic arrest present in the early stages of the gas-liquid

phase separation. Thus, we will test the recent developed nonequilibrium

version of the SCGLE theory for non-spherically interacting particles [?] to

investigate the phenomenology that could bring us physical information for

the regions at the Fig. 6.1.

For such case, we implemented the above protocol to solve the particular

problem stated by the intermolecular potential de�ned in the Eq. (6.1), taking

as a reference the equilibrium arrest diagram showed in the Fig. 6.1. From this,

we considered the thermodynamical states into the isochores φ < φb, which are

the volume fractions before the bifurcation point. In particular, we focus our

e�orts in the forward analysis in a isochore η = 0.2, which it will be the same

for any other isochore. The methodology used is as follows: starting to choose

a starting �xed point located in the full-ergodic (η = 0.2, T ∗i = 2.5), then we

will sequentially decrease the �nal temperature T ∗f in order to calculate the

nonstationary structure factor
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Salm(k) ≡
[
Elm(k;T ∗f )

]−1
+
[
S
(i)
lm(k)−

[
Elm(k;T ∗f )

]−1]
e−(αlm(k)uaT+βlm(k)uaR),

(6.2)

and the asymptotic values of time-dependent non ergodic parameters

1

γT
=

1

6π2n

∫ ∞

0

dkk4
∑

l

[2l + 1]
[
1− S−1l0 (k)

]2
Sl0(k;uε)f

S
l0(k;uε)fl0(k;uε),

(6.3)

and

1

γR
=

1

16π2n

∫ ∞

0

dkk2
∑

lm

[2l + 1] [Sl0(k;uε)− 1]2 S−1lm (k;uε)

×fSl0(k;uε)fl0(k;uε)A
2
l;0,m. (6.4)

We shown these in Fig. 6.2 (a)-(b) for a �xed volume fraction η = 0.2,

after we performed a serie of instantaneous temperature quench for a initial

temperature Ti = 2.5. We notice for the translational parameters γaT a couple

of features that di�er drastically of what the same parameters show for the

repulsive dipolar hard sphere presented in L. Elizondo work [10]. For instance,

the results indicate that γaT and uaT remain in�nite for all temperatures above

a critical temperature Ts, and that this speci�c temperature coincides pre-

cisely with the temperature of the thermodynamical instability showed in the

�equilibrium" arrest diagram in Fig. 6.1 for the same isochore. This reveals a

unexpected conclusion, namely, the blue curve besides of being the threshold

of thermodynamic instability, turns to be also the threshold of non-ergodicity.

Also, from γaT coming to diverge as T approach to Ts from below determines

that this transition from ergodic to non- ergodic states occurs in a continu-

ous fashion, i.e., that it is classi�ed as a �type A" dynamic arrest transition

in MCT language. Paying attention again in the results showed in Fig. 6.1,

but now at temperatures well below the instability curve, we see that the

parameter γaT exhibits a discontinuity at a lower temperature T = Tg. This

discontinuity reveals the existence of still a second dynamic arrest transition,

now corresponding to a glass-glass �type B" transition, in which the dynamic

order parameter γaT (and γaR) changes discontinuously. Repeating these cal-

culations at other isochores, we determine both transition temperatures Tg
and Ts, as a function of volume fraction. The corresponding dynamic arrest

transition lines are presented in Fig. 6.3.

At �rst glance, some of these predictions might appear counter intuitive.

Let us remind, however, that they are based only on the analysis of the depen-

dence of the dynamic order parameter γaT (and γaR) on the �nal temperature
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Figure 6.2: (a) Dependence of γaT (T ) and (b) γaR(T ) on the �nal temperature

Tf of an instantaneous quench with initial temperature Ti = 2.5 and �xed

volume fraction η = 0.2. The discontinuity of the γaε (T ) at the temperature

Tg.
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Figure 6.3: Dynamical Arrest diagram for the non-spherical model �uid de-

scribed by the inter-molecular potential in Eq. (6.1), calculated with the

Sharma-Sharma approximation for Elm(k; n̄lm, T
∗). The nonequilibrium solu-

tion for γα(T, φ) allows us to predict the regions II and III inside the insta-

bility region divided by a borderline, or a �glass-glass� kind transition as we

observed in the spinodal region of a spherically-interacting atractive poten-

tial [6].

T of the instantaneous isochoric quenches analyzed. This order parameter is

a functional of the long-time asymptotic value S
(a)
lm (k) of the non-stationary

structure factor Sk;t. These properties will being analyzed in the next section.

6.2 The structure factors Slm(k;uα), S
a
lm(k) below

the instability transition line

Now we discuss the mechanism that allows the existence of a well-behaved

non-equilibrium S10(k;uα) for quenches of state points inside what we called

the �orientational" spinodal region, where the uniform �uid state has become

thermodynamically unstable and the equilibrium structure factor S
(eq)
10 (k) does

not exist. According to Eq. (6.2), the calculation of Slm(k;uα) requires the

value of the thermodynamic property Elm(k;T ) for k > 0. As we know, the

condition Elm(k = 0;T ) > 0 is a condition for the stability of uniform thermo-

dynamic states, a condition held for all temperatures T above the instability

temperature Ts(η). Thus, the instability (�orientational" spinodal) condition

Elm(k = 0;T ) = 0 de�nes the threshold of thermodynamic instability of uni-
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Figure 6.4: Time-evolution of the component (1, 0) of the structure factor for

the system after the application of a instantaneous isochoric quench from the

initial temperature Ti = 2.5 (red line) to a �nal temperature Tf = 0.1 (green

dashed-line) that is inside the instability region of the arrest diagram, at the

isochore η = 0.25. The blue line corresponds to the asymptotic long-time

static structure factor Sa10(k) of this quench.

form states, so that for all states with temperatures below Ts(η) we must have

that Elm(k = 0;T ) < 0 not only at k = 0, but also at least within a �nite

interval 0 ≤ k ≤ k0. This means that the equilibrium static structure factor

Seq10(k; η, T ) = 1/nElm(k;T ) will attain unphysical negative values in this in-

terval and will exhibit a singularity at k = k0. This non-physical behavior,

which is a manifestation of the non-existence of spatially uniform equilibrium

states into the instability region, is illustrated in Fig. 6.4, which plots the state

points [nElm(k)]−1 (green and red curve) below the spinodal curve. As we can

see in Fig. 6.4, in both cases the non-equilibrium stationary structure factor

Sa10(k) (blue curve) does not exhibit any singular or non-physical feature at

any wave-vector. Of course, for the same reason, the non-equilibrium static

structure factor S10(k; t) will evolve smoothly from Si10(k) at t = 0, to Sf10 as

t → ∞, without exhibiting any hints of the singular behavior characteristic

of the thermodynamic function [nElm(k)]−1 below the �orientational" spinodal

curve.

In term of the non equilibrium structural information, we analyze in detail

the dependence of Sa10(k) on the depth of the quench, i.e., on the �nal temper-

ature T , as well as on the volume fraction η. With this intention, in Fig. 6.5
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Figure 6.5: The asymptotic long-time static structure factors Sa10(k) for di�er-

ent instantaneous quenches varying the �nal temperature Tf , from a swallow

quench near to the instability borderline of the arrest diagram in Fig. 6.3

(Tf = 1.1) to a profound quench inside the glass-glass type line.

we present a set of results for Sa10(k) that illustrate the T -dependence of this

asymptotic structural property for quenches along the isochore η = 0.25 All

of these quenches start with the system equilibrated at the same initial tem-

perature Ti = 2.5. Each quench ends at a di�erent �nal temperature Tf , and

the solid lines represent the resulting Sa10(k; η = 0.25, Tf ). As we can observe,

the magnitude in the value Sa10(k = 0; η, Tf ) changes dramatically depending

on the deep of the quench, going to a greater value as the quench is near-

ing the �orientational" spinodal line. This feature in the spherical case for

attractive potential [6] is the same except that it presents this growing value

of a peak Sa(kmax) in k > 0 that is de�ned as a length scale which measure

the size of the growing spatial heterogeneities. In our case, the projection

Sa10(k = 0; η, Tf ) has not the same interpretation because it is attached not

only for the translational but also the rotational structural properties, thus

the spatial heterogeneities cannot being extracted only from one of the projec-

tions of Salm(k = 0; η, Tf ). Further analysis can be made with the dynamical

evolution, which is now in construction for the numerical calculations of the

complete set of �non equilibrium" SCGLE equations.
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Conclusions

In summary, we have proposed the extension of the Self Consistent General-

ized Langevin equation theory for systems of nonspherical interacting particles

(NS-SCGLE), to consider general nonequilibrium conditions. The main con-

tribution of this work consist in the general theoretical framework, developed

in Chapter 3, able to describe the irreversible processes occurring in a given

system after a sudden temperature quench, in which its spontaneous evolution

in search of a thermodynamic equilibrium state could be interrupted by the

appearance of conditions of dynamical arrest for translational or orientational

(or both) degrees of freedom.

Our description consists essentially of the coarse-grained time-evolution

equations for the spherical-harmonics-projections of the static structure fac-

tor of the �uid, which involves one translational and one orientational time-

dependent mobility functions. These nonequilibrium mobilities, in turn, are

determined from the solution of the nonequilibrium version of the SCGLE

equations for the nonstationary dynamic properties (the spherical-harmonics-

projections of the self-and collective intermediate scattering functions). The

resulting theory is summarized by Eqs. (3.19)- (3.25), which describe the

irreversible processes in model liquids of nonspherical particles, within the

constraint that the system remains, on the average, spatially uniform. This

theoretical framework is now ready to be applied for the description of such

nonequilibrium phenomena.

The theoretical formalism derived in chapter 3 was applied in two sim-

ple but concise examples, which reveal interesting physical results. The �rst,

described in chapter 4, reveals the two stationary states to which a system

out of equilibrium can reach when it is subject to an instantaneous quench of

temperature, that is, the process of equilibration and aging, which reveal a ki-

netic very di�erent between one the other. In addition, it being a system with

only orientational degrees of freedom, could be used as a simple model for the
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understanding of the slow relaxation phenomena in glasses of spin particles,

although the real characteristics of these systems are not within the scope of

this thesis.

The second example that we wanted to approach has more relevance

given one of the most important motivations of this work, being the simple

model of particles with angle-dependent anisotropic interaction. The numeri-

cal methodology for the non-equilibrium structure factor is shown in chapter 5,

and in chapter 6 this is used to obtain a non-equilibrium phase diagram of

these systems, which are a simple model of �Janus"-like particles. It is ob-

served in the phase diagram in the Fig 6.3 the existence of a thermodynamic

instability in one of the components of the factor of structure that has the

orientational degrees of freedom in a coupled state, which would indicate the

formation of heterogeneities, giving rise to gels where the orientations play a

very important role, as it happens in some cases of Janus particles. However,

it is necessary to be able to calculate the kinetics of these systems, in such a

way that a more forceful physical interpretation can be given. The theoretical

formalism is now ready to be implemented in more complex systems, so future

work is expected to reveal more information.
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Theory of equilibration and aging in colloidal �uids of

non-spherical interacting particles.

Abstract: We propose a �rst principles approach for the
description of equilibration and aging phenomena in col-
loidal �uids constituted by non-spherical interacting par-
ticles. For this, we propose a formal extension of the so
called non-equilibrium self consistent generalized Langevin
equation theory, in order to describe the positional and
orientational thermal �uctuations of the local concentra-
tion pro�le n(r,Ω; t) of a suddenly quenched colloidal liq-
uid. The resulting theory provides, thus, the non-equilibrium
time evolution of both, the static structure factor and the
two-time correlation function of the density �uctuations
after an instantaneous quench. The predictive capabil-
ity of our theory is illustrated with several model system
for which we discuss di�erent physical properties. Key-
words: glass-transition, non-spherical, Langevin.
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ABSTRACT: The nonequilibrium self-consistent generalized
Langevin equation theory of irreversible processes in liquids is
extended to describe the positional and orientational thermal
fluctuations of the instantaneous local concentration profile
n(r,Ω,t) of a suddenly quenched colloidal liquid of particles
interacting through nonspherically symmetric pairwise inter-
actions, whose mean value n(r,Ω,t) is constrained to remain
uniform and isotropic, n (r,Ω, t) = n (t). Such self-consistent
theory is cast in terms of the time-evolution equation of the

covariance σ δ δ= †t n t n tk k( ) ( ; ) ( ; )lm lm of the fluctuations
δ = −n t n t n tk k k( ; ) ( ; ) ( ; )lm lm lm of the spherical harmon-
ics projections nlm(k;t) of the Fourier transform of n(r,Ω,t).
The resulting theory describes the nonequilibrium evolution after a sudden temperature quench of both, the static structure
factor projections Slm(k,t) and the two-time correlation function τ δ δ τ≡ +F k t n t n tk k( , ; ) ( , ) ( , )lm lm lm , where τ is the
correlation delay time and t is the evolution or waiting time after the quench. As a concrete and illustrative application we use the
resulting self-consistent equations to describe the irreversible processes of equilibration or aging of the orientational degrees of
freedom of a system of strongly interacting classical dipoles with quenched positional disorder.

I. INTRODUCTION
The fundamental description of dynamically arrested states of
matter is a crucial step toward understanding the properties of
very common amorphous solid materials such as glasses and
gels,1−3 and of more technologically specialized materials, such
as spin glasses.4−6 The main fundamental challenge posed by
these materials derives from their inability to reach thermody-
namic equilibrium within experimental times, and from the fact
that their properties depend on the protocol of preparation, in
obvious contrast with materials that have genuinely attained
thermodynamic equilibrium. Understanding the origin of this
behavior falls outside the realm of classical and statistical
thermodynamics, and must unavoidably be addressed from the
perspective of a nonequilibrium theory.7−9 In fact, a major
challenge for statistical physics is to develop a microscopic
theory able to predict the properties of glasses and gels in terms
not only of the intermolecular forces and applied external fields,
but also in terms of the protocol of preparation of the material.
In addressing this challenge, one should start by identifying

the most general principles that govern the irreversible
evolution of nonequilibrium systems, and to choose the
simplest but most fundamental theoretical perspective to be
applied to our present context. There is abundant literature
summarizing the rich history of the theory of irreversible

processes, which includes a considerable number of more or
less general approaches devised to address one aspect or
another of the phenomenology of nonequilibrium systems.7−9

The present work will be based on a nonequilibrium extension
of Onsager’s theory of thermal fluctuations,10 which in turn
involves a nonequilibrium extension of the so-called generalized
Langevin equation (GLE).
Nonequilibrium extensions of the generalized Langevin

equation have already been successfully applied to the
description of chemical reactions11,12 and other fluctuation
phenomena13 in nonlinear nonequilibrium systems. Most of
these applications, however, focus on the properties of systems
with few degrees of freedom (e.g., the generalized position and
velocity of a reactant molecule in a nonstationary reservoir14),
and hence, must still be extended to describe the non-
equilibrium kinetics of the collective variables of systems with
many degrees of freedom, such as structural glass-forming
liquids.
Although not based on nonequilibrium extensions of the

GLE, let us also refer to the mean-field theory of the aging
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dynamics of glassy spin systems,15 which has also made relevant
detailed predictions on the nonequilibrium behavior of glassy
systems, some of them verified in experiments and simulations.
Unfortunately, the models involved lack a geometric structure
and hence cannot describe the spatial evolution of real glass
formers.
In contrast, the mode coupling theory (MCT) of the glass

transition16,17 provides a f irst-principles quantitative description
of the dynamic properties of structural glass forming liquids
near their dynamical arrest transition. However, this theory, as
well as the equilibrium version of the self-consistent generalized
Langevin equation (SCGLE) theory of dynamical arrest,18,19

are meant to describe the dynamics of fully equilibrated liquids.
Hence, the phenomenology of the transient time-dependent
processes, such as aging, occurring during the amorphous
solidification of structural glass formers, falls completely out of
the scope of these equilibrium theories. Thus, it is important to
attempt their extension to describe these nonstationary
nonequilibrium structural relaxation processes, which in the
end constitute the most fundamental kinetic fingerprint of
glassy behavior.
In an attempt to face this challenge, in 2000 Latz20 proposed

a formal nonequilibrium extension of MCT which, however,
has not yet found a specific quantitative application. Meanwhile,
the SCGLE theory has recently been extended to describe
nonstationary nonequilibrium processes in glass-forming
liquids.21,22 The resulting nonequilibrium theory, referred to
as the nonequilibrium self-consistent generalized Langevin
equation (NE-SCGLE) theory, was derived within the
fundamental framework provided by a nonstationary exten-
sion10 of Onsager’s theory of linear irreversible thermody-
namics23,24 and of time-dependent thermal fluctuations,25,26

with an adequate extension27,28 to allow for the description of
memory effects.
The NE-SCGLE theory thus derived, aimed at describing

nonequilibrium relaxation phenomena in general,21 leads in
particular22 to a simple and intuitive but generic description of
the essential behavior of the nonstationary and nonequilibrium
structural relaxation of glass-forming liquids near and beyond
its dynamical arrest transition. This was explained in detail in
ref 29 in the context of a model liquid of soft-sphere particles.
The recent comparison30 of the predicted scenario with
systematic simulation experiments of the equilibration and
aging of dense hard-sphere liquids, indicates that the accuracy
of these predictions go far beyond the purely qualitative level,
thus demonstrating that the NE-SCGLE theory is a successful
pioneering first-principles statistical mechanical approach to the
description of these fully nonequilibrium phenomena.
As an additional confirmation, let us mention that for model

liquids with hard-sphere plus attractive interactions, the NE-
SCGLE theory predicts a still richer and more complex
scenario, involving the formation of gels and porous glasses by
arrested spinodal decomposition.31,32 As we know, quenching a
liquid from supercritical temperatures to a state point inside its
gas−liquid spinodal region, normally leads to the full phase
separation through a process that starts with the amplification
of spatial density fluctuations of certain specific wave-
lengths.33−35 Under some conditions, however, this process
may be interrupted when the denser phase solidifies as an
amorphous sponge-like nonequilibrium bicontinuous struc-
ture,36−40 typical of physical gels.41 This process is referred to
as arrested spinodal decomposition, and has been observed in
many colloidal systems, including colloid−polymer mixtures,36

mixtures of equally sized oppositely charged colloids,37

lysozyme protein solutions,38 mono- and bicomponent
suspensions of colloids with DNA-mediated attractions,39 and
thermosensitive nanoemulsions.40 From the theoretical side, it
was not clear how to extend the classical theory of spinodal
decomposition33−35 to include the possibility of dynamic arrest,
or how to incorporate the characteristic nonstationarity of
spinodal decomposition, in existing theories of glassy
behavior.42 In refs 31 and 32 it has been shown that the NE-
SCGLE theory provides precisely this missing unifying
theoretical framework.
Recently, the NE-SCGLE theory was extended to multi-

component systems,43 thus opening the route to the
description of more complex nonequilibrium amorphous states
of matter. Until now, however, the NE-SCGLE theory faces the
limitation of referring only to liquids of particles with radially
symmetric pairwise interparticle forces, thus excluding its direct
comparison with the results of important real and simulated
experiments involving intrinsically nonspherical particles44,45

and, in general, particles with nonradially symmetric
interactions. The present work constitutes a first step in the
direction of extending the NE-SCGLE theory to describe the
irreversible evolution of the static and dynamic properties of a
Brownian liquid constituted by particles with nonradially
symmetric interactions, in which the orientational degrees of
freedom are essential.
More concretely, the main purpose of the present paper is to

describe the theoretical derivation of the NE-SCGLE time-
evolution equations for the spherical harmonics projections
Slm,lm(k;t), Flm,lm(k,τ; t), and Flm,lm

S (k,τ;t), of the nonequilibrium
and nonstationary static structure factor S(k,Ω;t) and of the
collective and self-intermediate scattering functions
F(k,Ω,Ω′,τ;t) and FS(k,Ω,Ω′,τ;t). For this, we start from the
same general and fundamental framework provided by the
nonstationary extension of Onsager’s theory, developed in ref
21 to discuss the spherical case. The result of the present
application are eqs 40−46 below, in which τ is the delay time,
and t is the evolution (or “waiting”) time after the occurrence
of the instantaneous temperature quench. The solution of these
equations describe the nonequilibrium (translational and
rotational) diffusive processes occurring in a colloidal
dispersion after an instantaneous temperature quench, with
the most interesting prediction being the aging processes that
occur when full equilibration is prevented by conditions of
dynamic arrest.
Although this paper only focuses on the theoretical

derivation of the NE-SCGLE equations, as an illustration of
the possible concrete applications of the extended non-
equilibrium theory, here we also solve the resulting equations
for one particular system and condition. We refer to a liquid of
dipolar hard-spheres (DHS) with fixed positions and subjected
to a sudden temperature quench. This is a simple model of the
irreversible evolution of the collective orientational degrees of
freedom of a system of strongly interacting magnetic dipoles
with fixed but random positions. Although this particular
application by itself has its own intrinsic relevance in the
context of disordered magnetic materials, the main reason to
choose it as the illustrative example is that eqs 40−46 describe
coupled translational and rotational dynamics, whose particular
case l = 0 coincide with the radially symmetric case, already
discussed in detail in refs 29, 31, and 43. Thus, the most novel
features are to be expected in the nonequilibrium rotational
dynamics illustrated in this exercise.
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Just like in the case of liquids formed by spherical particles,
the development of the NE-SCGLE theory for liquids of
nonspherical particles requires the previous development of the
equilibrium version of the corresponding SCGLE theory. Such
an equilibrium SCGLE theory for nonspherical particles,
however, was previously developed by Elizondo-Aguilera et
al.,46 following to a large extent the work of Schilling and
collaborators47−49 on the extension of mode coupling theory
for this class of systems. Thus, we start our discussions in
section II II.A with a brief review of the main elements of the
non spherical equilibrium SCGLE theory and its application to
dynamical arrest in systems formed by colloidal interacting
particles with nonspherical potentials.
In section II II.B, we outline the conceptual basis and the

main steps involved in the derivation of the nonequilibrium
extension of the SCGLE theory for glass-forming liquids of
nonspherical particles. In the same section, we summarize the
resulting set of self-consistent equations, which constitutes this
extended theory. In section III, we introduce a simplified model
for interacting dipoles randomly distributed in space and apply
our equations to investigate the slow orientational dynamics as
well as the aging and equilibration processes of the system near
its “spin glass”-like transitions. Finally in section IV we
summarize our main conclusions.

II. THEORETICAL FRAMEWORK
II.A. Equilibrium SCGLE Theory of Brownian Liquids of

Nonspherical Particles. In this section we briefly describe the
equilibrium SCGLE theory of the dynamics of liquids formed
by nonspherical particles developed by Elizondo-Aguilera et
al.46 We first briefly review the generalized Langevin equation
as a general and fundamental formalism, then define the main
properties involved in the description of the dynamics of liquids
formed by nonspherical particles, and finally summarize the
time-evolution equations that result from this application of the
GLE formalism, and which constitute the essence of the
equilibrium SCGLE theory. After this review of the equilibrium
theory, we shall proceed in the next section to develop its
extension to nonequilibrium conditions.
II.A.1. The Generalized Langevin Equation (GLE) Formal-

ism. The GLE formalism describes the dynamics of the thermal
fluctuations δai(t) (≡ ai(t) − ai

eq) of the instantaneous value of
the macroscopic variables ai(t) (i = 1,2,...,ν), around their
equilibrium value ai

eq. It has the structure of a general linear
stochastic equation with additive noise for the vector δa(t) =
[δa1(t),δa2(t),...,δaν (t)]† (with the dagger indicating trans-
pose), namely,

∫δ ωχ δ χ δ= − − − ′ ′ ′ +− −t
t

t L t t t t ta a a fd ( )
d

( ) ( ) ( ) d ( )
t

1

0

1

(1)

In this equation χ is the matrix of static correlations, χij ≡
⟨δai(0)δaj*(0)⟩, ω is an anti-Hermitian matrix, ωij = −ωji* ≡
⟨δa ̇i(0)δaj*(0)⟩ (with ⟨...⟩ denoting the average over the initial
values δa(0)). The matrix L(t) is determined by the
fluctuation−dissipation relation = *L t f t f( ) ( ) (0)ij i j , where

f i(t) is the ith component of the vector of random forces
f(t), and the overline denotes the average over the realizations
of f(t). Besides the selection rules imposed by these symmetry
properties of the matrices χ, ω, and L(t), other selection rules
may be imposed by other symmetry conditions. For example,27

if the variables ai(t) have a definite parity upon time reversal,

ai(−t) = λi ai(t) with λi = 1 or −1, then ωij = −λiλjωij and Lij(t)
= λiλj Lij(t).
Widely used in the early description of thermal fluctuations

in simple liquids,50,51 the GLE was strongly associated with the
Zwanzig−Mori projection operator formalism.52−54 This
association, however, obscures the fact that in reality the
mathematical structure of the GLE is not a consequence of the
Hamiltonian basis of its Zwanzig-Mori’s derivation, nor its
validity is restricted to the description of fluctuations around
the thermodynamic equilibrium state (as Zwanzig-Mori’s
derivation is). Instead, it is not difficult to discover27 that the
mathematical attribute of stationarity is a necessary and
sufficient condition for the stochastic time-evolution equation
of the fluctuations to have the structure of eq 1. Such an
alternative point of view originates from Onsager and
Machlup’s theory of thermal fluctuations25,26 which, in its
turn extends the fundamental (mathematical and physical)
framework underlying Langevin’s proposal of his celebrated
equation.55

Onsager and Machlup’s theory constitutes a general
phenomenological model of equilibrium fluctuations. Including
memory effects in this model is the phenomenological route to
the generalized Langevin equation formalism.51 One important
feature of this phenomenological line of reasoning is its
remarkable flexibility. Thus, since the essence of this formalism
is the mathematical condition of stationarity,27 and not
necessarily the physical condition of thermodynamic equili-
brium, it is in principle applicable to describe nonequilibrium
stationary states (ss) of matter, as illustrated in the following
section. In this section, however, we only consider its
application to conventional equilibrium conditions.

II.A.2. Collective Description of the Translational and
Orientational Degrees of Freedom. Let us start by considering
a liquid formed by N identical nonspherical colloidal particles in
a volume V,46 each having mass m and inertia tensor I. The
translational degrees of freedom are described by the vectors rN

≡ (r1,...,rN) and p
N ≡ (p1,...,pN), where rn denotes the center-of-

mass position vector of the nth-particle and pn ≡ mdrn/dt =
mvn(t) is the associated linear momentum. Similarly, the
orientational degrees of freedom are described by the abstract
vectors ΩN ≡ (Ω1,...,ΩN) and LN ≡ (L1,...,LN), where Ωn
denotes the Euler angles, which specify the orientation of the
nth molecule, and Ln = I(Ωn)ωn is the corresponding angular
momentum, so that ωn denotes the angular velocity. Let us now
assume that the potential energy U(rN,ΩN) of the interparticle
interactions is pairwise additivity, i.e., that

∑Ω Ω Ω=
′=

′ ′U ur r r( , ) ( , ; , )N N

n n

N

n n n n
, 1 (2)

where u(rn,rn′;Ωn,Ωn′) is the interaction potential between
particles n and n′. In the particular case of axially symmetric
particles, which we shall have in mind here, the third Euler
angle is actually redundant, and hence, Ωn = Ωn(θn,ϕn).
The most basic observable in terms of which we want to

describe the dynamical properties of a nonspherical colloidal
system is the time-dependent microscopic one-particle density

∑ δ δΩ Ω Ω≡ − −
=

n t N t tr r r( , ; ) (1/ ) ( ( )) ( ( ))
n

N

n n
1

(3)
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Given that Ω = Ω(θ,ϕ), any function f(r,Ω) can be expanded
with respect to plane waves and spherical harmonics as

∫ ∑πΩ Ω= *− ·f
V

i f Yr k k( , ) 1 1
4

d ( ) ( )e ( )l ik r

lm
lm lm

(4)

where

∫ ∫π Ω Ω Ω= − ·f i d f Yk r r( ) 4 d ( , )e ( )l

V

ik r
lm lm (5)

Thus, using eq 3 in eqs 4 and 5, we may define the so-called
tensorial density modes

∑π Ω=
=

·n t
N

i Y tk( , ) 4 e ( ( ))lm
l

n

N
i t

lm n
k r

1

( )n

(6)

and hence, we can define the following two-time correlation
functions,

∑
τ δ τ δ

π τΩ Ω

≡ ⟨ * + ⟩

= ⟨ * + ⟩τ

′ ′ ′ ′

− ′

≠ ′

· + −
′ ′ ′′

F t n t n t

N
i e Y t Y t

k k k( , ; ) ( , ) ( , )

4 ( ( )) ( ( ))

lm l m lm l m

l l

n n

N
i t t

lm n l m n
k r r

;

[ ( ) ( )]n n

(7)

where δnlm(k, t) ≡ nlm(k, t) − ⟨nlm(k,t)⟩.
We also define for completeness the self-components

π Ω≡ ·n t i e Y tk( , ) 4 ( ( ))lm
S l i t

lm T
k r ( )T (8)

and the corresponding two-time correlation functions

τ τ
π τΩ Ω

≡ ⟨ + ⟩
= ⟨ + ⟩τ

′ ′
*

′ ′
− ′ · + −

′ ′

F t n t n t

i e Y t Y t

k k k( , ; ) ( , ) ( , )

4 ( ( )) ( ( ))
lm l m
S

lm
S

l m
S

l l i t t
lm T l m T

k r r

;

[ ( ) ( )]T T

(9)

where rT(t) denotes the position of the center of mass of any of
the particles at time t, and ΩT(t) describes its orientation. As
indicated before, we will refer to τ as the delay (or correlation)
time, whereas for t we refer to the evolution time.
The equal-time value of these correlation functions are

Flm;l′m′(k,τ = 0; t) = Slm;l′m′(k;t) and Flm;l′m′
S (k,τ = 0;t) = 1 where

Slm;l′m′(k;t) are the tensorial components of the static structure
factor S(k,Ω,Ω′;t). Of course, the dependence of these
quantities on the evolution time t is only relevant if the state
of the system is not stationary. Under thermodynamic
equilibrium, Flm;l′m′(k,τ;t), Flm;l′m′

S (k,τ;t), and Slm;l′m′(k;t) cannot
depend on t, and we should denote them as Flm;l′m′

(eq) (k,τ),
Flm;l′m′
S(eq) (k,τ), and Slm;l′m′

(eq) (k).
3. Summary of the Equilibrium SCGLE Equations. Applying

the GLE formalism described in Subsection IIAII.A.1, to the
dynamical variables nlm(k,t) and nlm

S (k,t) defined in Subsection
IIAII.A.2, one can derive exact memory function equations for
Flm;l′m′

(eq) (k,τ) and Flm;l′m′
S(eq) (k,τ).46 These memory function

equations require independent determination of the corre-
sponding self-and collective memory functions. In a manner
similar to the spherical case, simple Vineyard-like approximate
closure relations for these memory functions convert the
originally exact equations into a closed self-consistent system of
approximate equations for these dynamic properties.46 The
resulting approximate system of equations constitute the
extension to liquids of particles interacting through non-
spherical pair potentials, of the equilibrium SCGLE theory of
the dynamic properties of liquids of spherical particles. These
extended equations only involve as an external input the
corresponding projections Slm;l′m′

(eq) (k) of the equilibrium static

structure factor. Although for the rest of this section we shall
only refer to these equilibrium structural properties, for
notational convenience in what follows we shall not write the
label (eq).
Let us thus summarize the set of self-consistent equations

that constitute the equilibrium SCGLE theory for a Brownian
liquid of axially symmetric non spherical particles. In the
simplest version (we refer the reader to ref 46 for details), these
equations involve only the diagonal elements Flm(k,τ) ≡
Flm;lm(k,τ) and Flm

S (k,τ) ≡ Flm;lm
S (k,τ), and are written, in terms

of the corresponding Laplace transforms Flm(k,z) and Flm
S (k,z),

as

=
+ +

ζ λ ζ λ+ Δ *
+

+ Δ *
− −F k z

S k

z
( , )

( )
lm

lm
k D S k

z k
l l D S k

z k
( )

1 ( ) ( )
( 1) ( )

1 ( ) ( )
lm lm

2
T
0 1

T T
(lm)

R
0 1

R R
(lm) (10)

and

=
+ +

ζ λ ζ λ+ Δ *
+

+ Δ *

F k z
z

( , ) 1
lm
S

k D
z k

l l D
z k1 ( ) ( )

( 1)
1 ( ) ( )

2
T
0

T T
(lm)

R
0

R R
(lm) (11)

In these equations, DR
0 is the rotational free-diffusion

coefficient, and DT
0 is the center-of-mass translational free-

diffusion coefficient, whereas the functions λT
(lm)(k) and λR

(lm)(k)
are defined as λT

(lm)(k) = 1/[1 + (k/kc)
2] and λR

(lm)(k) = 1, where
kc = α × kmax, with kmax being the position of the main peak of
S00(k) and α = 1.305. This ensures that for radially symmetric
interactions, we recover the original theory describing liquids of
soft and hard spheres.43

On the other hand, within well-defined approximations
discussed in appendix A of ref 46 the functions Δζα*(τ) (α =
T,R) may be written as

∫ ∑ζ τ
π

τ τ

Δ * = + −

×

−D
n

k l S k

F k F k

k( ) 1
3 (2 )

d [2 1][1 ( )]

( ; ) ( ; )
l

l

l
S

l

T
T
0

3
2

0
1 2

0 0 (12)

and

∫ ∑ζ τ
π π

τ τ

Δ * = +

× −

D n l h k

A S k F k F k

k( ) 1
2 (2 ) 4

1
(4 )

d [2 1] ( )

[ ] [ ( )] ( ; ) ( ; )

R

l m
l

l m lm lm
S

lm

R

0

3 2
,

0
2

;0
2 1 2

(13)

where hlm(k) denotes the diagonal k-frame projections of the
total correlation function h(k,Ω,Ω′), i.e., hlm(k) is related to
Slm(k) by Slm(k) = 1+(n/4π)hlm(k), and n = N/V is the number
density. Finally, Al;mm′ ≡ [Clm

+ δm+1,m′+Clm
− δm−1,m′] and

≡ ∓ ± +±C l m l m( )( 1)lm .
Let us mention that, in order to obtain the closed set of eqs

10−13 involving the functions Flm(k,τ), Flm
S (k,τ), ΔζT*(τ), and

ΔζR*(τ), we have introduced simple first-order Vineyard-like
approximations, connecting the collective and self-memory
kernels for both translational and rotational dynamics (see eq
42 in ref 46). On their turn, the functions ΔζT*(τ) and ΔζR*(τ)
are, respectively, the translational and rotational memory
kernels for the tracer diffusion, which can also be obtained
within the GLE formalism.56 For the main details in
determining eqs 12 and 13, the reader is referred to the
appendix of ref 46 and the references therein.
Thus, eqs 10−13 constitute the equilibrium non spherical

version of the SCGLE theory, whose solution provides the full
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time-evolution of the dynamic correlation functions Flm(k;τ)
and Flm

S (k;τ) and of the memory functions Δζα*(τ). These
equations may be numerically solved using standard methods
once the projections Slm(k) of the static structure factor are
provided. Under some circumstances, however, one may only
be interested in identifying and locating the regions in state
space that correspond to the various possible ergodic or
nonergodic phases involving the translational and orientational
degrees of freedom of a given system. For this purpose, it is
possible to derive from the full SCGLE equations the so-called
bifurcation equations, i.e., the equations for the long-time
stationary solutions of eqs 10−13. These are written in terms of
the so-called nonergodicity parameters, defined as

τ≡
τ→∞

f k
F k

S k
( ) lim

( ; )
( )lm

lm

lm (14)

τ≡
τ→∞

f k F k( ) lim ( ; )lm
S

lm
S

(15)

and

ζ ζ τΔ * ≡ Δ *α τ α
∞

→∞
lim ( )( )

(16)

with α = T, R. The simplest manner to determine these
asymptotic solutions is to take the long-time limit of eqs
10−13, leading to a system of coupled equations for f lm(k),
f lm
S (k), and Δζα*(∞).
It is not difficult to show that the resulting equations can be

written as

λ λ
λ λ γ λ γ λ

=
+ + +

f k
S k k k

S k k k k k l l k
( )

[ ( )] ( ) ( )
( ) ( ) ( ) ( ) ( 1) ( )lm

lm

lm T T

T
(lm)

R
(lm)

T
(lm)

R
(lm) 2

R
(lm)

R
(lm)

(17)

and

λ λ
λ λ γ λ γ λ

=
+ + +

f k

k k
k k k k l l k

( )

( ) ( )
( ) ( ) ( ) ( 1) ( )

lm
S

lm lm

lm lm lm lm
T
( )

R
( )

T
( )

R
( ) 2

T R
( )

R T
( )

(18)

where the dynamic order parameters γT and γR, defined as

γ
ζ

≡
Δ *α

α

α
∞

D0

( )
(19)

are determined from the solution of

∫ ∑γ π
= + −

×

∞ −
n

kk l S k S k

f k f k

1 1
6

d [2 1][1 ( )] ( )

( ) ( )
l

l l

l
S

l

T
2 0

4
0

1 2
0

0 0 (20)

and

∫ ∑γ π
= + −

×

∞ −
n

kk l S k S

k f k f k A

1 1
16

d [2 1][ ( ) 1]

( ) ( ) ( )
lm

l lm

lm
S

lm l m

R
2 0

2
0

2 1

;0
2

(21)

As discussed in ref 46 fully ergodic states are described by the
condition that the nonergodicity parameters (i.e., f lm(k), f lm

S (k),
and Δζα*(∞)) are all zero, and hence, the dynamic order
parameters γT and γR are both infinite. Any other possible
solution of these bifurcation equations indicate total or partial
loss of ergodicity. Thus, γT and γR finite indicate full dynamic

arrest whereas γT finite and γR = ∞ corresponds to the mixed
state in which the translational degrees of freedom are
dynamically arrested but not the orientational degrees of
freedom.

II.B. Nonequilibrium Extension. The main reason for the
previous brief review of the SCGLE theory for liquids with
nonspherical interparticle interactions, is that this equilibrium
theory contains the fundamental ingredients to develop a
theoretical description of the genuine nonequilibrium nonsta-
tionary irreversible processes characteristic of glassy behavior,
such as aging.21 Let us now outline the conceptual basis and the
main steps involved in the derivation of the nonequilibrium
version of the SCGLE theory for glass-forming liquids of
nonspherical particles, which we shall refer to as the
nonequilibrium generalized Langevin equation (NE-SCGLE)
theory.

II.B.1. Nonstationary Onsager-Machlup Theory. As men-
tioned before, including memory effects in Onsager and
Machlup’s general model of fluctuations is the phenomeno-
logical route to the generalized Langevin equation formalism.51

One important feature of this phenomenological line of
reasoning is its remarkable flexibility. Thus, since the essence
of this formalism is the mathematical condition of stationar-
ity,27 and not necessarily the physical condition of thermody-
namic equilibrium, it is in principle applicable to describe
nonequilibrium stationary states (ss) of matter. In fact, by
modeling a nonstationary stochastic process as a piecewise
sequence of stationary processes, this phenomenological
framework gave rise to the nonstationary version21 of Onsager’s
theory of thermal fluctuations and irreversible processes.23−26

In summary, the nonequilibrium version of Onsager’s
formalism, which we take as our starting point, states that
(I) the mean value a (t) of the vector a(t) = [a1(t), a2(t),...,

aν(t)]
† formed by the ν macroscopic variables that

describe the state of the system is the solution of some
generally nonlinear equation, represented by

̅ = ̅
a t

t
a td ( )

d
[ ( )]9

(22)

whose linear version in the vicinity of a stationary state a
ss (i.e., ̅ =a[ ] 0ss9 ) reads

Δ ̅ = − ̅ · ̅ ·Δ ̅
a t
t

a a a td ( )
d

[ ] [ ] ( )ss ss3 ,
(23)

with Δa (t) ≡ a (t) − a ss, and that
(II) the relaxation equation for the ν × ν covariance matrix

σ δ δ≡ †t t ta a( ) ( ) ( ) of the nonstationary fluctuations δ
a(t) ≡ a(t)−a (t) can be written as21

σ σ= − ̅ · ̅ ·t
t

a t a t td ( )
d

[ ( )] [ ( )] ( )3 ,
(24)

σ− · ̅ · ̅ + ̅ + ̅† †t a t a t a t a t( ) [ ( )] [ ( )] ( [ ( )] [ ( )]), 3 3 3

In these equations a[ ]3 is a ν × ν “kinetic” matrix, defined in
terms of a[ ]9 as ≡ − ∂ ∂ · −a a a a[ ] ( [ ]/ ) [ ]13 9 , , whereas a[ ],
is the ν × ν thermodynamic (“stability”) matrix, defined as

ν≡ − ∂
∂ ∂ = − ∂

∂ =
⎛
⎝
⎜⎜

⎞
⎠
⎟⎟

⎛
⎝
⎜⎜

⎞
⎠
⎟⎟k

S
a a

F
a

i ja a a
[ ] 1 [ ] [ ]

( , 1, 2, ..., )ij
i j

i

jB

2
,

(25)
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with S[a] being the entropy and Fj[a] ≡ kB
−1 (∂S[a]/∂aj) the

conjugate intensive variable associated with aj. The function S =
S[a], which assigns a value of the entropy S to any possible
state point a in the state space of the system, is thus the so-
called fundamental thermodynamic relation,57 and constitutes
the most important and fundamental external input of the
nonequilibrium theory. The previous equations, however, do
not explicitly require the function S = S[a], but only its second
derivatives defining the stability matrix a[ ], . The most
important property of the matrix a[ ], is that its inverse is
the covariance of the equilibrium fluctuations, i.e.,

σ̅ · =a I[ ]eq eq, (26)

with σ δ δ≡ a aij i j
eq eq , where the average is taken with the

probability distribution Peq[a] of the equilibrium ensemble.
In addition, the nonequilibrium version of Onsager’s

formalism introduces the globally nonstationary (but locally
stationary) extension21 of the generalized Langevin equation for
the stochastic variables δai(t + τ) ≡ ai(t + τ) − a i(t),

21

∫

δ τ
τ ω σ δ τ

τ γ τ τ σ δ τ τ

∂ +
∂ = − ̅ · · +

− ′ − ′ ̅ · · + ′ + +
τ

−

−

t a t t t

d a t t t t

a a

a f

( ) [ ( )] ( ) ( )

[ ; ( )] ( ) ( ) ( )

1

0

1

(27)

where the random term f(t + τ) has zero mean and two-time
correlation function given by the fluctuation−dissipation
relation ⟨f(t + τ)f(t + τ′)⟩ = γ[τ−τ′;a(t)]. From this equation
one derives the time-evolution equation for the nonstationary

time-correlation matrix τ δ τ δ≡ + †C t t ta a( ; ) ( ) ( ), reading

∫

τ
τ ω σ τ

τ γ τ τ σ τ

∂
∂ = − ̅ · ·

− ′ − ′ ̅ · · ′
τ

−

−

C t a t t C t

d a t t C t

( ; ) [ ( )] ( ) ( ; )

[ ; ( )] ( ) ( ; )

1

0

1

(28)

whose initial condition is C(τ = 0;t) = σ(t). In these equations,
ω[a] represents conservative (mechanical, geometrical, or
streaming) relaxation processes, and is just the antisymmetric
part of a[ ]3 , i.e., ω = − †a a a[ ] ( [ ] [ ])/23 3 . The memory
function γ[τ;a(t)], on the other hand, summarizes the effects of
all the complex dissipative irreversible processes taking place in
the system.
Taking the Laplace transform (LT) of eq 28 to integrate out

the variable τ in favor of the variable z, rewrites this equation as

σ τ= + ̅ · · =− −C z t z z a t t C tI L( ; ) { [ ; ( )] ( )} ( 0; )1 1 (29)

with L[z;a (t)] being the LT of

τ δ τ ω γ τ̅ ≡ ̅ + ̅a t a t a tL[ ; ( )] 2 ( ) [ ( )] [ ; ( )] (30)

To avoid confusion, let us mention that L[z;a(t)] thus defined
is not, of course, an angular momentum. In terms of L[z;a(t)],
the phenomenological “kinetic” matrix ̅a t[ ( )]3 appearing in eq
24, is given by the following relation

∫
ω

τγ τ
̅ = = ̅ ≡ ̅

+ ̅
∞

a t z a t a t

a t

L[ ( )] [ 0; ( )] [ ( )]

d [ ; ( )]
0

3

(31)

which extends to nonequilibrium conditions the well-known
Kubo formula. The exact determination of γ[τ;a] is perhaps

impossible except in specific cases or limits; otherwise one must
resort to approximations. These may have the form of a closure
relation expressing γ[τ;a(t)] in terms of the two-time
correlation matrix C(τ;t) itself, giving rise to a self-consistent
system of equations, as we illustrate in the application below.

II.B.2. Application to the Derivation of the NE-SCGLE
Equations for Nonspherical Particles. These general and
abstract concepts have specific and concrete manifestations,
which we now discuss in the particular context of the
description of nonequilibrium diffusive processes in colloidal
dispersions. For this, let us identify the abstract state variables ai
with the number concentration ar,Ω ≡ Nr,Ω/ΔV of particles with
orientation Ω in the rth cell of an imaginary partitioning of the
volume occupied by the liquid in C cells of volume ΔV. In the
continuum limit, the components of the state vector a(t) then
become the microscopic local concentration profile n(r,Ω;t)
defined in eq 3 and the fundamental thermodynamic relation S =
S[a] (which assigns a value of the entropy S to any point a of
the thermodynamic state space57) becomes the functional
dependence S = S[n] of the entropy (or equivalently, of the
free energy) on the local concentration profile n(r,Ω;t).
Using this identification in eqs 22 and (24) leads to the time

evolution equations for the mean value n (r,Ω;t) and for the
covariance σ δ δΩ Ω Ω Ω′ ′ ≡ ′ ′t n t n tr r r r( , ; ; ) ( , ; ) ( , ; ) of the
fluctuations δn(r,Ω; t) = n(r,Ω;t) − n (r,Ω;t) of the local
concentration profile n(r,Ω;t). These two equations are the
nonspherical extensions of eqs 3.6 and 3.8 of ref 21, which are
coupled between them through two (translational and
rotational) local mobility functions, bT(r,Ω;t) and bR(r,Ω;t),
which in their turn, can be written approximately in terms of
t h e t w o - t i m e c o r r e l a t i o n f u n c t i o n

δ δΩ Ω Ω Ω′ ′ ′ ≡ ′ ′ ′C t t n t n tr r r r( , ; ; , ) ( , ; ) ( , ; ). A se t o f
well-defined approximations on the memory function of
C(r,Ω;r′Ω′;t,t′), which extends to nonspherical particles those
described in ref 21 in the context of spherical particles, results
in the referred NE-SCGLE theory.
Rather than discussing these general NE-SCGLE equations,

let us now write them explicitly as they apply to a more specific
(but still generic) phenomenon, namely, to a glass-forming
liquid of nonspherical particles subjected to a programmed
cooling while constrained to remain spatially homogeneous and
isotropic with fixed number density n. Thus, rather than solving
the time-evolution equation for n (r,Ω;t), we have that n (r,Ω;
t) = n now becomes a control parameter. As a result, we only
have to solve the time-evolution equation for the covariance
σ(r,Ω;r′Ω′; t) = σ(r−r′,Ω,Ω′;t). Furthermore, let us only
consider the simplest cooling protocol, namely, the instanta-
neous temperature quench at t = 0 from an arbitrary initial
temperature Ti to a final value Tf.
At this point, let us notice that it is actually more practical to

identify the abstract vector a(t) = [a1(t), a2(t),..., aν(t)]
† of state

variables not with the local concentration n (r,Ω;t) itself, but
with only one of its tensorial modes, so that a(t) = [a1(t)], with
a1 ≡ nlm(k,t), defined in eq 6. Under these conditions, the
corresponding nonstationary covariance σ(t) is just a scalar,
denoted by Slm(k,t), and defined as

σ δ δ= ≡ *t S k t n t n tk k( ) ( , ) ( , ) ( , )lm lm lm (32)

with δ ≡ −n t n t n tk k k( , ) ( , ) ( , )lm lm lm . In other words,
S l m(k , t) i s a d i agona l e l ement o f the ma t r i x

δ δ≡ *′ ′ ′ ′S k t n t n tk k( , ) ( , ) ( , )lm l m lm l m, . The time-evolution equa-
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tion of Slm(k,t) then follows from identifying all the elements of
eq 24.
The first of such elements is the thermodynamic matrix a[ ], ,

which in this case is also a scalar, that we shall denote by
n k[ ( )]lm lm, . It is defined in terms of the second derivative of

the entropy S[nlm(k)] (in a contracted description in which the
only explicit macroscopic variable is nlm(k)) as

≡ −
⎛
⎝⎜

⎞
⎠⎟n

k
S n

n
k

k
k

[ ( )] 1 d [ ( )]
d ( )lm lm

lm

lmB

2

2,
(33)

According to eq 26, this thermodynamic property is just the

inverse of the equilibrium value of δ δ≡ *S k n nk k( ) ( ) ( )lm lm lm
eq eq

of Slm(k,t),

=n S kk[ ( )] 1/ ( )lm lm lm
eq, (34)

Let us notice, however, that n k[ ( )]lm lm, is not just the diagonal
element of the matrix ′ ′ n[ ]lm l m,, , defined in terms of the second
partial derivative of the entropy S[n] (in a noncontracted
description in which the explicit macroscopic variables are all
the tensorial density modes nlm(k) of the microscopic one-
particle density n(r,Ω;t)) as

≡ − ∂
∂ ∂′ ′

′ ′

⎛
⎝⎜

⎞
⎠⎟n

k
S n

n nk k
[ ] 1 [ ]

( ) ( )lm l m
lm l m

,
B

2
,

(35)

However, according again to eq 26, the inverse of this matrix
y i e l d s t h e f u l l e q u i l i b r i u m c o v a r i a n c e

δ δ≡ *′ ′ ′ ′S k n nk k( ) ( ) ( )lm l m lm l m,
eq eq

, whose diagonal element Slm
eq(k)

es determine n k[ ( )]lm lm, , according to eq 34. Let us mention,
however, that in reality n k[ ( )]lm lm, is also a functional of the
spatially nonuniform local temperature field T(r). To indicate
this dependence more explicitly we shall denote the
thermodynamic matrix as n Tk[ ( ); ]lm lm, . Here, however, we
shall impose the constraint that at any instant the system is
thermally uniform, T(r) = T, and instantaneously adjusted to
the reservoir temperature T, which will then be a (possibly
time-dependent) control parameter T(t).
The second element of eq 24 that we must identify is the

kinetic matrix a[ ]3 . For this, let us first compare the
equilibrium version of eq 29, namely,

σ σ= + ̅ · ·− −C z z z aI L( ) { [ ; ] }1 1 (36)

with its particular case in eq 10, in which the scalars Flm(k,z)
and Slm(k) correspond, respectively, to C(z) and σ. This
comparison allows us to identify L[z;a ] with the scalar

ζ λ ζ λ+ Δ * + +
+ Δ *

⎡
⎣
⎢⎢

⎤
⎦
⎥⎥

k D
z k

l l D
z k1 ( ) ( )

( 1)
1 ( ) ( )

2
T
0

T T
(lm)

R
0

R R
(lm)

(37)

Extending this identification to nonstationary conditions, we
have that

ζ λ ζ λ

̅ =

+ Δ * + +
+ Δ *

⎡
⎣
⎢⎢

⎤
⎦
⎥⎥

z a t

k D
z t k t

l l D
z t k t

L[ ; ( )]

1 ( ; ) ( ; )
( 1)

1 ( ; ) ( ; )lm lm

2
T
0

T T
( )

R
0

R R
( )

(38)

where the functions λR
(lm)(k;t) are defined as unity and the

functions λT
(lm)(k;t) as λT

(lm)(k;t) = 1/[1 + (k/kc(t))
2], where kc =

1.305 × kmax(t), with kmax(t) being the position of the main

peak of S00(k;t). The functions ΔζT*(z;t) and ΔζR*(z;t), to be
defined below, are the nonstationary versions of the functions
ΔζT*(z), and ΔζR*(z).
Since ̅ = = ̅a t z a tL[ ( )] [ 0; ( )]3 (see eq 31), the general

and abstract time-evolution equation in eq 24 for the
nonstationary covariance becomes

ζ λ

ζ λ

∂
∂ = −

+ Δ * = =

+ +
+ Δ * = =

× −

⎡
⎣
⎢⎢

⎤
⎦
⎥⎥

S k t
t

k D
z t k t

l l D
z t k t

k t S k t

( ; )
2

1 ( 0; ) ( 0; )

( 1)
1 ( 0; ) ( 0; )

[ ( , ) ( ; ) 1]

lm
lm

lm

lm lm

2
T
0

T T
( )

R
0

R R
( )

, (39)

where =k t n T tk( , ) [ ( ); ( )]lm lm lm, , . In the present applica-
tion to the instantaneous isochoric quench at time t = 0 to a
final temperature Tf and fixed bulk density n, this property is a
c o n s t a n t , i . e . , f o r t > 0 w e h a v e t h a t

= =k t n T kk( , ) [ ( ); ] ( )lm lm lm f lm
f( ), , , . In addition, in consis-

tency with the coarse-grained limit z = 0 in ΔζT*(z = 0;t) and
ΔζR*(z = 0;t), we have also approximated λT

(lm)(k;t) and
λR
(lm)(k;t) by its k → 0 limit λT

(lm)(k = 0;t) and λR
(lm)(k = 0;t),

which are actually unity. Thus, the previous equation reads

∂
∂ = − + +

× −

S k t
t

k D b t l l D b t k

S k t k

( ; )
2[ ( ) ( 1) ( )] ( )

[ ( ; ) 1/ ( )]

lm
lm
f

lm lm
f

2
0
T T

0
R R ( )

( )

,

, (40)

where the translational and rotational time-dependent mobi-
lities bT(t) and bR(t) are defined as

∫ τ ζ τ= + Δ *∞ −b t d t( ) [1 ( ; )]T

0
T

1
(41)

and

∫ τ ζ τ= + Δ *∞ −b t t( ) [1 d ( ; )]R

0
R

1
(42)

in terms of the nonstationary τ-dependent friction functions
ΔζT*(τ; t) and ΔζR*(τ; t).
In order to determine bT(t) and bR(t), we adapt to

nonequilibrium nonstationary conditions, the same approx-
imations leading to eqs 12 and 13 for the equilibrium friction
functions ΔζT*(τ) and ΔζR*(τ), which in the present case lead to
similar approximate expressions for ΔζT*(τ; t) and ΔζR*(τ; t),
namely,

∫ ∑ζ τ
π

τ τ

Δ * = +

× − −

t
D

n
k l

S k t F k t F k t

k( ; ) 1
3 (2 )

d [2 1]

[1 ( ; )] ( , ; ) ( , ; )
l

l l
S

l

T
T
0

3
2

0
1 2

0 0
(43)

and

∫ ∑ζ τ
π π

τ τ

Δ * = +

× −

t
D n l h k t

A S k t F k t F k t

k( ; ) 1
2 (2 ) 4

1
(4 )

d [2 1] ( ; )

[ ] [ ( ; )] ( , ; ) ( , ; )
lm

l

l m lm lm
S

lm

R
R
0

3 2 0
2

;0
2 1 2

(44)

where Flm;l′m′(k,τ;t) are the nonstationary, τ-dependent
correlation functions Flm;l′m′(k,τ;t) ≡ ⟨δnlm*(k, t + τ)δnl′m′(k,t)⟩,
with Flm;l′m′

S (k,τ;t) being the corresponding self components.
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In a similar manner, the time-evolution equations for
Flm;l′m′(k,τ;t) and Flm;l′m′

S (k,τ;t) are written, in terms of the
Laplace transforms Flm;l′m′(k,z;t), Flm;l′m′

S (k,z;t), ΔζT*(z;t), and
ΔζR*(z;t), as

=
+ +

ζ λ ζ λ+ Δ *
+

+ Δ *
− −F k z t

S k t

z
( , ; )

( ; )
lm

lm
k D S k t

z t k t
l l D S k t

z t k t
( ; )

1 ( ; ) ( ; )
( 1) ( ; )

1 ( ; ) ( ; )
lm lm

2
T
0 1

T T
(lm)

R
0 1

R R
(lm)

(45)

=
+ +

ζ λ ζ λ+ Δ *
+

+ Δ *

F k z t
z

( , ; ) 1
lm
S

k D
z t k t

l l D
z t k t1 ( ; ) ( ; )

( 1)
1 ( ; ) ( ; )

2
T
0

T T
(lm)

R
0

R R
(lm)

(46)

For given specific thermodynamic functions n Tk[ ( ); ]lm lm f, ,
eqs 40−46 constitute a closed set of equations for the
nonequilibrium properties Slm(k;t), Flm(k,τ;t), Flm

S (k,τ;t),
whose solution provides the NE-SCGLE description of the
nonstationary and nonequilibrium structural relaxation of glass-
forming liquids formed by nonspherical particles. In a concrete
application, these equations only require as an input the specific
form of n Tk[ ( ); ]lm lm f, and of the (arbitrary) initial static
structure factor projections Slm(k) ≡ Slm(k;t = 0). In the
following section, we illustrate the concrete application of the
theory with a simple but interesting application.

III. RESULTS AND DISCUSSION
Illustrative Application: Interacting Dipoles with

Random Fixed Positions. Equations 40−46 describe the
coupled translational and rotational dynamics of a Brownian
liquid of nonspherical particles in search of thermodynamic
equilibrium after a sudden quench. A thorough application to a
concrete system should then exhibit the full interplay of the
translational and rotational degrees of freedom during this
process. As mentioned in the introduction, however, carrying
out such an exercise falls out of the scope of the present paper.
Instead, as an illustrative application, here we discuss the
solution of our resulting equations describing the irreversible
evolution of the orientational dynamics of a system of strongly
interacting dipoles with fixed but random positions subjected to
a sudden temperature quench.
For this, let us recall that two important inputs of eqs 40−46,

are the short-time self-diffusion coefficients DT
0 and DR

0 , which
describe, respectively, the short-time Brownian motion of the
center of mass and of the orientations of the particles. Hence,
arbitrarly setting DT

0 = 0 implies that the particles are prevented
from diffusing translationally in any time scale, thus remaining
fixed in space. Within this simplification, eq 40 reduces to

∂
∂ = − + −S k t

t
l l D b t k S k t k

( ; )
2 ( 1) ( ) ( )[ ( ; ) 1/ ( )]lm

lm
f

lm lm
f

0
R R ( ) ( ), ,

(47)

whereas eqs 45 and (46) now read

=
+

ζ λ
+

+ Δ *
−F k z t

S k t

z
( , ; )

( ; )
lm

lm
l l D S k t

z t k t
( 1) ( ; )

1 ( ; ) ( , )
lm

lm
R
0 1

R R
( ) (48)

and

=
+

ζ λ
+

+ Δ *

F k z t
z

( , ; ) 1
lm
S

l l D
z t k t

( 1)
1 ( ; ) ( , )lm

R
0

R R
( ) (49)

Also, the time-dependent translational mobility satisfies bT(t) =
1. Hence, we only need to complement eqs 47, 48, and 49 with

∫ τ ζ τ= + Δ *∞ −b t t( ) [1 d ( ; )]R

0
R

1
(50)

and

∫ ∑ζ τ
π π

τ τ

Δ * = +

−

t
D n d l h k t

A S k t F k t F k t

k( ; ) 1
2 (2 ) 4

1
(4 )

[2 1] ( ; )

[ ] [ ( ; )] ( , ; ) ( , ; )
lm

l

l m lm lm
S

lm

R
R
0

3 2 0
2

;0
2 1 2

(51)

where Al;0m ≡ [Cl0
+δ1,m+Cl0

−δ−1,m] and ≡ ∓ +±C l l( 0)( 1)l0 .
In the following subsections, we report the simplest application
of these equations.

III.A. The Dipolar Hard-Sphere Liquid with Frozen
Positions. Let us consider a system formed by N identical
dipolar hard spheres of diameter σ bearing a point dipole of
magnitude μ in their center, such that the dipolar moment of
the nth particle (n = 1,2···N) can be written as μn = μμ̂n where
the unitary vector μ̂n describes its orientation. Thus, the
orientational degrees of freedom of the system, ΩN, are
described by the set of unitary vectors (μ̂1, μ̂2,..., μ̂N) = ΩN, so
that the pair potential u(rn,rn′;Ωn,Ωn′) between particles n and
n′ is thus the sum of the radially symmetric hard-sphere
potential uHS(|rn − rn′|) plus the dipole−dipole interaction,
given by

μ μ μ
μ μ

Ω Ω = | − | − ̂ · ̂
− − · ̂ − · ̂

′ ′ ′
−

′ ′

′ ′ ′

u r r r r r r

r r r r

( , ; , ) [( ) ( )

3(( ) )(( ) )]

n n n n n n n n n n

n n n n n n

dip
2 5 2

(52)

The state space of this system is spanned by the number
density n and the temperature T, expressed in dimensionless
form as [nσ3] and [kBTσ

3/μ2] (with kB being Boltzmann’s
constant). From now on, we shall denote [nσ3] and [kBTσ

3/μ2]
simply as n and T, i.e., we shall use σ as the unit of length, and
μ2/kBσ

3 as the unit of temperature; most frequently, however,
we shall also refer to the hard-sphere volume fraction ϕ ≡ πn/6.
The application of the NE-SCGLE equations starts with the

external determination of the thermodynamic function
ϕ≡k k T( ) ( ; , )f

flm
( )

lm, , . At a given state point (ϕ,T) the
function ϕk T( ; , )lm, can be determined using the fact that its
inverse is identical to the projection Slm

eq(k;ϕ,T) of the
equilibriumstatic structure factor Seq(k,μ,μ′) at that state point.
In the context of the present application, this equilibrium
property will be approximated by the solution of the mean
spherical approximation (MSA) for the dipolar hard sphere
(DHS) fluid developed by Wertheim.58 The details involved in
the determination of the resulting equilibrium static structure
factor, whose only nonzero projections are S00

eq(k), S10
eq(k) and

S11
eq(k) = S1−1

eq (k), can be consulted in ref.47

The equilibrium projections Slm
eq(k;ϕ,T) can also be used in

the so-called bifurcation equations of the equilibrium theory.
These are eqs 17−21 for the nonergodicity parameters γTeq(ϕ,T)
and γR

eq(ϕ,T). According to eq 19, however, DT
0 = 0 implies

γT
eq(ϕ,T) = 0, so that in the present case we must only solve eq
21 for γR

eq(ϕ,T). If the solution is infinite, we say that the
asymptotic stationary state is ergodic, and hence, that at the
point (ϕ,T) the system will be able to reach its thermodynamic
equilibrium state. If, on the other hand, γR

eq(ϕ,T) turns out to be
finite, the system is predicted to become dynamically arrested
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and thus, the long time limit of Slm(k,t) will differ from the
thermodynamic equilibrium value Slm

eq(k;ϕ,T). The application
of this criterion leads to the prediction that the system under
consideration will equilibrate for temperatures T above a critical
value Tc(ϕ), whereas the system will be dynamically arrested
for temperatures below Tc. In this manner one can trace the
dynamic arrest line Tc = Tc(ϕ), which for our illustrative
example is presented in Figure 1. For example, along the
isochore ϕ = 0.2, this procedure determines that Tc = Tc(ϕ =
0.2) = 0.116.

We can now use the same thermodynamic function
ϕ≡k k T( ) ( ; , )lm

f
lm

( )
f, , to go beyond the determination of

the dynamic arrest line Tc = Tc(ϕ) by solving the set of NE-
SCGLE eqs 47−51 to describe the rotational diffusive
relaxation of our system. For this, let us notice that these
equations happen to have the same mathematical structure as
the NE-SCGLE equations that describe the translational
diffusion of spherical particles (see, e.g., eqs 2.1−2.6 of ref
31). Although the physical meaning of these two sets of
equations is totally different, their mathematical similarity
allows us to implement the same method of solution described
in ref 29. Thus, we do not provide further details of the
numerical protocol to solve eqs 47−51, but go directly to
illustrate the resulting scenario.
At this point let us notice that there are two possible classes

of stationary solutions of eq 47. The first class corresponds to
t h e l o n g - t i m e a s y m p t o t i c c o n d i t i o n

=→∞ S k t klim ( ; ) 1/ ( )t
f

lm lm
( ), , in which the system is able to

reach the thermodynamic equi l ibr ium condit ion

=S k k( ) 1/ ( )lm lm
eq (f), . Equilibration is thus a sufficient condition

for the stationarity of Slm(k,t). It is, however, not a necessary
condition. Instead, according to eq 47, another sufficient
condition for stationarity is that limt→∞bR(t) = 0. This is
precisely the hallmark of dynamically arrested states. In what
follows we discuss the phenomenology predicted by the
solution of eqs 47−51 for each of these two mutually exclusive
possibilities.

III.B. Equilibration of the System of Interacting
Dipoles with Random Fixed Positions. Let us now discuss
the solution of eqs 47−51 describing the nonequilibrium
response of the system to an instantaneous temperature
quench. For this, we assume that the system was prepared in
an equilibrium state characterized by the initial value Slm

(i)(k) =
Slm
(eq)(k,ϕ,Ti) = Slm(k,t = 0), of Slm(k,t), and that at time t = 0 the
temperature is instantaneously quenched to a final value Tf.
Normally one expects that, as a result, the system will
eventually reach full thermodynamic equilibrium, so that the
long time asymptotic limit of Slm(k,t) will be the equilibrium
projections Slm

(eq)(k;ϕ,Tf). Such equilibration processes are
illustrated in Figure 2a with an example in which the system
was quenched from an initial equilibrium state at temperature
Ti = 0.3, Slm(k,t = 0)= Slm(k;ϕ,Ti), to a final temperature Tf =
0.15 > Tc = 0.116, keeping the volume fraction constant at ϕ =
0.2 (the first of the two quenches schematically indicated by the
dashed vertical arrows of Figure 1).
Under these conditions, and from the physical scenario

predicted in Figure 1, we should expect that the system will
indeed equilibrate, so that Slm(k,t → ∞) = Slm

(eq)(k;ϕ,Tf). This,
however, will only be true for S10(k,t) and S11(k,t), since,
according to eq 47, S00(k,t) must remain constant for t > 0,
indicating that the artificially quenched spatial structure will not
evolve as a result of the temperature quench. For the same
reason, eqs 48 and 49 imply that the normalized intermediate
scattering functions F00(k,τ;t)/S00(k;t) and F00

S (k,τ;t) will be
unity for all positive values of the correlation time τ and waiting
time t. For reference, the structure of the frozen positions
represented by S00(k,t) = S00

(eq)(k,ϕ,Ti), is displayed in Figure 2a
by the (magenta) dotted line, which clearly indicates that the
fixed positions of the dipoles are strongly correlated, in contrast
with a system of dipoles with purely random fixed positions, in
which S00(k,t) would be unity. In the same figure, the initial and
final equilibrium static structure factor projections, S10

(i)(k) =
S10
(eq)(k;ϕ, Ti) and S10

(f)(k) = S10
(eq)(k;ϕ, Tf), are represented,

respectively, by the (red) dashed and (blue) dot-dashed curves.
The sequence of (brown) solid curves in between represents
the evolution of S10(k,t) with waiting time t, as a series of
snapshots corresponding to the indicated values of t.
For each snapshot of the static structure factor projections

Slm(k,t), the solution of eqs 47−51 also determines a snapshot
of each of the dynamic correlation functions Flm(k,τ;t) and
Flm
S (k,τ;t). These functions are related with other more intuitive

and experimentally accessible properties, such as the time-
dependent autocorrelation function C1(τ;t) ≡ ⟨∑i = 1

N μ̂i(t + τ) ·
μ̂i(t)⟩/⟨∑i=1

N μ̂i(t)· μ̂i(t)⟩ of the normalized dipole vectors μ̂i. In
fact, since our dynamic correlators Flm(k,τ;t) and Flm

S (k,τ;t) were
assumed to be described from the intermolecular k-frame,46 one
can relate them with the time-dependent autocorrelation
function C1(τ;t) directly through the following expression,59

∑τ τ=
→ =−

C t F k t( ; ) 1
3

lim ( , ; )
k m

m
S

1
0 1

1

1
(53)

Figure 1. Dynamical arrest line (solid curve) in the (ϕ,T) state space
of the system of interacting dipoles with fixed positions. This line is the
boundary between the region of ergodic states, at which the system is
predicted to reach thermodynamic equilibrium, and the predicted
region of dynamically arrested states. Each of the two superimposed
vertical dashed arrows represent the quench of the system from an
initial temperature Ti (green dot) to a final temperature Tf (blue dots),
in one case above (I) and in the other case below (II) the dynamic
arrest line.
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Let us notice that, according to eq 49, the three terms in the
sum on the right-hand side of eq 53, F10

S (k,τ;t), F11
S (k,τ;t), and

F1−1
S (k,τ;t), satisfy the same equation of motion (which only

depends explicitly on l) and thus, contribute exactly in the same
manner to the τ and t dependence of C1(τ;t). Thus, C1(τ;t)
summarizes the irreversible time evolution of the orientational
dynamics, as illustrated in Figure 2b with the snapshots
corresponding to the same set of evolution times t as the
snapshots of S10(k,t) in Figure 2a. We observe that C1(τ;t)

starts from its initial equilibrium value, C1(τ;t = 0) =
C1
(eq)(τ;ϕ,Ti) and quickly evolves with waiting time t toward

C1(τ;t→∞) = C1
(eq) (k,τ;ϕ,Tf). This indicates that the expected

equilibrium state at (ϕ = 0.2,Tf) is reached without impediment
and that the orientational dynamics remains ergodic at that
state point.
As mentioned before, the structure of eqs 47−51 is the same

as that of the equations in ref 29 describing the spherical case.
Thus, one should not be surprised that the general dynamic and

Figure 2. Illustration of an equilibration process. (a) Snapshots of the time evolution of the l = 1,m = 0 static structure factor projection, S10(k,t),
corresponding to the isochoric quench Ti → Tf for ϕ = 0.2, with Ti = 0.3 and Tf = 0.15. The (red) dashed line is the initial structure factor S10(k,t =
0) = S10

(i)(k). The (blue) dot-dashed line is the asymptotic limit S10(k,t → ∞) = S10
(f)(k) = S10

(eq)(k). The sequence of thinner (brown) solid lines in
between represents S10(k,t) for t = 0.3, 0.78, 1.42, 2.33 and t → ∞. For reference we also include the nonevolving component S00(k,t) = S00

eq(k;ϕ,Ti),
indicated by the dotted line. (b) Snapshots of the orientational autocorrelation function C1(τ;t) as a function of correlation time τ (thin brown solid
lines), corresponding to the same isochoric quench and same sequence of waiting times t as in panel a. The (red) dashed line represents the initial
function C1(τ;t = 0) = C1

(eq)(τ;ϕ,Ti) and the (blue) dot-dashed line is the asymptotic limit C1(τ;t → ∞) = C1
(eq)(τ;ϕ,Tf). The inset plots the α-

relaxation time, defined as C1(τα;t) = 1/e, as a function of waiting time t.

Figure 3. Illustration of an aging process. (a) Snapshots of the nonequilibrium time evolution of the l = 1,m = 0 static structure factor projection,
S10(k,t), corresponding to the isochoric quench Ti → Tf for ϕ = 0.2, with Ti = 0.3 and Tf = 0.095. The (red) dashed line is the initial structure factor
S10(k,t = 0) = S10

(i)(k). The (blue) dot-dashed line is the (now inaccessible) equilibrium structure factor S10
(eq)(k;ϕ,Tf), whereas the (black) dotted line

is the predicted asymptotic limit S10(k,t → ∞) = S10
(a)(k). The sequence of thinner (brown) solid lines in between represents S10(k,t) for t = 1.16,

4.264, 14.056, and 150.61. (b) Snapshots of the orientational autocorrelation function C1(τ;t) as a function of correlation time τ (thin brown solid
lines), corresponding to the same isochoric quench and same sequence of waiting times t as in panel a. The (red) dashed line represents the initial
function C1(τ;t = 0) = C1

(eq)(τ;ϕ,Ti), the (blue) dot-dashed line is the expected (but now inaccessible) equilibrium correlation C1
(eq)(τ;ϕ,Tf), and the

(black) dotted line is the predicted long-t asymptotic limit, C1(τ;t →∞) = C1
(a)(τ). The inset plots the corresponding α-relaxation time as a function

of waiting time t, with the (black) dashed line representing the asymptotic power law τα ∝ t2.45.

The Journal of Physical Chemistry B Article

DOI: 10.1021/acs.jpcb.6b04635
J. Phys. Chem. B 2016, 120, 7975−7987

7984



kinetic scenario predicted in both cases will exhibit quite similar
patterns. For example, the nonequilibrium evolution described
by the sequence of snapshots of C1(τ;t) can be summarized by
the evolution of its α-relaxation time τα(t), defined through the
condition C1(τα;t) = 1/e. In the inset of Figure 2b we illustrate
the saturation kinetics of the equilibration process in terms of
the t-dependence of τα(t), as determined from the sequence of
snapshots of C1(τα;t) displayed in the figure. Clearly, after a
transient stage, in which τα(t) evolves from its initial value
τα
eq(ϕ,Ti), it eventually saturates to its final equilibrium value
τα
eq(ϕ,Tf).
C. Aging of the System of Interacting Dipoles with

Random Fixed Positions. Let us now present the NE-
SCGLE description of the second class of irreversible isochoric
processes, in which the system starts in an ergodic state but
ends in a dynamically arrested state. For this, let us consider
now the case in which the system is subjected to a sudden
isochoric cooling, at fixed volume fraction ϕ = 0.2, and from the
same initial state as before, but this time to the final state point
(ϕ,Tf = 0.095) lying inside the region of dynamically arrested
states (the second of the two quenches schematically indicated
by the dashed vertical arrows of Figure 1).
Under such conditions, the long-time asymptotic limit of

Slm(k;t) will no longer be the expected equilibrium static
structure factor Slm

(eq)(k;ϕ,Tf), but another, well-defined nonsta-
tionary structure factor Slm

(a)(k). In Figure 3a, we illustrate this
behavior with a sequence of snapshots of the nonequilibrium
evolution of S10(k;t) after this isochoric quench at ϕ = 0.2 from
T(i) = 0.3 to T(f) = 0.095. There we highlight the initial structure
factor S10

(i)(k) = S10
(eq)(k;ϕ,Ti), represented by the (red) dashed

line and the dynamically arrested long-time asymptotic limit,
S10
(a)(k), of the nonequilibrium evolution of S10(k;t), described
by the (black) dotted line. For reference, we also plot the
expected, but inaccessible, equilibrium static structure factor
S10
(eq)(k;ϕ,Tf) ≠ S10

(a)(k) (blue dot-dashed line).
Finally, let us illustrate how this scenario of dynamic arrest

manifests itself in the nonequilibrium evolution of the
dynamics. We recall that for each snapshot of the nonstationary
structure factor Slm(k;t), the solution of eqs 47−51 also
determines a snapshot of all the dynamic properties at that
waiting time t. For example, in Figure 3b we present the
sequence of snapshots of C1(τ;t), plotted as a function of
correlation time τ, that corresponds to the sequence of
snapshots of S10(k;t) in Figure 3a. In this figure we highlight
in particular the initial value C1(τ;t = 0) = C1

(eq)(τ;ϕ,Ti) (red
dashed line), the predicted nonequilibrium asymptotic limit,
C1
(a)(τ) ≡ limt→∞ C1(k,τ;t) (black dotted line) and the

inaccessible equilibrium value of C1
(eq)(τ;ϕ,Tf) (blue dot-dashed

line). Notice that, in contrast with the equilibration process, in
which the long-time asymptotic solution C1

(eq)(τ;ϕ,Tf) decays to
zero within a finite relaxation time τα

eq(ϕ,Tf), in the present case
C1
(eq)(τ;ϕ,Tf) does not decay to zero, but to a finite plateau.

This arrested equilibrium correlation function, however, is
completely inaccessible, since now the long-t asymptotic limit
of C1(k,τ;t) is C1

(a)(τ), which is also a dynamically arrested
function, but with a different plateau than C1

(eq)(τ;ϕ,Tf).
Just like in the equilibration process, which starts at the same

initial state, here we also observe that at t = 0, C1(τ;t) shows no
trace of dynamic arrest, and that as the waiting time t increases,
the relaxation time increases as well. We can summarize this
irreversible evolution of C1(τ;t) by exhibiting the kinetics of the
α-relaxation time τα(t) extracted from the sequence of
snapshots of C1(τα;t) in the same figure. This is done in the

inset of Figure 3b. Clearly, after the initial transient stage, in
which τα(t) increases from its initial value τα

eq(ϕ,Ti) in a similar
fashion as in the equilibration case, τα(t) no longer saturates to
any finite stationary value. Instead, it increases with t without
bound, and actually diverges as a power law, τα(t) ∝ta, with a ≈
2.45.
Except for quantitative details, such as the specific value of

this exponent, we find a remarkable general similarity between
this predicted aging scenario of the dynamic arrest of our
system of interacting dipoles, and the corresponding aging
scenario of the structural relaxation of a soft-sphere glass-
forming liquid described in ref 29 (compare, for example, our
Figure 3b above, with Figure 12 of that reference). As said
above, however, our intention in this paper is not to discuss the
physics behind these similarities and these scenarios, but only
to present the theoretical machinery that reveals it.

IV. CONCLUSIONS
Thus, in summary, we have proposed the extension of the self-
consistent generalized Langevin equation theory for systems of
nonspherical interacting particles (NS-SCGLE), to consider
general nonequilibrium conditions. The main contribution of
this work consist thus in the general theoretical framework,
developed in Section IIII.B, able to describe the irreversible
processes occurring in a given system after a sudden
temperature quench, in which its spontaneous evolution in
search of a thermodynamic equilibrium state could be
interrupted by the appearance of conditions of dynamical
arrest for translational or orientational (or both) degrees of
freedom.
Our description consists essentially of the coarse-grained

time-evolution equations for the spherical-harmonics-projec-
tions of the static structure factor of the fluid, which involves
one translational and one orientational time-dependent
mobility functions. These nonequilibrium mobilities, in turn,
are determined from the solution of the nonequilibrium version
of the SCGLE equations for the nonstationary dynamic
properties (the spherical-harmonics-projections of the self-and
collective intermediate scattering functions). The resulting
theory is summarized by eqs 40−46, which describe the
irreversible processes in model liquids of nonspherical particles,
within the constraint that the system remains, on the average,
spatially uniform. This theoretical framework is now ready to be
applied for the description of such nonequilibrium phenomena
in many specific model systems.
Although in this paper we do not include a thorough

discussion of any particular application, in section III we
illustrated the predictive capability of our resulting equations by
applying them to the description of the isochoric and uniform
evolution of nonequilibrium process of a simple model, namely,
a dipolar hard sphere liquid with fixed random positions, after
being subjected to instantaneous temperature quench. Here we
used this example mostly to illustrate some methodological
aspects of the application of the theory, since this specific
application allows us to easily implement the numerical
methods described in detail in ref 29. The same illustrative
example, however, also allows us to investigate the relevant
features of the orientational dynamics during the equilibration
and aging processes, but leaves open many relevant issues, such
as the relationship between these predictions and the
phenomenology of aging in spin-glass systems. Similarly, the
nonequilibrium manifestations of the coupling between trans-
lational and rotational dynamics, involved in the complete
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solution of eqs 40−46, will be the subject of future
communications. Thus, we expect that the general results
derived in this paper will be the basis of a rich program of
research dealing with these problems.

■ AUTHOR INFORMATION

Corresponding Author
*Electronic address: luisfer.elizondo@gmail.com.

Notes
The authors declare no competing financial interest.

■ ACKNOWLEDGMENTS
This work was supported by the Consejo Nacional de Ciencia y
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(29) Sańchez-Díaz, L. E.; Ramí rez-Gonza ́ lez, P. E.; Medina-Noyola,
M. Equilibrium and Aging of Dense Soft-Sphere Glass-Forming
Liquids. Phys. Rev. E 2013, 87, 052306.
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Abstract – In this work we study the self-diffusion properties of a liquid of hollow spherical
particles (shells) bearing a smaller solid sphere in their interior (yolks). We model this system
using purely repulsive hard-body interactions between all (shell and yolk) particles, but assume
the presence of a background ideal solvent such that all the particles execute free Brownian motion
between collisions, characterized by short-time self-diffusion coefficients D0

s for the shells and D0
y

for the yolks. Using a softened version of these interparticle potentials we perform Brownian
dynamics simulations to determine the mean squared displacement and intermediate scattering
function of the yolk-shell complex. These results can be understood in terms of a set of effective
Langevin equations for the N interacting shell particles, pre-averaged over the yolks’ degrees
of freedom, from which an approximate self-consistent description of the simulated self-diffusion
properties can be derived. Here we compare the theoretical and simulated results between them,
and with the results for the same system in the absence of yolks. We find that the yolks, which
have no effect on the shell-shell static structure, influence the dynamic properties in a predictable
manner, fully captured by the theory.

Copyright c⃝ EPLA, 2014

In recent years, there has been a growing interest in
designing and manufacturing new materials with nano-
and micro-particles having specifically tailored morpholo-
gies [1–3], such as yolk-shell particles, in which a hollow
shell carries a smaller particle in its interior [1,4]. These
nanostructures can be synthesized by a variety of meth-
ods [5] for application in various fields such as nanoreac-
tors [4], lithium-ion batteries [6], biomedical imaging [6],
catalysis [7], and energy storage devices [6]. One can en-
vision that current efforts to study individual yolk-shell
entities with light or neutron scattering techniques [8]
will soon be extended to consider liquids, and even crys-
tals or glasses, of strongly interacting yolk-shell parti-
cles. Similarly, conventional preparation methods [9] could
be employed to produce microemulsion droplets bearing
a smaller solid particle inside, to study equilibrium and
out-of-equilibrium condensed phases [10] made of such
microemulsion yolk-shell droplets. To understand these
phases and other self-assembled states [11], however, one
needs to understand the dynamic properties of systems
of strongly interacting yolk-shell particles in terms of the
direct (i.e., conservative) and hydrodynamic interactions
among shells and between yolks and their confining shells.

The detailed and simultaneous description of such cou-
pled effects is, of course, a highly involved problem. To
make headway, however, we may profit from the ingenious
manners to decouple them, developed in similar challenges
in colloid science [12,13]. For example, at least for rigid
shells, the complex effects of shell-shell hydrodynamic in-
teractions can be taken into account through an effective
self-diffusion coefficient D0

s describing the shells’ short-
time Brownian motion [14,15]. For such purposes, the
rich phenomenology of the hydrodynamic interactions of
the captive yolk with its confining shell [16] could also be
modelled as a simple effective free-diffusion process, char-
acterized by another effective (short-time) self-diffusion
coefficient D0

y, also amenable to independent experimental
determination [16].

Thus, the remaining task is to describe the effects of the
direct interactions, for which we may develop or adapt to
yolk-shell morphologies the well-established theories and
methods proven effective in describing the effects of direct
interactions on the structure and dynamics of conventional
colloidal dispersions (with hydrodynamic interactions now
entering only through the externally provided coefficients
D0

s and D0
y). We have launched a systematic program in

68007-p1
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this direction, which starts with a series of Brownian dy-
namics (BD) simulations on simplified models built upon
the assumptions above, and with the development of a self-
consistent generalized Langevin equation (SCGLE) theory
of yolk-shell colloid dynamics. The details of the simula-
tions and of the derivation of this theory will be reported
separately [17], but the present short communication il-
lustrates the results with the simplest application of these
methodologies.

Our simulations are based on the well-known Brown-
ian dynamics algorithm of Ermak and McCammon [18]
without hydrodynamic interactions (assumed to be con-
tained only in D0

s and D0
y). This algorithm consists essen-

tially of the numerical solution of the overdamped version
of the 2N stochastic Langevin equations that govern the
Brownian motion of the N shells and N yolks, written
in terms of the position xi(t) and velocity vi(t) of the
center of mass of the i-th shell particle, and of the posi-
tion yi(t) and velocity wi(t) of the center of the i-th yolk
particle, as

Ms
dvi(t)

dt
= −ζ0

svi(t) + f0i (t)

−
∑

j ̸=i

∇iuss(|xi(t) − xj(t)|)

−
∑

j

∇iusy(|xi(t) − yj(t)|) (1)

and

My
dwi(t)

dt
= −ζ0

ywi(t) + g0
i (t)

−
∑

j ̸=i

∇iuyy(|yi(t) − yj(t)|)

−
∑

j

∇iuys(|yi(t) − xj(t)|), (2)

with i = 1, 2, . . . , N . In these equations f0i (t) and g0
i (t)

are Gaussian white random forces of zero mean, and
variance is given by ⟨f0i (t)g0

j(0)⟩ = 0, ⟨f0i (t)f0j(0)⟩ =

kBTζ0
s2δ(t)δij

↔
I , and ⟨g0

i (t)g
0
j(0)⟩ = kBTζ0

y2δ(t)δij

↔
I ,

with i, j = 1, 2, . . . , N and with
↔
I being the 3×3 unit ten-

sor. These equations are coupled together by the mutual
direct forces between all the particles, assumed pairwise
additive and determined by the radially symmetric pair
potentials uss(r), usy(r) = uys(r), and uyy(r) describing,
respectively, the shell-shell, shell-yolk, and yolk-yolk di-
rect interactions. We have used this algorithm in the effi-
cient, low-memory version proposed in ref. [19] to describe,
for example, how the mean squared displacement (MSD)
W (t) = ⟨[∆R(t)]2⟩/6 and the self-intermediate scattering
function (self-ISF) FS(k, t) ≡ ⟨exp [ik · ∆R(t)]⟩ of tagged
yolk-shell particles are influenced by the combined effect
of these interactions.

To illustrate the results of this approach, below we shall
consider as a first step a model monodisperse colloidal
suspensions formed by N rigid spherical shell particles

of outer (inner) diameter σs (σin) in a volume V , each of
which bears one smaller (“yolk”) rigid particle of diameter
σy (< σin) diffusing in its interior. For simplicity, we
assume purely repulsive hard-body interactions, such that
the yolks only interact with their own shells, uyy(r) = 0,
and that uss(r) is infinite for r < σs and vanishes for r >
σs, whereas uys(r) is infinite for r < σys and vanishes for
r > σys ≡ (σin−σy)/2. In reality, the BD algorithm above
is only defined for systems with continuous pair potentials.
Thus, in practice we employ a softened version of these
hard-body potentials, as explained in ref. [17].

Regarding our theoretical approach, let us first dis-
cuss the limit of infinite dilution, in which one isolated
yolk-shell particle diffuses without interacting with other
yolk-shell particles. A simple calculation to explain the
effect of the yolk on the diffusivity of the shell may then
be based on the so-called relaxation-effect method, first
recognized by Debye and Hückel [20] and later employed
by Onsager [21] in their treatment of ionic conductivity.
In our case, the arguments start with Einstein’s relation,
DL = kBT/ζs, with the friction coefficient ζs defined by
the linear relation F = ζsV for the drag force when the
shell is pulled at constant velocity V . For an empty shell
the friction is only caused by the solvent, F = ζ0

sV , with
ζ0
s determined by the well-known Stokes expression. The

fact that it carries a yolk in its interior, however, generates
an additional drag force on the shell, F = ζ0

s V + ∆ζyV ,
so that determining the frictional effects embodied in ∆ζy

becomes the crucial remaining problem. The determina-
tion of ∆ζy is analogous to Stokes calculation of ζ0

s . Stokes
problem involved the solution of the Navier-Stokes equa-
tion to describe the hydrodynamic flow past a sphere mov-
ing at steady velocity V [22]. The present calculation of
∆ζy requires deriving and solving the equation of motion
of the yolk inside the shell (or, more generally, of Ny yolks
inside each shell), and then calculating the corresponding
force on the shell.

For this we write the total drag force F = ζ0
s V +∆ζyV as

F(t) = ζ0
sV(t) − ∇rs

∑
1≤i≤Ny

uys(|rs(t) − r
(i)
y (t)|), where

rs(t) and r
(i)
y (t) are the instantaneous position of the cen-

ters of the shell and of the i-th yolk at time t, and uys(r)
is the pair potential of the yolk-shell interaction. This
expression can also be written as

F(t) = ζ0
sV(t) +

∫
d3r[∇uys(r)]n

∗
y(r, t), (3)

where n∗
y(r, t) is the local density of yolks at position

r, defined as n∗
y(r, t) ≡ ∑

1≤i≤Ny
δ(r − (r

(i)
y (t) − rs(t))).

The time evolution of n∗
y(r, t) is determined by Fick’s

law, which, if the multiple yolks do not interact among
themselves (or, equivalently, if Ny = 1), leads to

∂n∗
y(r, t)

∂t
= [∇n∗

y(r, t)] · V(t)

+ D0
y∇ · n∗

y(r, t)∇
[
lnn∗

y(r, t) + βuys(r)
]
, (4)
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where the first term on the r.h.s. is a streaming term
due to the fact that the position vector r has its origin
in the center of the shell. Under equilibrium conditions
V(t) = Veq = 0 and ∇

[
lnneq

y (r) + βuys(r)
]

= 0, so

that neq
y (r) = neq

y (r) = Nye
−βuys(r)/

∫
e−βuys(r)d3r, and∫

d3r[∇uys(r)]n
eq
y (r) = 0.

In stationary-state conditions, not far from equilibrium,
V(t) = Vss ̸= 0 and n∗

y(r, t) = nss
y (r). We may thus

write nss
y (r) = neq

y (r) + ∆nss
y (r) and linearize eq. (4)

around neq
y (r), to solve for ∆nss

y (r). Substituting this
solution in eq. (3) allows us to write this equation as

Fss = ζ0
sV

ss+
↔

∆ζy ·Vss, with the friction tensor
↔

∆ζy

given by

↔
∆ζy=

1

4πD0
y

∫
d3r

∫
d3r′[∇uys(r)]

1

| r − r′ | [∇neq
y (r′)].

(5)
Using the fact that [∇uys(r)] = [∇neq

y (r)]/neq
y (r), and ap-

proximating this equation as [∇uys(r)] ≈ [∇neq
y (r)]/n0,

we can use Fourier transforms to write this expression as

↔
∆ζy≈ ζ0

y

(2π)3n0

∫
d3k

[neq
y (k)]2

k2
kk. (6)

The friction tensor
↔

∆ζy is diagonal and isotropic, so that
↔

∆ζy=
↔
I ∆ζy , with

∆ζy ≡
ζ0
y

3(2π)3n0

∫
d3k[neq

y (k)]2. (7)

This result for the scalar ∆ζy then allows us to deter-
mine the total friction coefficient as ζs = ζ0

s + ∆ζy, and
the long-time self-diffusion coefficient as DL = kBT/[ζ0

s +
∆ζy]. However, since the diffusive dynamics of the yolk
does not relax instantaneously with respect to the motion
of the shell, in the present case we may have to solve the
dynamic version of this problem, thus determining a time-
dependent friction function ∆ζy(t), whose time integral is
∆ζy. The hydrodynamic analog is Boussinesq’s calcula-
tion of a time-dependent hydrodynamic friction function
ζ0
s (t) which incorporates the hydrodynamic memory ef-

fect deriving from the non-instantaneous response of the
incompressible fluid [22].

The calculation of the time-dependent friction function
∆ζy(t) not only in the infinite dilution limit is the next
task of our theoretical methods. For this, however, a
more robust version of the relaxation method must be
employed. One possibility is to resort to the well-known
dynamical formalism referred to as mode coupling the-
ory (MCT), whose multicomponent version writes the dy-
namic properties (such as W (t) and FS(k, t)) in terms of
the short-time parameters D0

s and D0
y only, and of the

static structural properties of the system (i.e., the ra-
dial distribution functions or partial static structure fac-
tors). In our general program we proceed along these lines,
but we employ an alternative (but essentially equivalent)

formalism, namely, the SCGLE theory of colloid dynam-
ics [23–28]. This choice originates in the enormous flexibil-
ity of this formalism, which has allowed, for example, the
development of a quantitative non-equilibrium molecular
theory of aging in glass-forming liquids [29].

The application of the SCGLE formalism to the present
problem is discussed in detail in ref. [17]. Thus, here
we only write the final results of those derivations
needed to describe the dynamics of the simulated sys-
tem above, namely, the following set of four coupled
approximate equations. Two of them express FS(k, t)

and F (k, t) ≡ (1/N)⟨∑N
i,j=1 e[ik·(ri(t)−rj(0))]⟩ (the shell

intermediate scattering function) in terms of the time-
dependent friction functions ∆ζ∗

y (t) and ∆ζ∗
s (t), which

represent the friction effects on a tracer shell particle due
to its direct interactions with its own yolk and with the
other shells, respectively. In Laplace space these two ex-
pressions read

F (k, z) =
S(k)

z +
k2S−1(k)D0

s

1+∆ζ∗
y(z)+λ(k)∆ζ∗

s (z)

(8)

and

FS(k, z) =
1

z +
k2D0

s

1+∆ζ∗
y (z)+λ(k)∆ζ∗

s (z)

. (9)

The other two equations are the self-consistent closure re-
lations for ∆ζ∗

y (t) and ∆ζ∗
s (t), namely,

∆ζ∗
y (t) =

D0
yn0

3(2π)3

∫
d3k[kgys(k)]2e−k2D0

ytFS(k, t) (10)

and

∆ζ∗
s (t) =

D0
s

3 (2π)
3
n

∫
dk

[
k[S(k) − 1]

S(k)

]2

F (k, t)FS(k, t).

(11)
In these equations S(k) is the (shell-shell) static struc-
ture factor, gys(k) is the Fourier transform of gys(r) ≡
exp[−βuys(r)], n0 ≡ 1/

∫
exp[−βuys(r)]d

3r, and n ≡
N/V . The function λ(k) is given by [28]

λα(k) = 1/[1 + (k/kc)]
2 (12)

with kc = 1.305(2π/σ) being an empirically chosen cutoff
wave vector [30].

We have solved eqs. (8)–(11) for our yolk-shell model
above, for given static structural properties gys(k) and
S(k), with S(k) provided by the Percus-Yevick [31] ap-
proximation with its Verlet-Weis correction [32]. From
this solution, all the collective and self-dynamic proper-
ties are determined, including the MSD W (t) (see details
in ref. [17]). In what follows we illustrate the solution
with the theoretical results for W (t) and FS(k, t), which
are compared with the BD simulation data. Let us men-
tion that all the results discussed in this paper correspond
to a fixed yolk-shell geometry, in which the thickness
(σs − σin) of the shell is 5% of the shell’s outer diame-
ter, σin/σs = 0.9, and in which the yolk’s diameter is 0.2
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in units of σs, i.e., σy/σs = 0.2. The results reported be-
low will be expressed using σs and σ2

s/D0
s as the units of

length and time, respectively.

We begin by analyzing the results in fig. 1 of our BD sim-
ulations for the MSD W (t; φ, δ) of tagged yolk-shell parti-
cles, varying the shell volume fraction φ ≡ πnσ3

s/6 and the
dynamic asymmetry parameter δ ≡ D0

y/D0
s. These results

will be compared with the MSD W (HS)(t; φ) of the corre-
sponding system of empty shells, equivalent in our model
to the MSD of a Brownian hard-sphere liquid at volume
fraction φ [33,34]. Figures 1(a) and (b) contain, respec-
tively, the results for W (t; φ, δ) at φ = 0 (freely diffusing
yolk-shells) and φ = 0.4 (strongly interacting yolk-shells).
Figure 1(a) is intended to illustrate two effects in a simple
manner. The first is the effect of yolk-shell interactions,
which is illustrated by the comparison of the circles, rep-
resenting the MSD W (t; φ = 0, δ = 1) of freely diffusing
yolk-shell particles, and the dotted line, representing the
MSD W0(t) ≡ D0

st of freely diffusing empty shells. The
deviation of the simulation data from W0(t) is a measure
of the additional friction effects upon the displacement of
the yolk-shell complex due to the yolk-shell interaction.
The solid line that lies near the circles represents the pre-
diction of our SCGLE theory. The first conclusion that
we can draw from this comparison is that the SCGLE-
predicted deviation of W (t; φ = 0, δ = 1) from W0(t),
coincides very satisfactorily with the deviation observed
in the BD data.

The second effect illustrated by fig. 1(a) involves the
dynamic asymmetry parameter. The next conclusion to
draw from the results in this figure is that the deviation of
W (t; φ = 0, δ) from W0(t) increases when the dynamic
contrast parameter δ decreases. This is illustrated by
the comparison of the BD simulations corresponding to
δ = 0.2 (triangles) with the BD data corresponding to
δ = 1.0 (circles). This means, for example, that if the in-
terior of the shell becomes more viscous, so that the ratio
δ decreases, then also the overall diffusivity of the yolk-
shell particle will decrease. As evidenced by the solid and
dashed lines in fig. 1(a), this trend is also predicted by
the SCGLE theory and shows good qualitative agreement
with the simulation data. In fact, our theory predicts,
and the simulations corroborate, that this trend is re-
versed when one considers the opposite limit, in which
δ is now larger than 1. This trend is best illustrated in
the inset of fig. 1(a), which exhibits the measured (circles)
and predicted (solid line) dependence on δ of the scaled
long-time self-diffusion coefficient D∗(φ, δ) ≡ DL/D0

s , ob-
tained as D∗(φ, δ) = limt→∞ W (t; φ, δ)/D0

st. There we
can see that the reduction of the mobility D∗(φ = 0, δ)
from its unit value D∗

HS(φ = 0) = 1, in the absence of
yolks, may be considerable. For example, for δ = 0.2 we
have that D∗(φ = 0, δ) ≈ 0.17. As a reference, a reduction
in D∗

HS(φ) of a similar magnitude can also be produced as
a result of pure shell-shell interactions, but only at shell
volume fractions above 40%, as gathered from the results
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Fig. 1: (Colour on-line) (a) Mean square displacement
W (t;φ = 0) of non-interacting yolk-shell particles, (b) the MSD
W (t;φ = 0.4), and (c) the self-intermediate scattering func-
tion Fs(k = 6.18, t; φ = 0.4) at volume fraction φ = 0.4. For
all figures, shell thickness (σs − σin)/2 = 0.05 (or σin = 0.9)
and yolk diameter σy = 0.2. Recall that we take σs as the
units of length and σ2

s/D0
s as the time unit. For each fig-

ure, circles plot the Brownian dynamics data for the yolk-shell
particles, whereas the solid line is the corresponding theoret-
ical prediction of the SCGLE theory with a dynamic asym-
metry parameter of δ ≡ D0

y/D0
s = 1. In panels (a) and (b)

the dotted line represents the MSD W0(t;φ = 0) = D0
st of a

freely diffusing empty shell, and in (c) it represents the self-ISF
F s

0 (k, t; φ = 0) = exp(−k2D0
st) for the same. In (a), the trian-

gles plot the Brownian dynamics data and the dashed line plots
the theoretical prediction, both corresponding to δ = 0.2. In
the case of (b) and (c), the squares are the simulation data for
the empty-shell particles, and the dashed line is the correspond-
ing theoretical prediction of the SCGLE theory with short-time
diffusion coefficient D0

s = 1. The inset of (a) shows the long-
time self-diffusion D∗ as function δ. The insets in panels (b)
and (c) are the long-time self-diffusion D∗ and τ∗(≡ k2D0

sτα),
respectively, both as a function of φ. Symbols and lines for
these insets are the same as described in their own main panels.
The dot-dashed line in inset (b) is the prediction for D∗ using
eq. (13), and (c) shows the same prediction for the value of τ∗.
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of the inset in fig. 1(b), which discusses the effects of shell-
shell interactions.

Let us now study the effects of shell-shell interactions,
suppressed in the previous discussion, by analyzing the re-
sults of our simulations in fig. 1(b), in which we now fix
the dynamic asymmetry parameter at the value δ = 1.
The circles in this figure represent the BD results for the
MSD W (t; φ = 0.4, δ) of yolk-shell particles at a volume
fraction φ = 0.4. These results are to be compared with
the squares, which correspond to the BD results for the
MSD W (HS)(t; φ = 0.4) of a liquid of empty shells (or solid
hard spheres) at the same volume fraction and same short-
time self-diffusion coefficient D0

s . The MSD W0(t) = D0
st

of freely diffusing empty shells is also plotted for refer-
ence as a dotted line. We observe that the deviation of
W (t; φ = 0.4, δ) from W (HS)(t; φ = 0.4) remains rather
similar to the corresponding deviation observed at φ = 0
in fig. 1(a) (where W (HS)(t; φ = 0) = D0

st), but now both
W (t; φ = 0.4, δ) and W (HS)(t; φ = 0.4) deviate dramat-
ically from this free-diffusion limit. This means that for
this concentration, the mutual friction effects due to shell-
shell interactions overwhelm the “internal” friction effects
caused by yolk-shell interactions.

From the long-time BD data for W (t; φ = 0.4, δ) and
W (HS)(t; φ = 0.4) in fig. 1(b), we can extract the value of
D∗(φ, δ) and D∗

HS(φ), which represent the mobility of a
tracer yolk-shell particle and of an empty shell, respec-
tively. In the inset of fig. 1(b), we plot the values of
D∗(φ, δ) and D∗

HS(φ) (circles and squares, respectively)
determined from the corresponding BD results at a few
volume fractions. This inset thus summarizes the main
trends illustrated by the results in figs. 1(a) and (b), by
evidencing that at low volume fractions, the difference be-
tween the mobility of a yolk-shell complex and the mobil-
ity of an empty shell is determined only by the yolk-shell
friction, whereas at higher concentrations it is dominated
by the shell-shell interactions. The solid lines in fig. 1(b)
represent again the predictions of the SCGLE theory for
the properties of the yolk-shell system, whereas the dashed
lines are the corresponding predictions for the empty-shell
(or hard-sphere) suspension. Once again, the agreement
with the simulation results is also quite reasonable for a
theory with no adjustable parameters.

Beyond this quantitative observation, however, the the-
oretical description provides additional insights on the
interpretation of the qualitative trends exhibited by the
simulation data of the long-time self-diffusion coefficients
D∗(φ, δ) and D∗

HS(φ). For example, it is not difficult
to demonstrate that if the shell-shell mutual friction∫ ∞
0 dt∆ζ∗

s (t; φ, δ) does not depend strongly on the pres-
ence or absence of the yolk (which one expects to be the
case at high concentrations), then an approximate rela-
tionship between D∗(φ, δ) and D∗

HS(φ) can be derived,
namely,

D∗(φ, δ) =
D∗

0(δ) × D∗
HS(φ)

D∗
HS(φ) + D∗

0(δ)[1 − D∗
HS(φ)]

. (13)

where D∗
0(δ) ≡ D∗(φ = 0, δ) = [1 + ∆ζ∗

y (δ)]−1,

with ∆ζ∗
y (δ) ≡

∫ ∞
0

dt∆ζ∗
y (t; φ = 0, δ). This expression

interpolates D∗(φ, δ) between its exact low- and high-
concentration limits D∗

0(δ) and D∗
HS(φ), and the dot-

dashed line in the inset of fig. 1(b) is the result of using
this approximate expression.

The BD simulations and the SCGLE theory provide
other relevant collective and self-diffusion dynamic prop-
erties, such as the intermediate scattering functions,
specially amenable to determination by dynamic light
scattering techniques and adequate index-matching meth-
ods. To close this illustrative presentation, let us dis-
cuss the BD results in fig. 1(c) for the self-ISF FS(k =
6.18, t; φ = 0.4, δ = 1) (circles), which we compare with
the self-ISF FHS

S (k = 6.18, t; φ = 0.4) of a liquid of empty
shells at the same volume fraction (squares). For refer-
ence, we also plot as a dotted line the self-ISF F 0

S(k, t) ≡
FHS

S (k, t; φ = 0) = exp(−k2D0
st) of freely diffusing empty

shells. Here too, the solid and dashed lines correspond to
the solution of eqs. (8)–(12) with and without the shell
friction term ∆ζ∗

y (t), and comparison again indicates very
reasonable agreement with the simulation data.

In this case, the difference between the yolk-shell and
empty-shell results can also be expressed more economi-
cally in terms of the corresponding α relaxation times τα,
defined by the condition FS(k, τα) = 1/e and scaled as
τ∗ ≡ k2D0

sτα. The inset of fig. 1(c) exhibits the theo-
retical (solid line) and simulated (circles) results for the
yolk-shell τ∗(k; φ, δ) evaluated at k = 6.18 for δ = 1 as a
function of φ. These results may be compared with the
theoretical (dashed line) and simulated (squares) results
for τ∗

HS(k = 6.18; φ = 0.4), corresponding to the empty-
shell suspension, with similar conclusions as in fig. 1(b).
In analogy with the relationship in eq. (13), from the
SCGLE equations one can also derive an approximate
relationship between τ∗(k; φ, δ) and τ∗

HS(k; φ), namely,
τ∗(k; φ, δ) ≈ τ∗

HS(k; φ) + ∆ζ∗
y (δ). This prediction of the

value of τ∗(k; φ, δ) has a rather modest quantitative ac-
curacy, as indicated by the dot-dashed line in the inset.
Still, it contributes to a simple and correct qualitative un-
derstanding of the main features of the properties of the
yolk-shell system being studied.

In summary, in this work we have carried out BD
simulations and have proposed a statistical mechanical ap-
proach for describing the dynamic properties of a complex
system, namely, a concentrated suspension of yolk-shell
particles. Here we have discussed the simplest illustra-
tive model representation, in which each shell carries only
a single yolk, and in which the yolk-shell and shell-shell
forces are modeled as purely repulsive, hard-body interac-
tions. This implied an additional simplification, namely,
the absence of yolk-yolk direct interactions. These simpli-
fications allowed us to reach a reasonable understanding
of the differences between a yolk-shell system and a sus-
pension of empty shell, and of the main trends observed
upon the variation of relevant parameters, such as the
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short-time dynamic asymmetry parameter δ or the shell
volume fraction φ. The message, however, is that the
theoretical approach presented here can be extended to
consider other, more complex conditions, such as including
more than one yolks per shell and studying the effects of
yolk-shell and shell-shell interactions beyond the purely
repulsive, hard-core–like interactions considered here.

We close this communication with a reminder that the
effects of hydrodynamic interactions must always be taken
into account in any practical use of the methodology in-
troduced here. As explained in the introduction, how-
ever, this information will be contained in the short-time
self-diffusion coefficients D0

s and D0
y(φ), which are con-

sidered here external inputs. A simple illustration of the
accuracy of this procedure is provided by the excellent
comparison between the experimental data for the ratio
DL/D0

y of a hard-sphere suspension, which involves strong
hydrodynamic interactions particularly at high concentra-
tions, and its simulated counterpart, which does not in-
volve hydrodynamic interactions (see, for example, fig. 3
of ref. [35]).
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[28] Juárez-Maldonado R., Chavez-Rojo M., Ramı́rez-
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[30] López-Flores L., Yeomans-Reyna L. L. and Medina-
Noyola M., J. Phys.: Condens. Matter, 24 (2012)
375107.

[31] Percus J. K. and Yevick G. J., Phys. Rev., 110 (1957)
1.

[32] Verlet L. and Weis J.-J., Phys. Rev. A, 5 (1972) 939.
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