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Abstract

This thesis studies the bipartite entanglement entropy SA as a parameter to diagnose
quantum phases and transitions in extended Bose-Hubbard models (EBHM) with
light mediated synthetic interactions with long range. This interactions arise from the
coupling of ultracold bosons in optical lattices to quantum modes of a high-finesse
cavity. In particular we analyse the (JD) extended model, where the global interaction
acts as a density coupling, generating an even/odd sublattice structure.

We obtain the solutions for the (JD) extended model in agreement with the
established literature by implementing the slave-boson formalism around the mean-
field solutions and validating the results through exact diagonalization. The entropy
SA proves to be a sensitive indicator of the transition points and of the internal
structure of the phases present in the model: superfluid, Mott insulator, supersolid
and density waves. The main contribution of this work is to create a unified description
and application of the methodology, to compute SA at fixed average density using a
variatonal approach, and to lay the groundwork for its future applicability to related
extended models.
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Chapter 1

Introduction

1.1 State of the art
This section does a review of the origin, derivations and experimental realizations
of the Bose-Hubbard Model (BHM) on ultracold bosons in optical lattices. The
advances on methods of treatment and contemporary extensions of the model will
be mentioned. We begin from the microscopic derivation, then describe the main
experimental platforms, the usual theoretical methods of treatment and how to
incorporate extensions with long-range interactions. Finally, we will discuss how are
quantum measurements made today.

The BHM has become the paradigmatic model for studying strongly correlated
bosonic matter in a lattice, in close analogy with the fermionic Hubbard model in
condensed matter physics, derived in 1963 [1]. Theoretically, it provides one of the
cleanest examples of quantum phase transitions arising from the interplay between
hopping and interaction energy; experimentally, ultracold bosonic lattices realize with
a high degree of control an almost ideal implementation of the model [2, 3, 4]. With
the advent of new technologies that allow working with atomic quantum simulators
at ultra-low temperatures, many proposals have been made to experimentally realize
non-standard BHM’s. Implementations including interactions beyond on-site and
nearest neighbour interactions are often referred as extended Bose Hubbard models
(EBHM’s).

Before discussing the EBHM’s, let us first derive the BHM.

Derivation of the BHM
The physics for the Mott insulator phase and superfluid phase on bosons in a lattice
was formalized in the context of the BHM and the analysis of its phase transitions [5,
6]. For dilute gases in periodic optical potentials, the ab-initio derivation of the BH
was consolidated in [2], and supported by exhaustive reviews [7, 3].

Typically, we start from the description of a weakly interacting bosonic gas inside a
periodic potential, introducing Hamiltonian in second quantization for a many-mody
system, describingN bosonic particles with atom-atom interaction Vaa and an external
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potential Vext.

Ĥ =
�
d3r Ψ̂†(r)

[
− ℏ2

2m∇2 + Vext(r)
]

Ψ̂(r) + 1
2

�
dr dr′ Ψ̂†(r)Ψ̂†(r′)Vaa(r−r′)Ψ̂(r)Ψ̂(r′),

(1.1)

Ψ̂ (Ψ̂†) being the annihilation (creation) bosonic operators satisfying the canonical
commutation relations

[
Ψ̂(r), Ψ̂†(r′)

]
= δ(r − r′),

[
Ψ̂(r), Ψ̂(r′)

]
=
[
Ψ̂†(r), Ψ̂†(r′)

]
= 0, (1.2)

Interactions between atoms typically consider a short-range pseudo-potential of
s-wave interactions

Vaa(r − r′) = 4πℏas

m
δ(r − r′) ∂

∂|r − r′|
(|r − r′|·) (1.3)

where m is the atomic mass and as the scattering length (s-wave) [8].

Assuming no long-range interactions and non-singular Ψ̂, this becomes a contact
potential

Vaa(r − r′) = 4πℏas

m
δ(r − r′) = gδ(r − r′) (1.4)

On a typical 3D square lattice, the external potential has the form

Vext(r) =
∑

α=x,y,z

V0,α sin2
(
kαrα

)
, kα = 2π

λα

, ER = ℏ2k2

2m , (1.5)

with ER the recoil energy and sα ≡ V0,α/ER the dimensionless depth of the optical
potential defining the lattice. This is proportional to the dynamic polarizability of the
atoms and the intensity of the laser[3, 7].

The Bloch functions ϕn,k are the eigenfunctions of a Hamiltonian with an external
potential with periodicity, with band number n and momentum k. In general, one
can expand the operators in terms of Bloch functions

Ψ̂(r) =
∑
n,k

bn,kϕn,k, (1.6)

For a sufficiently deep potential and low temperature, the lowest band and first
excitation have a large gap, so we can apply the lowest band approximation, so that
we can expand the field into Wannier functions w(r − Ri), localized around the lattice
sites.
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Ψ̂(r) =
∑

i

b̂iw(r − Ri), (1.7)

where Ri corresponds to the minima of the lattice potential (these are the lattice sites).

Introducing this expansion into (1.1) and keeping only the tunneling between
nearest neighbours, leads to

ĤBH = −
∑
⟨i,j⟩

tij
(
b̂†

i b̂j + h.c.
)

+ U

2
∑

i

n̂i (n̂i − 1) − µ
∑

i

n̂i, (1.8)

with n̂i = b̂†
i b̂i, hopping energy tij and local interaction energy U given by [2, 3, 9]

tij = −
�
drw∗(r − Ri)

[
− ℏ2

2m∇2 + Vext(r)
]
w(r − Rj), (i, j neighbors), (1.9)

U = g

�
dr |w(r)|4. (1.10)

On deep lattices (s ≳ 5) these analytic approximations are commonly used [9, 3]:

ti,j
ER

≈ 4√
π
s3/4 e−2

√
s, (1.11)

U

ER

≈
√

8
π
kas s

3/4, (1.12)

Explaining the exponential control over t with respect to the deepness s and the
independent control over U through as (Feshbach resonances)[8]. The lowest band
approximation requires low occupation by site, U, t ≪ ∆gap and kBT ≪ ∆gap, where
∆gap is the gap of the first and second Bloch energy bands [3].

If the external potential Vext also consider a trapping potential VT , then the potential
energy term appears in the Hamiltonian

Ĥext =
∑

i

ϵin̂i (1.13)

with
ϵi =

�
drVT |w(r)|2 = VT (Ri). (1.14)

This is an energy offset, and can be absorbed as a site-dependant chemical potential
µi = µ+ ϵi.

The competition between the hopping and local interactions result in two quantum
phases for this system:

• Superfluid (SF). When the dominant term is the tunneling ti,j the system becomes
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compressible and gapless.

• Mott Insulator (MI). If the dominant term in the local interaction U , the system
becomes incompressible. This phase has a fixed average density.

At T = 0, the phase diagram shows a MI-SF quantum transition for dimension d ≥ 2
and integer filling [6]. Quantum Monte Carlo simulations find the critical point at
(t0/U)c = 0.05974(3) for a 2D square lattice [10, 11], and (t0/U)c ≃ 0.034(2) for a 3D
cubic lattice [10]. The Gutzwiller mean-field treatment can qualitatively capture the
Mott lobes [12, 13]. These critical points will serve as benchmarks to check the validity
of our numerical methods.

The single-band condition U, t0 ≪ ∆gap can be made more quantitative by approx-
imating each lattice minimum as a harmonic oscillator. For a separable sinusoidal
lattice, the local trapping frequency in direction α is ωα = 2√

sα ER/ℏ, and the band
gap is of order

∆gap ∼ ℏωα = 2√
sαER, (1.15)

so that the requirement U, t0 ≪ ∆gap is automatically satisfied for sufficiently deep
lattices sα ≫ 1 and moderate as [9, 3]. In addition, low filling factors ⟨n̂i⟩ ≲ 1 are
typically imposed to suppress three-body losses and occupation of higher on-site
vibrational modes.

The transition MI-SF for the BHM belongs, at commensurate filling, to the XY
model (dimension (d+ 1)) universality class, with dynamic critical exponent z = 1 for
the particle-hole symmetric transition [6, 14]. In d = 2, this implies a 3-dimensional
XY critical point, in agreement with the QMC results quoted above for lattices of
dimensions 2 and 3. In mean-field theory, obtained by decoupling the hopping term
as

b̂†
i b̂j ≈ b̂†

iψj + ψ∗
i b̂j − ψ∗

iψj, ψi = ⟨b̂i⟩, (1.16)

one finds analytic expressions for the Mott lobe boundaries, e.g. for a homogeneous
system and coordination number z,

(
U

zt0

)
c

= 2ρ+ 1 ± 2
√
ρ(ρ+ 1), (1.17)

for the transition between Mott lobes with ρ and ρ + 1 particles per site [12, 15].
Although this overestimates the stability of the Mott phase compared with QMC,
it captures qualitatively the lobe structure and provides a useful first estimate for
experimental parameters.
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Experimental realizations
Quantum optical latices are implemented through counter-propagating lasers creating
sinusoidal stationary potentials. The first experimental milestone for BHM’s with
ultracold atoms was the observation of the transition MI-SF using 87Rb bosonic
atoms in a 3D cubic lattice [16], deduced through the long-range loss of coherence
in time-of-flight distributions. Detailed reviews on physics of condensates in optical
lattices and their dynamics are found on [7, 3].

The independent control over t and U , as stated, is achieved by varying s and the
Zeeman shift with respect to a Feschbach resonance to tune as [8]. Experimentally,
it is common to calibrate using ER, band spectroscopy and matter interference
[7, 3]. Another important advance in that respect was quantum gas microscopy,
achieving in-situ imaging with single-site resolutions and even the reconstruction of
parity/occupation [17, 18].

Beyond static realizations of BH systems, thanks to light-matter coupling, it is
possible now to engineer diverse interaction Hamiltonians: synthetic gauge fields,
spin-orbit coupling, t tuning, effective signs and band topology by periodic conduction
[19, 20].

In more detail, optical lattices are typically generated by counter-propagating
laser beams with a wavelength λα along the desired spatial direction, producing the
standing-wave potential described above. By adjusting the laser intensities Iα and
polarizations, one can realize 1D, 2D or 3D lattices, superlattices with additional
periodicities, or more complex geometries (e.g. honeycomb, triangular, kagome) using
multiple interfering beams or spatial light modulators [4, 3]. The lattice spacing is
fixed by the optical wavelength, aα = λα/2, providing a clean and defect-free periodic
structure in contrast to solid-state crystals.

A typical experimental protocol to realize the BHM begins from a weakly trapped
Bose-Einstein condensate. Then the lattice depth s is ramped up adiabatically on a
timescale slow compared with the inverse band gap, so that atoms stay within the
lowest band, but fast compared with typical heating mechanisms [3]. For small s
the atoms form a superfluid with long-range phase coherence, which manifests as
pronounced peaks in absortion images of time of flight (TOF) experiments. As s is
increased and t0/U decreases, these peaks gradually vanish, signalling the loss of
global coherence for the phase and the onset of a Mott insulating state with localized
atoms and an gap for particle-hole excitation energies [16]. The dependence of the
interference pattern visibility with s has been used as a quantitative probe of the
MI-SF transition and compared successfully with QMC and Gutzwiller calculations
including the effects of harmonic confinement [3, 21].
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Feshbach resonances provide an additional powerful knob: by adjusting the
external magnetic field, almost at resonance, one can vary the length as over orders of
magnitude, including changes of its sign [8]. This allows experiments not only to reach
the strongly interacting regime (large U ) at fixed lattice depth, but also to perform
interaction quenches, revealing coherent matter-field collapse and revival dynamics in
deep lattices [22]. Such experiments are sensitive to higher-order interaction terms and
have been used to benchmark the microscopic derivation of U , the local interaction
energy.

The advent of quantum gas microscopes represented a qualitative leap in the
experimental study of BHM physics. Using high-numerical-aperture objectives
and fluorescence imaging in deep lattices, it is possible to detect the occupation of
each lattice site with single-atom resolution [17, 18, 23]. This has enabled in situ
measurements of local density profiles, direct observation of Mott shells in trapped
systems, reconstruction of parity and occupation statistics, and measurements of
spatial correlations across the MI-SF transition [17, 24]. Furthermore, single-site
addressing with focused light beams or digital micromirror devices has allowed the
engineering of programmable potential landscapes and the implementation of local
quenches and defect dynamics, directly probing the microscopic processes described
by the BH Hamiltonian.

Methods of treatment
Some typical quantitative methods to treat the BH model are: Gutzwiller mean-
field, strong coupling expansions, Density Matrix Renormalization Group (DMRG),
Quantum Monte Carlo (QMC). These frameworks have been validated directly against
experiments [3].

From a many-body perspective, the BH Hamiltonian is non integrable in dimensions
d ≥ 2, and only a few limiting cases admit exact solutions. A variety of numerical
methods have therefore been developed to compute its properties, both stationary
and dynamic, each with its own regime of validity. In the following we concisely
review the main approaches that are relevant for this work.

Gutzwiller mean-field theory. The simplest non trivial variational description for
the BHM is captured by the Gutzwiller product state

|ΨGW⟩ =
∏

i

(
nmax∑
n=0

f (i)
n |n⟩i

)
, (1.18)

where |n⟩i denotes a Fock state containing exactly n bosons for the site i and with
coefficients f (i)

n satisfy∑n |f (i)
n |2 = 1 [12, 2]. Inserting this ansatz into ⟨ΨGW|ĤBH|ΨGW⟩
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and minimizing with respect to f (i)
n result in a set of nonlinear coupled equations that

are equivalent to the self-consistent mean-field decoupling of the hopping part, as the
discussion above shows. The local superfluid parameter is then

ψi = ⟨b̂i⟩ =
nmax−1∑

n=0

√
n+ 1 f (i)∗

n f
(i)
n+1. (1.19)

In homogeneous systems, f (i)
n ≡ fn and ψi ≡ ψ are site independent, reducing the

problem to a single-site non linear eigenvalue equation. The Gutzwiller recovers
the exact results when taking the limit of infinite coordination number z → ∞ and
provides a qualitatively accurate description of the MI-SF transition and dynamics in
high dimensions [15, 25]. Time-dependent Gutzwiller theory, obtained by applying
a time-dependent variational principle to |ΨGW(t)⟩, allows one to study quench
dynamics, collective modes and response to periodic driving [19, 25].

Strong-coupling expansions. In the deep MI limit t0/U ≪ 1, perturbative ex-
pansions around the atomic limit provide systematic corrections to energies and
correlation functions. Using Rayleigh-Schrödinger perturbation theory or linked-
cluster expansions, one can compute the ground-state energy, excitation gaps and
critical values of (t0/U)c as series in t0/U [26, 27]. Alternatively, starting from the
path-integral representation, one may eliminate high-energy degrees of freedom and
derive effective actions for the low-energy particle and hole excitations, obtaining
a field-theoretical description of the critical behaviour [14, 25]. These methods are
particularly useful for benchmarking numerical approaches and for understanding
universal scaling near the transition.

Quantum Monte Carlo. For bosonic BHM’s without frustration or sign problems,
QMC methods yield numerically exact results for thermodynamic quantities, correla-
tion functions and critical properties in equilibrium. Worldline algorithms in discrete
imaginary time, stochastic series expansion (SSE) in continuous time, and worm
algorithms are among the most widely used techniques [28, 29, 10]. Finite-size scaling
of QMC data near the MI-SF transition allows accurate determination of critical points
and exponents, as in the results quoted earlier for 2D and 3D lattices [10]. QMC has
been used also to study disordered BHM’s, systems with harmonic confinement, and
extended BH models with nearest-neighbour interactions, as long as the resulting
Hamiltonian remains stochastic [30, 31].

Density Matrix Renormalization Group and other tensor approaches. In 1D, the
BH model and its extensions can be treated very efficiently using DMRG and more
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generally matrix product states (MPS) [32, 33]. These methods exploit the entanglement
structure of low-energy eigenstates, which obey an area law in gapped phases and
only weakly violate it at criticality, to represent the many-body wavefunction in
a compressed form. DMRG provides essentially exact results for ground states
and low-lying excitations, as well as access to entanglement entropies and spectra.
Time-dependent variants (tDMRG, TEBD) allow one to simulate real-time dynamics
following quenches or ramps of the parameters t0, U or external potentials, up to times
limited by entanglement growth [34]. For higher dimensions, related tensor network
proposal like projected entangled pair states (PEPS) extend these ideas, though at
significantly higher computational cost [35, 36].

Other approaches. Additional methods include cluster mean-field theories, which
partially restore correlations by treating small clusters exactly and coupling them in
mean field [37, 38]; dynamical mean-field theory (DMFT), and its versions adapted
for bosons, for capturing local quantum fluctuations in high dimensions [39, 40]; and
field-theoretic renormalization-group approaches near criticality [14]. In driven or
dissipative BH models, Keldysh functional integral techniques have been developed
to describe non-equilibrium steady states and quantum criticality beyond detailed
balance [41]. Together, these methods form a toolbox that will be used and explained
in the following chapters to analyse models with cavity-mediated interactions.

1.2 Extended Bose-Hubbard Models (EBHM’s)
The standard BHM was derived under this considerations: lowest Bloch band
approximation, tight-binding approximation resulting in localized Wannier functions,
and hopping restricted to nearest neighbour.

However, relaxing this approximations or including external interactions give rise
to the commonly known as Extended Bose-Hubbard Models (EBHM’s) [42, 43]. These
new extravagant models can include long-range interactions, density-dependent
tunneling and effective couplings induced by higher bands or mediated by external
components like optical cavities.

Microscopic derivation for the extended terms
We start again from the continuous second quantization Hamiltonian

Ĥ =
�
d3r Ψ̂†(r)

[
− ℏ2

2m∇2 + Vext(r)
]

Ψ̂(r)+1
2

�
d3rd3r′ Ψ̂†(r)Ψ̂†(r′)Vaa(r−r′)Ψ̂(r′)Ψ̂(r).

(1.20)
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Expanding the field operator in the lowest band Wannier basis

Ψ̂(r) =
∑

i

w(r − Ri)b̂i, (1.21)

and substituting in the interaction term, we obtain in general

Ĥint = 1
2
∑
ijkl

Uijkl b̂
†
i b̂

†
j b̂kb̂l, (1.22)

where

Uijkl =
�
d3rd3r′w∗

i (r)w∗
j (r′)Vaa(r − r′)wk(r′)wl(r). (1.23)

For the standard BHM we only keep the term Uiiii, which results in the local
interaction U . However, in general there are additional contributions:

• density-density interactions between different sites: Uijji.

• density-induced tunneling: Uiiij .

• pairwise tunneling processes: Uiijj .

Long-range Interactions
On systems with dipolar magnetic or electric interactions, the microscopic potential
has the form

Vdipolar(r) = Cdd(1 − 3 cos2 θ)
4πr3 , (1.24)

Which generates density-density long-range couplings V|i−j|. They tend to decay
algebraically [42]. In this regime, new phases appear, for example, charge density
waves (CDW), supersolids (SS) and topological Haldane phases in 1D.

The extended model with next-nearest-neighbour interaction already presents a
rich phase structure, including topological symmetry-protected insulators.

Interaction-induced tunneling
An important advance in the last decade was the experimental identification for the
density-induced tunneling [43].

Physically, this term emerges due to the local modification of the Wannier functions
by the contact interaction. The repulsion widens the local state, and increases the
overlap between neighbours. This produces a correction to the hopping parameter
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with amplitude t1:

teff = t0 + t1⟨n̂⟩. (1.25)

This mechanism displaces the critical point of the transition MI-SF and induces
new phases with bond order (coupling between neighbour sites).

Higher bands effects
For a sufficiently strong interaction, the lowest band approximation is no longer valid
even for deep lattices. The virtual occupation for higher bands leads to effective
models with density-dependent renormalized parameters [42].

In this regime, the effective Hamiltonian is modified as

U → U(n), t → t(n), (1.26)

which introduces additional non-linearities on the collective dynamic.

Cavity-mediated interactions
One of the most notable extensions of the BHM in the last decade has arisen by
coupling the ultracold bosonic lattices to quantized modes of a high finesse cavity. In
this regime, the electromagnetic field no longer acts as a classical external potential,
but as a dynamic quantum degree of freedom that entangles with the collective state
of the matter [44, 45, 46].

Microscopic light-matter model Let us consider bosonic atoms trapped in a classical
optical potential and illuminated by one or more pump laser beams scattering the
light to one or more cavity modes. In the dispersive regime (|∆a| ≫ g,Γ), where ∆a is
the detuning between the light and the atoms, we can perform adiabatic elimination
to the excited atomic level. Then the effective Hamiltonian reads

Ĥ = ĤBH +
∑

c

ωcâ
†
câc +

∑
c,p

(
gcp√
Ns

â†
cF̂cp + h.c.

)
, (1.27)

where ĤBH is the standard BH Hamiltonian and the collective operator

F̂cp =
∑

i

J cp
ii n̂i +

∑
⟨i,j⟩

J cp
ij

(
b̂†

i b̂j + h.c.
)

(1.28)

moderates the spatially structured coupling experimented by the bosons and the
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scattered light.

The term proportional to Jii corresponds to the density coupling, while Jij describes
a coupling to coherences between neighbouring sites (bond coupling), meaning, it
couples with the phase of the matter [45]. This distinction is crucial, as it allows for
the design of synthetic interactions not only on density, but also on superfluid order.

Adiabatic elimination of the photonic field For a well behaved cavity (|∆pc| ≫ κ

while |∆pc| ≫ |U | and |∆pc| ≫ |t0|), one can perform adiabatic elimination to the
inter-cavity field. The result is a purely atomic Hamiltonian [44]

Ĥeff = ĤBH +
∑
c,p,q

gpcg
∗
qc

N(∆pc + iκc)
1
2
(
F̂ †

pcF̂qc + h.c.
)
. (1.29)

This term is the origin for the synthetic light-mediated interaction. An atom scatters
one photon to the cavity mode, and it gets reabsorbed collectively by the whole system,
generating a global interaction.

For the simplest case (one cavity mode, one pump beam and only density coupling),
the additional term reduces to

Ĥcav = geff

Ns

(∑
i

Jin̂i

)2

, (1.30)

where geff ∝ ∆pc/(∆2
pc + κ2) is the effective coupling, tunable through the frequency

of the pump and parameters of the cavity.

The quadratic term implies that the energy depends on the collective density
pattern projected onto the spatial profile of the light. The interaction, formally, is of
infinite range, but its spatial structure is determined by the coefficients Ji, that can
alter sign or repeat periodically depending on the optical geometry.

For example, if the scattering occurs in a diffraction minima (when the cavity axis
and the pump beam are at 90◦), one obtains

Ĥcav = geff

Ns

(∑
i

(−1)in̂i

)2

, (1.31)

which favours a density wave (DW) ordering and allows the emergence of supersolid
phases, already observed experimentally [47].

One notable result shown in [45] is that, although the light-matter interaction is
global, it can be structured in sublattices (atomic modes) through the geometry of the
optical arrangement. Grouping sites that scatter with the same phase, the Hamiltonian
reads
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Ĥcav =
∑
φ,φ′

γ̃φ,φ′N̂φN̂φ′ + γ̃′
φ,φ′ŜφŜφ′ , (1.32)

where N̂φ are the collective density operators by mode, and Ŝφ bond operators and
γ̃′

φ,φ′ = [geffJ
∗
DJB + c.c] /(2

√
Ns).

This allows to simulate effective interactions of finite range using a few optical
modes, combining properties from short-range and global interactions.

The balance between the local hopping t0, the interaction U and the global term geff

generates an enriched phase landscape, including supersolids, bond order, dimerized
and trimerized states and phases where global order and local quantum fluctuations
coexist.

The collective nature for the coupling implies a global order parameter, modifying
the critical nature of the transition and allowing for the study of the BHM beyond the
purely local paradigm.

The conceptual development for this system began with the study of quantum
scattering and QND measurements on quantum gases [44], then moved to the
understanding of quantum optical lattices and collective back-action, and concluding
with the formulation of synthetic global Hamiltonians capable of simulating any
desired structured interactions [45].

1.3 Quantum measurements: the role of entanglement
Among the most attractive features of quantum simulators is their ability to reproduce,
with high fidelity and control, the physics of many-body Hamiltonians typically
hard to manage by classical methods in strongly correlated regimes. For ultracold
bosons in optical lattices the paradigmatic systems to do so are Bose-Hubbard-like
models. The experimental state of the art allows for the adjustment almost in-situ of
the parameters for lattice depth, interactions via Feshbach resonances, the geometry
and the dimensionality, and then measuring observables with spatial or momentum
resolution, or even quantum gas microscopy.

However, the complete complex quantum behaviour of a many-body state is not
always captured entirely by local observables or two-point correlations. In this context,
quantum entanglement has consolidated as the natural language to characterize this
systems, quantifying purely quantum correlations between partitions of the systems,
serving both as a measure and as a probe. In particular, the entanglement entropy (EE)
allows to diagnose the quantum phase transitions, distinguish phases with non-trivial
orders and stablish limits for numerical simulations based on the validation of the
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area laws.

A state composed by two subsystems A and B is called entangled if it cannot be
expressed as a product |Ψ⟩AB ̸= |ψ⟩A ⊗ |ϕ⟩B . This non-separability means there is no
way to completely describe each part independently.

For many-body systems, the entanglement acquires also a geometrical interpre-
tation: if we cut a system in a subsystem A and its complement subsystem B, the
entanglement measures how much information crosses the frontier A|B. For local
Hamiltonians this typically leads to an area law, where the entanglement increases
along with the frontier (area law) not with the volume of the system. Nonetheless,
for highly excited or out-of-equilibrium dynamical systems, a volumetric scaling law
may emerge.

From the quantum simulation point of view, this ideas explain why it is relevant
to advance in mechanisms to measure and calculate the entanglement. Not only it
identifies the quantum phases and their transitions, it also characterizes how the
quantum correlations are distributed through the whole system, which is specially
essential when we have non-local interactions.

A convenient way to measure quantitatively how much entangled is a system is
via the entanglement entropy (EE). For bipartite systems it takes the form of the Von
Neumann bipartite entropy. If the global state is pure, then all the mixture found by
observing A comes exclusively from the entanglement with B, not from temperature
or classical ignorance.

For example, in the standard BHM, the behaviour of the EE while crossing the
MI-SF transition gives complementary information on top of the compressibility.
In fact, studies such as [48] show that it presents a singularity at the transition
point, associated with the nature of the bosonic criticality and the structure of the
entanglement spectrum.

Definition of the von Neumann bipartite entropy
Consider a system in a global state described by the density matrix ρAB in the Hilbert
space subdivided into regios A and B: H = HA ⊗ HB.

Observing A, the reduced density matrix encodes the accessible information

ρA = TrB(ρAB). (1.33)

The von Neumann entropy associated with A is defined as

SA ≡ S(ρA) = −Tr(ρA log ρA) , (1.34)
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here the units are fixed by the base of the logarithm. In that sense log2 gives a bits
description.

For a total pure state, ρAB = |Ψ⟩ ⟨Ψ|, it follows S(ρAB) = 0, but in general it satisfies

S(ρA) = S(ρB). (1.35)

The EESA measures how much information on the global state is lost by constraining
to observables of A. On many-body systems, the comparison between the scaling
with the subsystem size and the geometry of the cut contains universal information
and, therefore, it serves as a diagnosis for quantum phases and transitions.

The definition of the bipartite EE requires a choice of bipartition of the Hilbert
space. This is not unique, it depends on the physical problem being addressed, the
subdivision could be, for instance, by separating sets of modes, internal degrees of
freedom or, convenient for this work, by spatial regions (lattice sites). A typical choice
would be

A = {first half}, B = {second half}, (1.36)

as shown in Fig. 1.1a. In extended models with synthetic long-range interactions,
the relevant degree of freedom may not be strictly local. The light couples collective
modes with a spatial shape depending on the optical geometry. For example, as
mentioned in Section 1.2, for the diffraction minima regime, it can emerge an odd/even
sublattice structure. This motivates a direct and privileged bipartition

A = {even sublattice}, B = {odd sublattice}, (1.37)

as shown in Fig. 1.1b.

(a) Half-half spatial bipartition. (b) Even-odd spatial bipartition.

Figure 1.1. Schematic of different bipartitions.
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Chapter 2

The models

On this chapter we will present, and explicitly construct, the effective models that
constitute the nucleus for this work: extensions to the Bose-Hubbard model where
synthetic global interactions emerge from the coupling of a system of ultracold bosons
in a lattice with one or many modes of an optical cavity. The central motivation is
two-sided. On one hand, these non-standard systems allow to implement non-local
interactions with a highly configurable spatial structure determined by the optical
geometry. On the other hand, the collective behaviour of the light-matter coupling
introduces new kinds of correlations (density and coherence), enriching the classical
phase diagram and emerging sublattice odd/even structures, extremely relevant for
the study of quantum entanglement [45].

We start from the standard BHM, contributing with the already known local
processes of neighbouring sites hopping and on-site repulsion. Then we add the
contributions of the quantized optical field and the light-matter interactions due to the
addition of the optical cavity. We will derive, step by step, the effective Hamiltonians.

The structure will be the following. In Section 2.1 the full microscopic model is
presented from the BHM with the addition of the cavity interactions to the Hamiltonian.
Then in Section 2.2 we will define a specific geometry to obtain an effective coupling to
the atomic density, and then derive explicitly the effective Hamiltonian for that regime,
explaining the interplay between the local processes and the synthetic collective
interaction, and how it is expected to modify the landscape for the phase diagram.
In Section 2.3 we’ll do an analogue description but for the geometry that selects the
inter-site coherences, coupling on the bonds. Finally, on Section 2.4 we provide a
natural extension with a geometry consisting on multiple pump beams at different
angles, and how that modifies the effective model and the phase diagram.

2.1 Extended Bose-Hubbard: light-matter Hamiltonian
Here we’ll stablish the general model used for this work, describing bosons in a lattice
coupled with one cavity mode. The objective is to present a step-by-step derivation of
a purely atomic effective Hamiltonian incorporating the effects of the cavity interaction.
The result is a family of extended Bose-Hubbard models, with a structure given by
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the geometry of the light-field.

The derivarion begins with the already discussed BHM

Ĥb = −t0
∑
⟨i,j⟩

(
b̂†

i b̂j + h.c.
)

− µ
∑

i

n̂i + U

2
∑

i

n̂i(n̂i − 1), (2.1)

where b̂i (b̂†
i ) are the annihilation (creation) operators at site i. n̂i = b̂†

i b̂i, t0 is
the hopping amplitude, U the local repulsion and µ the chemical potential. We’ve
established that the models parameters are obtained by the Wannier integrals using
the correspondent optical lattice potential:

t0 = −
�
d3r w(r − Ri)

[
−ℏ2∇2

2m + VOL(r)
]
w(r − Rj), (2.2)

Considering one or many cavity light modes labelled by c, with operators âc and
frequencies ωc, we have the light field Hamiltonian

Ĥa =
∑

c

ℏωc â
†
câc. (2.3)

In practice, one illuminates the system with one or many classical pump beams labelled
by p, with frequencies ωp and complex amplitude Ωp (in Rabi units). For convenience,
we work in the rotating frame of the pump frequency, where the detuning appear
naturally:

∆a = ωp − ωa, ∆pc = ωp − ωc, (2.4)

knowing ωa is the atomic resonance frequency.

Now, let’s suppose off-resonant scattering, where |∆a| ≫ κ, κ being the spontaneous
emission rate, and |∆pc| ≫ |U | and |∆pc| ≫ |t0|, In this regime we can perform adiabatic
elimination the excited atomic state, and the the interaction between light and matter
is given by an effective dispersive coupling [44].

The cavity selects and enhances the pump light that the atoms scatter to the
cavity modes. For the lowest band approximation (with localized Wannier states) the
interaction can be written as [45]

Ĥab =
∑
c,p

1√
Ns

(
g∗

pc âc F̂
†
pc + gpc â

†
c F̂pc

)
, (2.5)

where the effective coupling

gpc = gc Ωp

2∆a

(2.6)

depends on the atom-cavity coupling gc, the pump amplitude Ωp and the atomic
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detuning ∆a.

The collective operator F̂pc is composed of two different contributions

F̂pc = D̂pc + B̂pc, (2.7)

where the density coupling occurs due to

D̂pc =
∑

j

Jpc
jj n̂j, (2.8)

and the bond coupling occurs due to

B̂pc =
∑
⟨i,j⟩

Jpc
ij

(
b̂†

i b̂j + h.c.
)
. (2.9)

Here the coefficients Jpc
ij are overlap integrals over the Wannier functions and the

optical mode functions,

Jpc
ij =

�
d3r w(r − Ri)u∗

c(r)up(r)w(r − Rj), (2.10)

with uc(r) and up(r) are respectively the cavity mode and pump functions. This
expression explicitly contains the optical geometry determining how the light couples
(to density or coherence).

The equations (2.8)-(2.9) show that the light can couple to the diagonal (n̂j) or
off-diagonal part (b̂†

i b̂j + h.c.). This will become important in the following sections,
as it determines the cases JD and JB respectively.

Inside the cavity, there is a loss of photons with rate κc, leaking through the mirrors.
A complete description includes that dissipative term in the Heisenberg–Langevin
equations for âc

˙̂ac = −i[âc, Ĥa + Ĥab] − κcâc (+ noise), (2.11)

where, for this purpose, we omit the noise operator because we only care for the
effective mean dynamic. In the ’good’ cavity regime it is used as an approximation
for work

|∆pc| ≫ κc, |∆pc| ≫ t0, U, (2.12)

The first condition assures the cavity field is quasi-coherent (high finesse); the
second guarantees the optical field gets relaxed to the stationary state way faster than
the atomic dynamic. Under this conditions, the cavity field follows adiabatically the
state of the matter, hence it can be adiabatically eliminated [44, 45]. Formally, this
corresponds to imposing ˙̂ac ≈ 0, giving the time-independent solution to the field, as
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a function of F̂

âc ≃ 1√
Ns

∑
p gpcF̂pc

∆pc + iκc

. (2.13)

this is the cavity backaction mechanism. The field inside the optical cavity is
determined by the collective quantum state through F̂pc, and it acts on the atoms
through Ĥab. In consequence, the resulting interaction is non-local, because the sites
are coupled due to the cavity.

Substituting (2.13) into the full Hamiltonian Ĥ = Ĥb + Ĥa + Ĥab, and performing
the adiabatic elimination, leads to a purely atomic Hamiltonian [44, 45]:

Ĥeff = Ĥb + 1
Ns

∑
c

∑
p,q

gqc
eff
2 F̂ †

pcF̂qc +

(
gqc

eff

)∗

2 F̂pcF̂
†
qc

 , (2.14)

with an effective coupling
gqc

eff = g∗
cgq

∆qc + iκc

. (2.15)

The real part of gqc
eff controls the coherent coupling, while the imaginary part

contains the dissipative effects, in other words, the leaking of photons. For now on,
we will use (2.14) as a starting point for the following models.

This general EBHM represent an effective long-range interaction induced by the
light. This interaction is, in principle, of infinite range (global), as the cavity field
couples to all the simultaneously illuminated sites. However, as will be discussed
later, the spatial structure of the coupling can be designed through the coefficients
Jpc

ij , allowing effective short-range or medium-range interactions with a designable
profile [45].

The general expression (2.14) can be reorganized in terms of the operators for
collective modes. Given that the coefficients Jpc

ij can have a spatial periodicity according
to the optical geometry, it is convenient to define atomic modes φ as sets of sites
coupling light with the same Jpc

ij . On this terms, the collective operator (2.7) can be
rewritten as

F̂pc =
∑
φ

Jpc
D,φ N̂φ +

∑
φ′
Jpc

B,φ′ Ŝφ′ , (2.16)

where the density and bond modes are, respectively

N̂φ =
∑
i∈φ

n̂i, Ŝφ′ =
∑

⟨i,j⟩∈φ′

(
b̂†

i b̂j + b̂†
j b̂i

)
. (2.17)

Here Jpc
D,φ and Jpc

B,φ′ are the common values resulting from the overlap integrals



2. The models 19

for all sites of the specific mode φ. Substituting (2.16) on (2.14), the new terms of the
Hamiltonian take the form

Ĥeff − Ĥb =
∑
φ,φ′

∑
c,p,q

[
γ̃D,D

φ,φ′ N̂φN̂φ′ + γ̃B,B
φ,φ′ ŜφŜφ′ + γ̃D,B

φ,φ′

(
N̂φŜφ′ + N̂φ′Ŝφ

)]
, (2.18)

with coefficients γ̃φ,φ′ = [gqc
eff(Jpc

µ,φ)∗Jqc
ν,φ′ + c.c.]/2, with superscripts D or B [45].

Here the term N̂φN̂φ′ is analogous to a density-density interaction between spatial
modes; the term ŜφŜφ′ is analogous to a coherent interchange interaction; and the
crossed term N̂φŜφ′ couples both density and coherence. The competence between
these are modulated by the coefficients γ̃µ,ν

φ,φ′ , determining the possible rich phase
diagram.

Depending on which term is dominant, controlled by the optical geometry through
Jpc

ij , quantitatively different effective models can be obtained. In particular:

• If the light couples predominantly with density (Jpc
jj ≫ Jpc

ij , for i ̸= j), the relevant
interaction is density-density. This leads to the effective density coupling model
of Section 2.2.

• If the light predominantly couples with the bonds (Jpc
ij ≫ Jpc

jj , for i ̸= j), the
relevant interaction is between coherences. This leads to the effective bond
coupling model of Section 2.3.

• In the general case, both couplings coexist, and the model also includes the
crossed density-bond interaction term.

The following sections will explicitly derive the particular cases for each proposed
geometry.

2.2 Density coupling (JD)
Here we will derive the EBHM Hamiltonian resulting when the optical geometry is
such that the light couples predominantly with the atomic density. This is the most
widely studied case in the literature of optical cavities with ultracold bosons [47, 49,
45, 46].

Remembering the light-matter coupling is codified in the overlaps Jpc
ij

Jpc
ij =

�
d3r w(r − Ri)u∗

c(r)up(r)w(r − Rj). (2.19)

For a deep lattice, these w functions are strongly localized on each site (around Ri).
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For this case, the on-site overlap (i = j) dominates over the inter-site overlaps (i ̸= j)

|Jpc
ii | ≫ |Jpc

ij | (i ̸= j), (2.20)

Physically, this occurs when the peaks of the pump field up(r) coincide with the
positions of the atoms (the sites), so that the light mainly sees the atomic density on
each site, and not the coherence. For this regime, the site coefficients can be expressed
as

Jpc
jj ≃ u∗

c(Rj)up(Rj) ≡ Jj, (2.21)

where Jj can be constant for homogeneous coupling or have a periodic modulation.
This spatial structure determines which collective combination of densities contributes
to the effective Hamiltonian.

Then, starting from the general result of the previous section

Ĥeff = Ĥb + 1
Ns

∑
c

∑
p,q

gqc
eff
2 F̂ †

pcF̂qc +

(
gqc

eff

)∗

2 F̂pcF̂
†
qc

 . (2.22)

considering only one c and one p modes

Ĥeff ≃ Ĥb + geff

2Ns

(
F̂ †F̂ + F̂ F̂ †

)
, F̂ ≈ D̂ =

∑
j

Jj n̂j, (2.23)

with an effective real coupling amplitude, i.e. assuming no leaking,

geff = |g|2 ∆pc

∆2
pc + κ2 . (2.24)

The sign of geff is controllable experimentally through the cavity-pump detuning
∆pc. For ∆pc > 0 we have geff > 0; for ∆pc < 0 we have geff < 0. This has important
physical consequences, as we will discuss on Chapter 3.

Given an adequate phase selection for the pump, Jj can be taken as real , and D̂ is
hermitic, then it simplifies to

1
2
(
D̂†D̂ + D̂D̂†

)
= D̂2, (2.25)

Therefore the term induced by the cavity is reduced to

Ĥ(D)
cav = geff

Ns

D̂2 = geff

Ns

∑
j

Jjn̂j

2

. (2.26)
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Expanding (2.26) one obtains a long-range interaction, structured by the geometric
coefficients Jj

Ĥ(D)
cav = geff

Ns

∑
i,j

JiJj n̂in̂j = geff

Ns

∑
i

J2
i n̂

2
i + geff

Ns

∑
i̸=j

JiJj n̂in̂j. (2.27)

As we can see, the first term is local, but the second is global, connecting whichever
pair of sites, independent of their separation.

To interpret the local term, we can use the identity

n̂2
i = n̂i(n̂i − 1) + n̂i. (2.28)

substituting (2.28) on (2.27) we obtain

Ĥ(D)
cav = geff

Ns

∑
i

J2
i n̂i(n̂i − 1) + geff

Ns

∑
i

J2
i n̂i + geff

Ns

∑
i̸=j

JiJj n̂in̂j. (2.29)

which allows a direct interpretation: the first term is a renormalization of U , spatially
dependent thanks to J2

i ; then µ suffers a shift; the third term introduces a density-
density infinite-range interaction, modulating the collective configurations depending
on the sign of geff and the spatial pattern of Ji.

Adding this (2.29) to Ĥb gives an effective Hamiltonian

Ĥ
(D)
eff = − t0

∑
⟨i,j⟩

(
b̂†

i b̂j + h.c.
)

− µ
∑

i

n̂i + U

2
∑

i

n̂i(n̂i − 1)

+ geff

Ns

∑
i

J2
i n̂i(n̂i − 1) + geff

Ns

∑
i

J2
i n̂i + geff

Ns

∑
i̸=j

JiJj n̂in̂j. (2.30)

With an equivalent form, obtained by grouping the terms in renormalized parame-
ters, of

U

2
∑

i

n̂i(n̂i−1)+geff

Ns

∑
i

J2
i n̂i(n̂i−1) =

∑
i

U eff
i

2 n̂i(n̂i−1), U eff
i = U+2geff

Ns

J2
i , (2.31)

and
−µ

∑
i

n̂i + geff

Ns

∑
i

J2
i n̂i = −

∑
i

µeff
i n̂i, µeff

i = µ− geff

Ns

J2
i , (2.32)

Then we can rewrite (2.30) as

Ĥ
(D)
eff = −t0

∑
⟨i,j⟩

(
b̂†

i b̂j + h.c.
)

−
∑

i

µeff
i n̂i +

∑
i

U eff
i

2 n̂i(n̂i − 1) + geff

Ns

∑
i̸=j

JiJj n̂in̂j. (2.33)

Here we can clearly see and expect an interplay between a coherent delocalization
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controlled by t0, a local repulsion controlled by U eff
i and a collective density interaction

controlled by geffJiJj .

Eq. (2.33) is the EBHM with density interaction. Now, the spatial profile of the
coefficients Jj determines which collective combination of densities the cavity is
coupled to. Given that the coefficients Jj = u∗

c(Rj)up(Rj) depend mode functions
evaluated at each site of the lattice, then their spatial structures is fixed by the optical
geometry: angles, wavelength and amplitude of the pump.

A particularly relevant case is the diffraction minima: when the pump beam is
transversal to the cavity axis (at 90◦). In this case, the spatial profile of u∗

c(r)up(r) alters
the sign site by site, imposing the staggered structure

Jj = JD (−1)j, (2.34)

with JD real [45]. This alternation imprints a sublattice structure on the system: the
odd sites (O), with Jj = +JD, and the even sites (E), with Jj = −JD. The collective
density operator transforms to

D̂ = JD

∑
ν

(n̂O,ν − n̂E,ν) , (2.35)

measuring the difference in population between the two sublattices. Then the full
cavity term is described by

Ĥ(D)
cav = geff

Ns

|JD|2
(∑

ν

n̂O,ν − n̂E,ν

)2

, (2.36)

This is the extension we will be referring to as the density coupling (JD) model,
studied in detail on the Refs. [45, 46, 50].

A schematic depiction of the experimental array for this model is presented in Fig.
2.1.

2.3 Bond coupling (JB)
We have shown the derivation a density coupling model. Now it’s time to consider a
complementary situation, when the optical geometry is such that the light couples to
the coherence between neighbouring sites, that is, the lattice bonds. This is a regime
qualitatively different because it modifies the effective hopping interaction, allowing
the stabilization of bond order phases, such as superfluid dimers and supersolid
dimers, which will be discussed on Chapter 3.

Again, the derivation begins with the general Hamiltonian
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Figure 2.1. Optical geometry for the JD EBHM.

Ĥeff = Ĥb + geff

2Ns

(
F̂ †F̂ + F̂ F̂ †

)
, F̂ = D̂ + B̂. (2.37)

Now we are looking for an optical geometry in which the dominant contribution is
B̂pc, i.e.

|Jpc
ij | ≫ |Jpc

jj |, i ̸= j, (2.38)

so thatF̂pc ≈ B̂pc.

This condition is reached when the product u∗
c(r)up(r) has its maxima in between

the lattice sites, that is, at the midpoints of the bonds, where the Wannier functions
overlap. In practice, this is achieved by choosing the functions in such a way that
the pump field nodes land on the lattice sites. In 1D, a choice that satisfies this is
uc(r) = const. and up(r) = sin(πr/a), where a is the lattice separation length [51]. With
this choice, the density integral Jpc

jj =
�
w2(r − Rj)|u∗

c ||up| d3r is zero by symmetry,
while the bond integral is non-zero and controlled.

The resulting bond coefficients alternate sign between consecutive neighbours,

Jpc
ij = ±JB, (2.39)

with JB ≃ 0.05 for an optical potential with V0 ≈ 5ER in 1D [45]. This pattern
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imprints a four-mode spatial structure on the system, as will be explained later.

Taking just one cavity and one pump beam, and considering the latter approxima-
tion F̂ ≈ B̂, the effective Hamiltonian is

Ĥ
(B)
eff ≃ Ĥb + geff

2Ns

(
B̂†B̂ + B̂B̂†

)
, B̂ =

∑
⟨i,j⟩

Jij K̂ij, (2.40)

where we can define the hermitic bond operator

K̂ij ≡ b̂†
i b̂j + b̂†

j b̂i, (2.41)

and geff is given by Eq. (2.24). Given that, then the cavity term simplifies as

Ĥ(B)
cav = geff

Ns

B̂2 = geff

Ns

∑
⟨i,j⟩

Jij K̂ij

2

. (2.42)

In order to understand the physics contained in (2.42), we can expand the square,
separating each diagonal (⟨i, j⟩ = ⟨k, l⟩) and crossed (⟨i, j⟩ ̸= ⟨k, l⟩) contributions:

B̂2 =
∑
⟨i,j⟩

J2
ij K̂

2
ij +

∑
⟨i,j⟩̸=⟨k,l⟩

JijJkl K̂ijK̂kl. (2.43)

As a first step we expand K̂2
ij explicitly. Using the definition (2.41) and expanding

K̂2
ij = (b̂†

i b̂j)2 + (b̂†
j b̂i)2 + b̂†

i b̂j b̂
†
j b̂i + b̂†

j b̂ib̂
†
i b̂j. (2.44)

We can use the canonical commutation relations for the last two terms; for the
bosonic operators [b̂i, b̂

†
j] = δij . For i ̸= j, they commute, so that

b̂†
i b̂j b̂

†
j b̂i = b̂†

i (n̂j + 1)b̂i = (n̂j + 1)n̂i, (2.45)

b̂†
j b̂ib̂

†
i b̂j = b̂†

j(n̂i + 1)b̂j = (n̂i + 1)n̂j. (2.46)

Substituting in (2.44):

K̂2
ij = (b̂†

i )2b̂2
j + (b̂†

j)2b̂2
i + 2n̂in̂j + n̂i + n̂j. (2.47)

Let’s stop for a moment to explain the physical interpretation of the contributions.
In order, we have: a pair-tunneling, a density-density contribution, and linear terms
(can be absorbed as a shift in µ).

Repeating the procedure for the JD case, we can separate the diagonal and crossed
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contributions in B̂2, using (2.47) in (2.43)

Ĥ
(B)
eff = Ĥb + geff

Ns

∑
⟨i,j⟩

J2
ij

[
(b̂†

i )2b̂2
j + (b̂†

j)2b̂2
i + 2n̂in̂j + n̂i + n̂j

]
+ geff

Ns

∑
⟨i,j⟩̸=⟨k,l⟩

JijJkl K̂ijK̂kl. (2.48)

With the alternate structure of (2.39), the lattice bonds may be divided into different
modes according to the sign of Jij . We define the bond operator for each mode as

Ŝφ ≡
∑

⟨i,j⟩∈φ

K̂ij, (2.49)

so that
B̂ =

∑
φ

JB,φ Ŝφ. (2.50)

For the same regime discussed in the previous section, with diffraction minima
(cavity axis and pump laser beam are at 90◦), then the alternating pattern of the
coefficientsJij = (−1)i+1JB impose a four site periodicity in the lattice. This requires
to introduce four modes ξ = 1, 2, 3, 4 to represent the four families of equivalent
sites, with the periodic condition ξ + 4 ≡ ξ [45]. The effective Hamiltonian is then
decomposed into four contributions, one for each mode

Ĥ
(B)
eff =

4∑
ξ=1

Ĥeff
ξ . (2.51)

2.4 Multicomponent density coupling
The two previous sections considered optical geometries that induced a two-mode
structure to the system. Even and Odd sites, for the JD model; four families of
sites for the JB model. For both cases, the spatial periodicity of the light field was
R = 2. A natural extension consist in asking what could occur when choosing a pump
angle with another value( ̸= 90◦), such that the spatial projection u∗

c(r)up(r) acquires a
periodicity with R > 2 spatial modes [45, 50].

This is a significantly richer scenario for the phase diagram. The interplay between
R spatial modes generates an energy landscape with new possibilities of symmetry
breaking, including multicomponent density waves (DW) and supersolid (SS). The
derivation is a generalization of the one for R = 2, so the treatment can be done under
the same framework.



2. The models 26

For the purpose of this work, let’s consider the density coupling regime, where
B̂ ≈ 0, so that

F̂ ≃ D̂ =
∑

j

Jjj n̂j, Jjj ≈ u∗
c(Rj)up(Rj). (2.52)

The novelty respect to the Section 2.2 is that the product of the modes u∗
c(Rj)up(Rj)

does not only have a two-value alternation, but R different phase values periodically
along the lattice. Specifically, for the travelling wave beams, the projection of the
differential wave vector kp − kc along the lattice axis ê, leading to

Jjj = JD e
i(kp−kc)·Rj . (2.53)

the condition of commensurability with the lattice requires

(kp − kc) · ê · a = 2π
R
, (2.54)

with a the lattice spacing, and R ∈ Z+. When this condition is satisfied, the lattice
sites are grouped in R families or spatial modes ξ = 1, . . . , R, each with Ns/R sites.
All sites of the same family couples with the light with the same amplitude and phase.
Geometrically, the condition (2.54) fixed the angle of the pump beam respect with the
cavity axis

cos θp = cos θc − λ

a
· 1
R
, (2.55)

where θc,p are the angles for the wave vectors for the cavity and the pump respect with
the lattice axis, and λ is the wavelength of the light [45]. Simply adjusting the pump
angles, the number of spatial modes R is controlled and, consequently, the effective
interaction structure.

For a general value R, the collective density operator takes the form

D̂ = JD

R∑
ξ=1

eiθξ N̂ξ, N̂ξ =
∑
j∈ξ

n̂j, (2.56)

where θξ = 2π(ξ − 1)/R is the relative phase of each mode ξ and N̂ξ is the number
operator for that mode.

For the most inmediate extension, R = 3, the geometric condition is

(kp − kc) · ê · rj = 2π
3 j, (2.57)

so that the three modes have the phases θ = 0, 2π/3, 4π/3 and the collective operator
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is
D̂ = JD

(
N̂1 + ei 2π

3 N̂2 + ei 4π
3 N̂3

)
. (2.58)

The physical interpretation is direct, as the cavity measures the difference in population
between the three sublattices with their corresponding phase weights. When the
three sublattices have the same population (ρ1 = ρ2 = ρ3), the operator D̂ is zero and
the cavity does not scatter light; when there is density imbalance between modes,
|⟨D̂⟩| ̸= 0 and the cavity backaction is maximized.

The term induced by the cavity is Ĥ(D)
cav = geff

Ns
D̂†D̂. Given that D̂ is not Hermitic

for R ≥ 3, because of the complex phases θξ, it is necessary to evaluate D̂†D̂ explicitly

D̂†D̂ = |JD|2
(
N̂1 + e−i 2π

3 N̂2 + e−i 4π
3 N̂3

) (
N̂1 + ei 2π

3 N̂2 + ei 4π
3 N̂3

)
= |JD|2

[
N̂2

1 + N̂2
2 + N̂2

3 − N̂1N̂2 − N̂2N̂3 − N̂1N̂3
]
, (2.59)

where we’ve used the fact ei2π/3 + e−i2π/3 = −1 and the hermicity of N̂ξ. The result
of (2.59) has a clear structure: the diagonal terms N̂2

ξ are a renormalization for the
onsite interaction and the chemical potential for each mode, while the crossed terms
N̂ξN̂ξ′ introduce a repulsive interaction for different modes, i.e. the system prefers the
state where different modes have different populations, favouring DW by geff < 0.

This Ĥ(D)
cav is added to the BHM to form the EBHM that we call the multicomponent

density coupling model.
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Chapter 3

Quantum phases for extended models

The EBHM’s derived in the previous chapter describe strongly correlated bosons in
optical lattices with cavity-induced collective coupling. The main characteristic of
this collective modes is that it generates global long-range interactions but with a
tunable spatial structure determined by the optical geometry [44, 44, 45]. This aspect,
while conserving the local or short-range physics, mainly the MI-SF transition, also
naturally admits the emergence of additional phases of density or bond orders, typical
for non-local extensions [6, 42].

The purpose of this chapter is, on Section 3.1, to stablish the definitions for the
relevant quantum phases for this EBHM’s, comment on the observables and order
parameters necessary to their identification. Then on Section 3.2 is to describe how this
phases may be identified experimentally with ultracold atoms experiments, linking
the order parameters with optical signals and other standard atomic characterization
techniques [44, 44]. Finally, we’ll discuss the role of the EE as a measure of correlations
for each phase.

3.1 MI, SF, DW, SS and dimerization
We will define each many-body quantum phase relevant for the EBHM’s studied in
this work, specifying the order parameters characterizing each one, the structure of
the many-body state that describes them, and how are they modified or generated by
the presence of light-matter coupling.

Mott insulator (MI)
The Mott quantum phase is incompressible and localized, present in the BHM for
U/t0 ≫ 1 with commensurate filling [6, 2]. Its definition is based in two simultaneous
conditions. The first is the absence of phase coherence. The superfluid order parameter
is zero everywhere

ψi ≡ ⟨b̂i⟩ = 0. (3.1)
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The second is incompressibility. The compressibility of a system, defined as

κ = ∂⟨n̂⟩
∂µ

, (3.2)

is zero for the thermodynamic limit (T = 0), reflecting the existence of a finite particle-
hole energy gap ∆MI. This gap separates the ground-state and the first excitation, and
is the reason for why the density by site is fixed. For the BHM, within a mean-field
description, the MI gap with filling n0 in the limit t0 → 0 is ∆MI = U for n0 = 1 [6].

The many-body state for the MI in the limit t0 = 0 is a Fock state with exact
occupation of n0 by site.

|ΨMI⟩ =
⊗

i

|n0⟩i, (3.3)

which is a product state without quantum site correlations. The particle fluctuations
by site are exponentially suppressed with U/t0,

(∆ni)2 ≡ ⟨n̂2
i ⟩ − ⟨n̂i⟩2 → 0 para t0/U → 0, (3.4)

implying that the MI is essentially a classical state from the entanglement point of
view. Meaning its bipartite entanglement entropy is zero, SMI

EE = 0, independent of
the partition. For a small finite t0, the MI acquires perturbative corrections mixing
the Fock state |n0⟩ with the particle-hole states |n0 ± 1⟩, generating a small but finite
entanglement, growing as the system approaches the MI-SF transition [52].

The fluctuations are related with the compressibility by

κ = (∆n̂i)2Ns

kBT
. (3.5)

In the presence of a cavity, the MI persist when the local processes dominate,
but the Mott lobes are typically renormalized by the cavity-induced interactions.
For the JD model (Section 2.2, the renormalization for the chemical potential µξ =
µ± 2geff |JD|2ρ shift the Mott lobes, while the renormalization of the local interaction
Uξ = U + 2geff |JD|2/Ns modifies the width of the Mott lobes [45].

A schematic depiction of the phase is presented in Fig.3.1.
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Figure 3.1. MI configuration. Fixed particle number per site.

Superfluid (SF)
The superfluid phase is delocalized and coherent, present in the BHM for a sufficiently
large t0/U [6]. It is characterized by a finite superfluid parameter

ψi = ⟨b̂i⟩ ̸= 0, (3.6)

indicating the spontaneous breaking of the U(1) symmetry, related to particle number
conservation. Microscopically, the SF corresponds to the Bose-Einstein condensation
of the atoms into the zero-momentum mode of the lowest energy band. Taking the
limit U → 0, the many-body state is exactly a coherent state for each site,

|ΨSF⟩ =
⊗

i

|ϕ⟩i, |ϕ⟩i = e−|ϕ|2/2
∞∑

n=0

ϕn

√
n!

|n⟩i, (3.7)

with ϕ = ⟨b̂⟩ and Poisson distribution for the Fock states, pn = |ϕ|2ne−|ϕ|2/n! [53]. The
correlations in the SF slowly decay with distance, described by the correlation function
for one body

g(1)(r) = ⟨b̂†
i b̂i+r⟩ (3.8)

that goes to a constant value for d ≥ 2, and algebraically decays for 1D [54]. Addition-
ally, the SF phase has finite compressibilityκ > 0, gapless excitations (Goldstone modes
associated with the symmetry breaking U(1)) and maximum number fluctuations,
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(∆ni)2 = |ϕ|2 = ρ.

From an entanglement perspective, the SF state has a bipartite entanglement
entropy that grows logarithmically with the size of the system in 1D, S ∼ 1

3 lnNs

[55, 56]. This logarithmic law is a correction to the area law, and its characteristic for
gapless phases in 1D.

In the presence of a cavity, the SF may acquire additional structures, but for
sufficiently large t0/U , it still exist.

A schematic representation of the phase is presented in Fig.3.2.

Figure 3.2. SF configuration. The particles are delocalized.

Density wave (DW)
The DW phase is an insulating state that breaks the translational symmetry of the
lattice trough a periodic atomic density pattern. In the most general form, it is
characterized by

⟨n̂i⟩ = ρ+ δn cos(Q · Ri + φ), (3.9)

where Q is the order vector, ρ is the average density, δn > 0 is the amplitude of
modulation and φ the arbitrary phase reflecting the degeneracy of the ordering. For
the two-sublattice models (R = 2), the order vector is Q = π/a (in 1D), corresponding



3. Quantum phases for extended models 32

to an even-odd density alternation, and the natural order parameter is

O2
DW = 1

N2
s

(∑
i

(−1)i⟨n̂i⟩
)2

= (NE −NO)2

N2
s

, (3.10)

where NE,O are the total occupations for each sublattice. This parameter is non-zero
(ODW ̸= 0) if and only if there is a density imbalance between sublattices, and it is
zero for the MI and SF, where ρO = ρE = ρ.

As the DW is an insulator, it follow ψi = 0, κ = 0, and presents an energy gap,
understood as a generalized Mott gap. In the context of EBHM’s with cavities, the DW
emerges naturally for geff < 0, as the cavity term favours energetically the maximization
of |⟨D̂⟩|2 ∝ (NE −NO)2, pushing the system to an imbalanced configuration [45].

A schematic representation of the phase is presented in Fig.3.3.

Figure 3.3. DW configuration. Different colors represent different densities. Fixed density per
family (O/E).

Supersolid (SS)
The supersolid phase combines simultaneously superfluid and density orders[57]

ψ ̸= 0 y ODW ̸= 0. (3.11)

This implies that the system presents a global phase coherence while having a spatial
density modulation. The SS typically appears as an intermediate phase between SF
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and DW, as both order parameters smoothly change and coexist in that region [58, 45].

The existence of SS on bosonic lattice systems with short-range interactions have
been object of controversy in the past [57, 59]. In the cavity-mediated EBHM’s the
global interaction stabilizes the SS robustly [45].

A schematic depiction of the phase is presented in Fig.3.4.

Figure 3.4. SS configuration. Different colors represent different densities. Waves of the same
color correspond to the same wave function. This phase is a combination of a density pattern
with delocalization.

Superfluid dimer (SFD) and supersolid dimer (SSD)
The dimerized phases are characteristic for the JB model, and don’t have an analogue
in purely density coupled models. They emerge from the self organization of the
superfluid parameter in response of the cavity-induced interactions over the inter-
site coherences. The relevant parameter to inspect dimerization is the Bond order
parameter

O2
B = 1

N2
b

∑
⟨i,j⟩

η⟨i,j⟩ ⟨K̂ij⟩

2

, (3.12)

with the number of bonds Nb, K̂ij = b̂†
i b̂j + b̂†

j b̂i the inter-site coherence operator, and
η⟨i,j⟩ = ±1 a factor reflecting the modulation induced by light. In 1D, η⟨i,i+1⟩ = (−1)i
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and (3.12) reduces to

O2
B = 1

N2
b

∑
j

(−1)j ⟨K̂j,j+1⟩

2

. (3.13)

The SFD phase is defined by

ψξ ̸= 0, OB ̸= 0, ODW = 0, (3.14)

meaning the system is a SF with a spatial modulation on the phase of its order
parameter ψξ, but with no density imbalance. More concretely, the neighbouring sites
order parameters differ by a phase ∆ϕ ̸= 0, π, with the pattern

ψξ = |ψ| eiϕξ , ϕξ+1 − ϕξ = ∆ϕ · (−1)ξ, (3.15)

generating a dimer pattern where adjacent sites share the same phase, separated
by a jump ∆ϕ for consecutive dimers. This spatial modulation is analogous to the
FFLO/LOFF state in superconductors[60, 61]. This is specially interesting from the
perspective of quantum simulation. In the other hand, the SSD phase is the extension
of the SFD that includes density imbalance

ψξ ̸= 0, OB ̸= 0, ODW ̸= 0. (3.16)

For this state, both sites of one specific dimer have the same mean occupation, but
consecutive dimers differ, both in phase and density.

To understand dimerization, it is useful to define the dimer phase difference
parameter

∆ϕ = arg(ψ∗
ξψξ+1), (3.17)

which is ∆ϕ ̸= 0 for SFD and ∆ϕ = 0 for SSD.

Summary
The Table 3.1 shows a summary for the order parameters that characterize each phase
and on which of the models presented in the Chapter 2 can appear.

The entanglement properties for each phase constitute the central object of study
of this work, and will be analysed deeply on Chapters 4 and 6.

3.2 Experimental signatures
The quantum phases described in Sec. 3.1 (SF, MI, DW, SS, SFD and SSD) are, in
principle, observable to ultracold atoms in optical cavities experimental platforms.
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Phase Σψ ODW OB ∆ϕ Models

MI 0 0 0 0 All
SF ̸= 0 0 0 0 All
DW 0 ̸= 0 0 0 JD

SS ̸= 0 ̸= 0 0 0 JD

SFD ̸= 0 0 ̸= 0 ̸= 0 JB

SSD ̸= 0 ̸= 0 ̸= 0 ̸= 0 JB

Table 3.1. Order parameters for each quantum phase present in the EBHMs of interest.

The distinctive advantage of using this platforms compared to other implementations
of EBHM’s is that they offer a natural and non-destructive diagnosis, which is the light
escaping the cavity. Under dispersive conditions, the field inside the cavity is slaved to
the collective quantum state of the matter through the operator F̂ , so that the detected
photon flux in the exterior has codified information of the bond or density observables
[44]. This optical diagnosis can be complemented with other standard techniques
for the characterization of quantum gases, such as time of flight expansion (TOF),
Bragg spectroscopy and quantum gas microscopy; all of them providing valuable
information about the phase coherence, incompressibility and spatial density patterns
[3].

The main result to connect the atomic quantum state with the optical signal is the
equation relating the field inside the cavity with the collective operator F̂ , obtained
through the adiabatic elimination process (see Section 2.1)

â ∝ F̂√
Ns(∆pc + iκ)

. (3.18)

From (3.18) we directly get the relations between the fields and the observables

⟨â⟩ ∝ ⟨F̂ ⟩, ⟨â†â⟩ ∝ ⟨F̂ †F̂ ⟩. (3.19)

Hence, the flux of the photons leaking through the cavity, proportional to κ⟨â†â⟩,
is a measure of ⟨F̂ †F̂ ⟩. The homodyne detention allows the reconstruction of the
quadrature ⟨â⟩ in both amplitude and phase, while the heterodyne detection gives
access to the complex amplitude of the field [44]. This measurement is non-destructive,
meaning that the atomic state is not projected onto the individual Fock states, but the
system evolves conditioned to the optical register history.

For the density coupling (JD) model, the collective operator is just D̂ ∝ (N̂O − N̂E),
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so that
⟨â†â⟩ ∝ ⟨(N̂O − N̂E)2⟩ = N2

s (∆ρ)2 + ⟨δ(N̂O − N̂E)2⟩, (3.20)

where ∆ρ = (ρO − ρE)/2 is the density imbalance, and order parameter for DW,
and the second term includes the quantum fluctuations. This means that for MI and
SF (∆ρ = 0) the photon flux is just the fluctuations, while for DW and SS (∆ρ ̸= 0)the
flux grows with the lattice size, allowing the signal to be distinguished from the
background fluctuations [62, 45].

This photon flux as a function of the model parameters (U, zt0, µ, geffNs) can trace
the contours of the phase diagrams. At the phase boundaries MI-DW and DW-SS, the
flux exhibits a discontinuity, signalling the phase transition. This methodology has
been used successfully on experiments from Landig et al.. [47] and Klinder et al. [49]
where the SF-SS and SS-MI frontiers have been mapped.

Now, for the Bond coupling (JB) model, the collective operator is just B̂ =∑
⟨i,j⟩ JijK̂ij , so that

⟨â†â⟩ ∝ ⟨B̂2⟩, ⟨â⟩ ∝ ⟨B̂⟩. (3.21)

For the SF, ⟨B̂⟩ ∝ zNs|ψ|2 ̸= 0, but with ∆ρ = 0. For the SFD, the alternation of Jij

produces the modulation of the bond coherence, which is reflected on the complex
amplitude of ⟨â⟩. Again, the homodyne detention reveals the amplitude and phase of
the bond modulation [45]. For both superfluid phases, the signal ⟨â†â⟩ = 0 is then
zero, but their dependence with the parameters is different. For SFD the signal grows
with |geff |, but for SS there is a competence between the bond and density signals.

Finally, for the multicomponent JD (R = 3) model, the collective operator has a
complex structure: D̂ = JD(N̂1 + ei2π/3N̂2 + ei4π/3N̂3). As discussed for 3.20, the
number of photons, proportional to |⟨D̂⟩|2 is non-zero only if the density imbalance is
zero, for this case between the three modes. However, in order to determine which
of the six degenerate DW configurations is realized on the system, it is necessary to
access the complex amplitude ⟨â⟩ ∝ ⟨D̂⟩, containing that information about which
modes have more or less density. This requires a Heterodyne detection of the cavity
field [44, 45].

And as we said at the beginning of this section, accessing the spatially resolved
information of the system requires standard diagnosis techniques.

Time of flight expansion (TOF)
The TOF involves turning off all the potentials and allowing the gas expand freely
during a time tTOF. The absorption image obtained after the expansion is proportional
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to the distribution of momentum n(k) of the trapped atomic cloud [3]

nTOF(r) ∝ n
(

k = mr
ℏtTOF

)
. (3.22)

And this distribution of momentum is directly related to the correlation function
for one body

n(k) = 1
Ns

∑
i,j

eik·(Ri−Rj)⟨b̂†
i b̂j⟩ = |w̃(k)|2g̃(1)(k), (3.23)

here w̃(k) and g̃(1)(k) are the Fourier transforms of the Wannier function and the
one-body correlations, respectively. The different quantum phases are distinguished
by their TOF image:

• MI phase:⟨b̂†
i b̂j⟩ ≈ 0 for i ̸= j. So n(k) is approximately uniform, with no

interference peaks [2, 16].

• SF phase: ⟨b̂†
i b̂j⟩ ̸= 0 for i ̸= j. So n(k) exhibits great interference peaks in the

vectors k = G of the reciprocal lattice, which are the signature of the k = 0
mode of a Bose-Einstein condensate [16].

• DW and SS phases. the spatial modulation of the density with the vector Q
introduces additional peaks to n(k) at the positions k = Q + G, which coexist
with the previous (or absence of) peaks for the SF and MI phases [3].

• SFD phase. The phase modulation of the order parameter with period 4a
introduces extra peaks on n(k) at the vectors k = π/(2a) + G. This is the TOF
signature for dimerization [46].

Figure 3.5. A simulation of the TOF absortion image for SF and MI phases.

Bragg spectroscopy
This allows to measure S(k, ω) (the dynamical structure factor) reflecting collective
excitations on the system [64]. For phases with density order, the structure factor
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Figure 3.6. Absortion image of the distribution of momentum in the SS phase. The additional
atomic momentum modes are induced by the scattering of photons from the pump to the
modes of the cavity [63].

S(Q) = 1
Ns

∑
i,j

eiQ·(Ri−Rj)⟨n̂in̂j⟩ (3.24)

exhibits a peak at the vector Q, whose intensity is proportional to |ODW|2, serving
as a direct measure of the order parameter for DW. The Bragg spectroscopy is specially
useful to determine this vector Q and hence identify the periodicity of the density
order (R=2,3,. . . ) without site resolution [3].

Quantum gas microscopy
When available, the quantum gas microscopy [17, 18] allows to measure ⟨n̂i⟩ with
single-site resolution, offering the most direct imaging of the state of the system. For
the our relevant models, the most relevant observations are:

• Density distribution ⟨n̂i⟩. It allows to identify the occupation and can measure
ODW directly.

• Density correlations ⟨n̂in̂j⟩ − ⟨n̂i⟩⟨n̂j⟩. Distinguishes quantum correlations
with classical fluctuations, accessible through image correlations in microscopy
experiments.

• Local fluctuations (∆ni)2 = ⟨n̂2
i ⟩ − ⟨n̂i⟩2. Possible to map with single-site

resolution, giving information about the local compressibility and identifying
the state on different regions of the system.
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• Bond coherence ⟨K̂ij⟩ = ⟨b̂†
i b̂j + b̂†

j b̂i⟩. It can be derived from measurements of
the correlation function for one body.
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Chapter 4

Entanglement Entropy

Quantum entanglement is a manifestation of the quantum nature of composite systems.
A pure state of a system can’t be necessarily described a product state of its parts.
Historically, this idea appears since the discussion of the EPR [65] and the terminology
introduced by Schrödinger [66], but it relevance goes beyond, as the entanglement
has become a crucial tool to characterize quantum phases and transitions for systems
with many-body interactions [67, 52, 68].

For ultracold bosonic lattices, in particular the BHM and its extensions, the EE
fulfils the role of a parameter for quantum phase diagnosis and a probe for quantum
criticality. Those characteristics make this quantity central for the study of phases for
systems with global interactions, for example, induced by optical cavities [48, 69].

In the introduction we provided a short overview for the entanglement entropy,
now in this chapter we will go deeper on the topic. On Section 4.1, the formal
definitions necessary to quantify the entanglement for bipartite systems, introducing
the reduced density matrix and relevant forms of entropies such as Rényi and von
Neumann. Then, on Section 4.2 we will discuss the area law and its corrections on the
context of BHM’s. Finally, on Section 4.3 we explain the role of the EE as an order
parameter. The specific calculation methods are presented later in Chapter 5.

4.1 Definitions and bipartite systems
Consider a quantum system bipartitioned into two subsystems A and B. The Hilbert
space is then the external product

H = HA ⊗ HB. (4.1)

Let |Ψ⟩ ∈ H be a pure state. with orthonormal basis {|a⟩} of HA and {|b⟩} of HB , it
can be expressed as

|Ψ⟩ =
∑
a,b

Cab |a⟩ ⊗ |b⟩ . (4.2)

The state |Ψ⟩ is called separable if there exist |ψA⟩ ∈ HA and |ψB⟩ ∈ HB such that
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|Ψ⟩ = |ψA⟩ ⊗ |ψB⟩ . (4.3)

In the opposite case, the state is said to be entangled (see Fig. 4.1).

(a) (b)

Figure 4.1. Diagram of the bipartite system for (a) separable and (b) entangled states. The
arrows indicate interconnected sites.

A paradigmatic example illustrating this difference is a two 1
2-spin system. The

state |Ψsep⟩ = |↑⟩ ⊗ |↓⟩ is separable, and describes two particles with well defined
properties individually. Instead, the Bell state

|ΨBell⟩ = 1√
2

(|↑⟩ ⊗ |↓⟩ − |↓⟩ ⊗ |↑⟩) (4.4)

is maximally entangled. None of the two spins are individually defined and the
correlations between the two are intrinsically quantum [70].

A quantum state is most generally described by the density matrix ρ, satisfying

ρ̂† = ρ̂, Tr(ρ̂) = 1, ρ̂ ≥ 0. (4.5)

A pure state |Ψ⟩, has a density matrix

ρ̂ = |Ψ⟩ ⟨Ψ| . (4.6)

For a mixed state described by a statistical ensemble {pα, |Ψα⟩}, with pα ≥ 0 and∑
α pα = 1

ρ̂ =
∑

α

pα |Ψα⟩ ⟨Ψα| . (4.7)

One can distinguish a pure and a mixed state through the purity

Tr(ρ̂2) =

1, pure state,

< 1, mixed state.
(4.8)
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Physically, the purity measures how much "diagonal" is a state in some basis.

To quantify the entanglement of subsystem A with subsystem B from a pure state
of a local system, we introduce the reduced density matrix of A, defined as:

ρ̂A = TrB ρ̂AB. (4.9)

The partial trace is the operation defined as the sum over the states of the orthonor-
mal basis of B

ρ̂A =
∑

b

⟨b| ρ̂AB |b⟩ , (4.10)

Element by element,considering ρ̂AB = |ai⟩ ⟨aj| ⊗ |bi⟩ ⟨bj|, the trace is computed as

TrB [|ai⟩ ⟨aj| ⊗ |bi⟩ ⟨bj|] = |ai⟩ ⟨aj| Tr [|bi⟩ ⟨bj|]

= |ai⟩ ⟨aj| ⟨bj|bi⟩

= δij |ai⟩ ⟨aj| . (4.11)

One essential property of the reduced density matrix is that, even if ρ̂AB describes
a pure state, ρ̂A may result in a mixed state. This is a surprising manifestation of the
quantum nature, a system in a pure state may contain statistically mixed subsystems.
This occurs because, when tracing over B, we loose information about the correlations
between the two parts, and this reflects as a mixture on ρ̂A. The more entangled the
system, the more mixed ρ̂A will be [70, 71].

For all bipartite pure state, there exist a quantum representation manifesting the
entanglement structure, called the Schmidt decomposition. The theorem guarantees
that any |Ψ⟩ living in a bipartitioned Hilbert space can be written as

|Ψ⟩ =
χ∑

n=1

√
λn |un⟩A ⊗ |vn⟩B , λn ≥ 0,

∑
n

λn = 1, (4.12)

where {|un⟩} y {|vn⟩} are orthonormal basis of HA and HB, respectively. χ ≤
min(dim(A),dim(B)) is called the Schmidt range. λn are the Schmidt coefficients. The
decomposition is obtained by taking the coefficient matrix C of (4.2) and applying
the singular value decomposition (SVD) [70].

This decomposition has important consequences. First, the reduced density matrix
becomes diagonal in this basis

ρ̂A =
χ∑

n=1
λn |un⟩ ⟨un| , ρ̂B =

χ∑
n=1

λn |vn⟩ ⟨vn| . (4.13)
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Implying that the spectrum of ρ̂A and ρ̂B coincide, meaning

S(ρ̂A) = S(ρ̂B), (4.14)

We can also extract information from the value of χ. For separable states χ = 1,
while χ > 1 is an indication of entanglement [72].

Von Neumann entropy
The most natural and physically meaningful quantification of entanglement is the von
Neumann (vN) entropy, with definition

S(ρ̂) = −Tr (ρ̂ ln ρ̂) . (4.15)

For a pure global state, the EE associated with the bipartition A|B is defined as

SA = S(ρ̂A) = −TrA (ρ̂A ln ρ̂A) . (4.16)

In terms of the Schmidt coefficients, it takes the form

SA = −
χ∑

n=1
λn lnλn, (4.17)

which is an identical form of the Shannon entropy of the {λn} distribution [73]. This
gives a physical interpretation for the EE, quantifying how broad is the distribution of
the Schmidt coefficients. In other words, how many effective modes contribute to the
state.

Some fundamental properties of the von Neumman entropy are the following:

SA = 0 ⇐⇒ |Ψ⟩ is separable. (4.18)

SA = SB for pure states (4.19)

SA ≤ ln min(dA, dB) equal for maximally entangled (4.20)

S(ρ̂AB) ≤ SA + SB equal if ρ̂AB = ρ̂A ⊗ ρ̂B (4.21)
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Rényi entropy
In a more general way, the family of Rényi entropies is defined as

Sα(ρ̂) = 1
1 − α

ln Tr (ρ̂α) , α > 0, α ̸= 1. (4.22)

When α → 1 we obtain again the vN entropy

lim
α→1

Sα(ρ̂) = S(ρ̂). (4.23)

Another relevant case is the Rényi entropy for α = 2, directly related to the purity

S2(ρ̂) = − ln Tr(ρ̂2). (4.24)

This quantity is specially relevant experimentally, because it can be directly measured
in quantum simulations through protocols based on interference of two copies of
the system, or through randomized measurements [74, 75, 76]. This protocols have
been already implemented for ultracold atoms [74] and ion traps [75]. This opens the
possibility to test and measure theoretical predictions of entanglement.

Both the Rényi and von Neumann entropy share the same qualitative behaviour.

Bipartitions for BHM’s
In lattice models, a spatial bipartition is a natural choice, choosing the set of sites
dividing two regions A and B. For a system with N particles, the Hilbert space can
be decomposed as

H =
N⊕

nA=0
H(nA)

A ⊗ H(N−nA)
B . (4.25)

where nA is the particle number in subsystem A.

This structure implies that the reduced density matrix ρ̂A is block diagonal. This
property becomes essential for numerical and analytical purposes.

4.2 Area Law and corrections
For many-body systems, another important property of the entanglement is that
the EE does not grow arbitrarily with the size of the system, but rather satisfying a
geometrical restriction known as the area law [52, 77, 78].

Let us consider a state |Ψ⟩ for a quantum system defined in a d-dimensional lattice,
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and let A be a spatial region with a frontier ∂A and characteristic lineal size L. For
a broad family of local systems, with interactions of short range, the following is
satisfied

SA ∼ α |∂A|, (4.26)

where |∂A| is the area of the frontier between A and B, and α is a coefficient
dependent of the microscopic parameters of the Hamiltonian.

The physical origin of the law is that, for systems with short-range correlations
and local interactions (with correlation length ξ), the quantum correlations between
A and B are dominated by the neighbouring sites near the frontier and the number
of those pairs of sites scales with the area. Generally, the ground-state of any local
Hamiltonian with a gap in 1D strictly satisfies the area law[79]. This is the reason
behind the validity of methods like DMRG or MPS for 1D gapped systems[72, 35].

When the system is gapless, there’s a divergence in the correlation length ξ and the
argument doesn’t apply anymore. Therefore, the EE may exhibit corrections to the
area law of the form [80, 81]):

SA = α |∂A| + β lnL+ γ + O(L−1), (4.27)

Physically, when β ̸= 0, the system exhibits gapless degrees of freedom or entan-
glement with long range. γ is the topological entanglement term, γ ̸= 0 means that
the system is topologically protected, i.e., the ground-state has a global entanglement,
invariant under any local unitary transformation.

4.3 Entanglement entropy: an order parameter
Traditionally, quantum phases are distinguished through local order parameters
like the superfluid order parameter ψ = ⟨b̂⟩ or the magnetization ⟨σ̂z⟩. This charac-
terization, formalized by Landau, has been successful to describe quantum phase
transitions [14]. However, there are fundamental limitations. First, there are phases
with topological order (FQHE, topological liquid spin), with no local order parameter,
but with non-trivial quantum structure[82, 80]; there exist phase transitions sharing
the order parameter, but differing in subtle aspects (e.g. spin liquids transitions,
deconfinement transitions); for highly correlated many-body systems, long-range
correlations are sometimes hard to manifest locally.

In this context, the EE offers a non-local and purely quantum characterization com-
plementing the local order parameters[67, 52]. Many advantages include universality
laws like the area law [52], the sensitivity through the singularities at the critical
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points [48, 56] and the genuine non-locality.

In general, the numerical calculation of the EE for many-body systems is computa-
tionally expensive, as it requires to compute the reduced density matrix ρ̂A, whose
size grows exponentially with system size. Therefore, approximation or specialized
methods may be necessary (see Chapter 5).
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Chapter 5

Solving Methods

5.1 Exact Diagonalization
Exact diagonalization (ED) is the most fundamental computational method to study
quantum many-body systems. It is conceptually straightforward: given a Hamiltonian
Ĥ defined over a Hilbert space of finite dimension H, the ED consist in constructing
explicitly the matrix representing Ĥ in an appropriate basis, and solve the eigenprob-
lem to find its eigenvectors and eigenvalues through typical linear algebra numerical
methods.

For the BHM, with Ns sites and N bosons, the Hilbert space is constructed through
the Fock occupation states

|n⟩ = |n1, n2, . . . , nNs⟩, (5.1)

Where ni ≥ 0 is the particle number at site i, subject to the restriction to the total
particle number ∑Ns

i=1 ni = N . The dimension for this system is

dim(H) = (N +Ns − 1)!
N !(Ns − 1)! , (5.2)

which grows combinatorially with the system size, being the main limitation of the
method.

In practice, the occupation by site is truncated to a maximum of nmax, so ni ∈
{0, 1, . . . , nmax}. This approximation is controlled because for systems with U/J ≫ 1
(MI phase), the probability of high occupations is exponentially small, hence nmax =
n0 + 3, where n0 is the mean occupation, tends to be sufficient.

Once we have enumerated the states of the basis {|nk⟩}D
k=1, the matrix elements are

given by
Hkl = ⟨nk|Ĥ|nl⟩. (5.3)

For the standard Bose-Hubbard Hamiltonian.

ĤBH = −t0
∑
⟨i,j⟩

(
b̂†

i b̂j + h.c.
)

+ U

2
∑

i

n̂i(n̂i − 1) − µ
∑

i

n̂i. (5.4)
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Given that we only allow hopping to neighbouring sites, each state is linked to a
small subset of states (proportional to Ns · nmax), which makes it useful to use sparse
linear algebra approaches such as the Lanczos algorithm, particularly efficient for
symmetric matrices.

The most common way to enumerate the basis is by the lexicographic ordering,
resulting in a symmetric matrix for the BHM, going from the state |N, 0, . . . , 0⟩ to
|0, . . . , 0, N⟩. Following Zhang’s work, the procedure is as follows: Consider two
vectors |n1, n2, . . . , nNs⟩ and

∣∣∣n′
1, n

′
2, . . . , n

′
Ns

〉
. There exists an index 1 ≤ k ≤ Ns − 1

such that all occupations before site k are identical for both vectors. That is,

ni = n′
i ∀ i with 1 ≤ i ≤ k − 1,

while nk ̸= n′
k.

For example, for the vectors |131100⟩ and |131010⟩ the index is k = 4, since n4 ̸= n′
4

and all preceding entries coincide.

We say that |n1, n2, . . . , nNs⟩ is greater than
∣∣∣n′

1, n
′
2, . . . , n

′
Ns

〉
if nk > n′

k, and smaller
otherwise. In this way, we define a lexicographic ordering as illustrated in Table 5.1.

v n1 n2 n3
1 3 0 0
2 2 1 0
3 2 0 1
4 1 2 0
5 1 1 1
6 1 0 2
7 0 3 0
8 0 2 1
9 0 1 2
10 0 0 3

Table 5.1. Example of lexicographic ordering for a basis with N = Ns = 3.

The construction of this ordering, starting from the vector |n1, n2, . . . , nNs⟩ with
nNs < N , proceeds as follows:

If ni = 0 ∀ i with k + 1 ≤ i ≤ M − 1, the following vector
∣∣∣n′

1, n
′
2, . . . , n

′
Ns

〉
is

defined by

• n′
i = ni ∀ i with 1 ≤ i ≤ k − 1,

• n′
k = nk − 1,

• n′
k+1 = N −∑k

i=1 n
′
i, and n′

i = 0 for i ≥ k + 2.

As a result we obtain the sparsity pattern of Fig. 5.1.
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Figure 5.1. The plot shows the non-zero elements of the BHM matrix with N = Ns = 8. The
matrix is mostly zero (sparse).

Computing entanglement entropy
Once the ground state |ψ0⟩ is obtained, the bipartite von Newmann EE considering
the bipartition A ∪B can be computed from the reduced density ρ̂A, using

S(ρ̂A) = −Tr[ρ̂A ln ρ̂A] (5.5)

The first step is to fix the physical parameters (Ns, N, U, t0, JD, JB, geff) for a given
desired configuration of the system, for Ns sites and N particles.

Then perform the lexicographic ordering of the Fock basis to construct the Hamil-
tonian and solve the eigenproblem.

Then we can express the density matrix of the global state:

ρ̂AB = |ψ0⟩ ⟨ψ0| , (5.6)

Then we need to define a bipartition for the system. Given that the EBHM’s define
an E/O sublattice structure, it is natural to select an even-odd bipartition. Once the
bipartition is defined, we need to carefully map the elements to the reduced basis
ρ̂AB → ρ̂A. Operationally, this is the partial tracing over B. And we obtain ρ̂A, the
reduced density matrix, which can be diagonalized to be factorized into
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ρ̂A = WρA DρA W−1
ρA , (5.7)

where DρA is the diagonal eigenvalues matrix containing {λα}. With this decompo-
sition we can compute the logarithm of the matrix as

ln ρ̂A = WρA lnDρA W−1
ρA , (5.8)

and finally we can obtain the entanglement entropy with the trace

S(ρ̂A) = −Tr
[
ρ̂A ln ρ̂A

]
= −

∑
α

λα lnλα. (5.9)

As it can be seen, this expression is equivalent to the Schmidt decomposition
explained on Chapter 4.

This calculation is exact, which makes the ED a reference for the following EE
calculation methods.

5.2 Mean-field treatment
The MF treatment constitutes another widely used approximation for the study
of phases in the BHM, as it reduces the many-body scenario to an effective local
one, keeping the local quantum structure. Its main advantage is the analytic and
numerical tractability, even for large systems, at the expense of neglecting the inter-site
correlations beyond the mean-field level.

Consider the standard Bose-Hubbard (BH) with hopping t, local interaction U and
chemical potential µ:

ĤBH = −t
∑
⟨ij⟩

(b̂†
i b̂j + H.c.) +

∑
i

[
U

2 n̂i(n̂i − 1) − µ n̂i

]
. (5.10)

In the mean-field (MF) scheme, following the Gutzwiller ansantz, the total state is
approximated into a product os states over the lattice sites:

|ΨMF,α⟩ =
⊗

i

|ψα⟩i , |ψα⟩i =
nmax∑
n=0

f
(α)
i,n |n⟩i , (5.11)

where the coefficients f (α)
i,n are the complex amplitudes satisfying the normalization

|f (α)
i,n |2 = 1. The key idea of the MF is to decouple the hopping term, eliminating the

quantum fluctuations between sites. In order to do that, we write the annihilation
operator as b̂i = ⟨b̂i⟩ + δb̂i and we neglect the quadratic term on the fluctuations δb̂†

iδb̂j ,
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leading to
b̂†

i b̂j ≈ ψ∗
i b̂j + b̂†

iψj − ψ∗
iψj, (5.12)

ψi = ⟨b̂i⟩ being the superfluid parameter on site i. For the extended cases where
sublattice modes appear (even sites E and odd sites O), the effective mean-field
Hamiltonian is decomposed into two single-site contributions, one for each sublattice,
as we will explain later in detail. For the homogeneous case (ψi = ψ) the resulting
Hamiltonian gets decomposed into a sum of local Hamiltonians:

ĤMF

Ns

= −zt
(
ϕ b̂† + ϕ∗b̂− |ϕ|2

)
+ U

2 n̂(n̂− 1) − µ n̂, (5.13)

where z is the coordination number for the lattice. The parameter ψ = ⟨b̂⟩ behaves
as the following: ψ = 0 in the MI phase, and ψ ̸= 0 in the SF phase. Typically ψ

is found self-consistently. The diagonalization of 5.13 produces local eigenvectors
{|ψα⟩}nmax

α=0 and eigenvalues {εα}, constituting a "natural" basis to reintroducing the
correlations via the slave boson approach, as will be discussed in Section 5.3.

Alternative in presence of multiple local minima: global optimization

As stated, for the standard BHM in the mean-field scheme, ψ = ⟨ψ0|b̂|ψ0⟩ is typically
found self-consistently, robustly converging to the global ground state. However,
the extended Bose-Hubbard models considered for this work present an energetic
landscape with multiple local minima in the order parameter space. This originates
from the coupling of different spatial modes mediated by the light field, introducing
competence between different density and coherence configurations. In this context,
the self-consistent iteration may converge to a local minima that does not correspond
to the true ground-state.

To resolve this limitation, the MF problem is reformulated as a global optimization
problem over the Gutzwiller coefficients. Following the scheme proposed by Caballero-
Benítez et al. [45], for a system with two spatial modes (odd sites O and even sites E),
both induced by light, the MF state is written as a product state of both subspaces:

|Ψ⟩b = |ΨO⟩b ⊗ |ΨE⟩b , |Ψξ⟩b =
nmax∑
n=0

αξ
n |n⟩ξ , (5.14)

with ξ ∈ {O,E} and subject to the normalization ∑
n |αξ

n|2 = 1. The order
parameters are obtained through a self-consistent calculation using:

ψO/E = ⟨ΨO/E|b̂|ΨO/E⟩, ρO/E = ⟨ΨO/E|n̂|ΨO/E⟩. (5.15)
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Then the ground energy is obtained as the global minima of the expectation value
of the Hamiltonian over the set of admissible Gutzwiller amplitudes:

E0 = min
{αO},{αE}

⟨Ĥb
eff⟩, (5.16)

subject to the self-consistent conditions forψ and ρ, and the normalization condition
for each mode. In practice, this optimization is performed via global minimization
algorithms (e.g. gradient methods with multiple starting conditions), evaluating the
energy functional in a sufficiently large grid for the parameters space to identify the
absolute minimum. This approach guarantees that the obtained solutions corresponds
to the true ground state.

5.2.1 Mean-Field applied to the EBHM’s

Density coupling (JD)
Following Section 2.2, we end up with the effective Hamiltonian.

Ĥb
eff = ĤBH + geff

Ns

|JD|2
(∑

ν

n̂O,ν − n̂E,ν

)2

, (5.17)

to which the mean-field approach is applicable, resulting in the following mean-field
effective Hamiltonian with sublattice decomposition

Ĥb
eff ≈ ĤO

eff + ĤE
eff , (5.18)

with

Ĥξ
eff = Ns

2

[
−zt0β̂ − µξn̂ξ + Uξ

2 n̂ξ(n̂ξ − 1) − geff |JD|2ρξn̂ξ − geffcD,ξ

]
, (5.19)

where the chemical potential and the onsite repulsion are renormalized due to the
light-matter coupling:

µO/E = µ± 2ρgeff |JD|2 (5.20)

UO/E = U + 2geff |JD|2/Ns. (5.21)

and
CD,o/e = (±Ns|JD|2∆ρρo/e)/2 − (|JD|2ρ2

o/e)/2 (5.22)

Here ρ = (ρO +ρE)/2 is the average density and β̂ = ψ∗
Ob̂E +ψ∗

E b̂O +ψOb̂
†
E +ψE b̂

†
O −

(ψ∗
OψE + c.c.) the MF hopping operator.
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For this model, we get three relevant order parameters: the superfluid order
parameter, the average density, and the density imbalance.

5.2.2 MI limit
Some analytic results can be found for the BHM using this MF formulation. Using
Eq.5.13, for t/U ≪ 1, then ψ → 0, and the MF Hamiltonian is reduced to

ĤMF = U

2 n̂(n̂− 1) − µ n̂, (5.23)

which is already diagonal in the Fock basis. Its eigenvalues result

E(n) = U

2 n(n− 1) − µn. (5.24)

Minimizing Eq. 5.24 for integer filling, we get that the occupation number for the
ground-state is

n0 =
⌊
µ

U

⌋
+ 1, µ ≥ 0, (5.25)

n0 = 0, µ < 0. (5.26)

Thus, the local coefficients of the ground state are f (0)
i,n = δn,n0 and the Gutwiller

ansatz exactly reproduces the many-body Mott state

|ΨMF,0⟩ =
⊗

i

|n0⟩i , (5.27)

this is a product state without entanglement between sites. This reflects the fact
that, in the MI phase, the EE for a system bipartition is expected to be zero.

5.2.3 SF limit
Now, taking the opposite limit U/t → 0, the BHM MF Hamiltonians reduced to
free-hopping lattice problem. For this case, the ground-state is exactly a Bose-Einstein
condensate within the lowest band approximation. In a homogeneous lattice this
corresponds to the state with k = 0. On a MF level, this state is exactly described by a
coherent state on each site,

|ψSF⟩i = e−|ϕ|2/2
∞∑

n=0

ϕn

√
n!

|n⟩i ≡ |ϕ⟩i , (5.28)
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with ϕ = ⟨b̂⟩ ̸= 0 [53]. The corresponding many-body state, given the Gutzwiller
ansatz, is

|ΨSF⟩ =
⊗

i

|ϕ⟩i , (5.29)

satisfying the Gutzwiller equation with Poisson coefficients given by

f (0)
n = e−|ϕ|2/2 ϕ

n

√
n!
. (5.30)

For this state, the energy by site is

ESF

Ns

= −zt|ϕ|2, (5.31)

minimized with fixed density |ϕ|2 = ρ = N/Ns by the chemical potential µ = −zt
(minimal energy condition in the free band). The fluctuations are maximized and
Poisson-like:

⟨n̂⟩ = |ϕ|2, ⟨(∆n̂)2⟩ = |ϕ|2, (5.32)

which reflects the well-defined nature of the condensate: the coherent state
maximized the particle fluctuations while minimizing the phase uncertainty.

For the regime of weak interaction (U/zt ≪ 1) the coherent state is still a good
approximation, with perturbative corrections around U/zt progressively reducing the
number fluctuations. As U/zt increases, the Gutzwiller state incorporates more Fock
components and the coefficient distribution moves further away from the Poissonian,
until it reaches U/zt ≳ (U/zt)c, when the system enters the MI phase with ϕ = 0.

5.3 Slave Bosons approach: re-introducing fluctuations
on mean-field

The mean-field treatment of Section 5.2 captures an accurate description of the phase
diagram for the BHM and its extensions, but as discussed, this is a local approximation
incapable of capturing the quantum correlations between sites that give rise to a finite
entanglement. The slave bosons method (SB) allows to go beyond, reintroducing the
quantum fluctuations as harmonic excitations around the mean-field (MF) solutions
[83, 84, 48]. The main appeal of this treatment is that it reduces the strongly interacting
BH Hamiltonian to a quadratic form for all the phases of the diagram, including the
critical points, which opens the door to an exact computation of the entanglement
properties through the covariant matrices formalism [85, 86].

In this section we will develop the step-by-step method, first for the standard BHM,
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then for the EBH JD model.

5.3.1 SB for the BHM
As described in Section 5.2, the diagonalization of the MF single-site Hamiltonian

ĤMF

Ns

= −zt
(
ϕ b̂† + ϕ∗b̂

)
+ U

2 n̂(n̂− 1) − µn̂ (5.33)

produces a complete set of local eigenstates {|ψα⟩}nmax
α=0 with eigenvalues {εα}, where

|ψ0⟩ is the ground state and nmax the truncation of the local Fock space. Each eigenstate
may be expressed in the Fock basis as

|ψα⟩ =
nmax∑
n=0

f (α)
n |n⟩, (5.34)

where the coefficients f (α)
n form a unitary matrix Wαn = f (α)

n diagonalizing ĤMF. The
MF many-body state is the product

|ΨMF⟩ =
∏

i

[
nmax∑
n=0

f (0)
n√
n!

(b̂†
i )n

]
|0⟩. (5.35)

All the content of the MF is encoded on the coefficients f (0)
n of the local ground

state. The superfluid order parameter is ϕ = ∑
n

√
n f (0)

n f
(0)∗
n−1, zero for MI and non-zero

for SF. The excited eigenstates constitute the natural basis on which the quantum
fluctuations are going to be constructed.

The key idea of the SB technique is to extend the local Hilbert space by defining
(nmax + 1) fictitious bosonic particles annihilated and created by β̂i,n and β̂†

i,n. These
are called SB or Schwinger bosons operators, subject to the hardcore restriction

nmax∑
n=0

β̂†
i,nβ̂i,n = 1, (5.36)

guaranteeing that the local state is just one Fock state at a time [48, 83], avoiding
double counting. Under this representation, each Fock state |n⟩ is created from a slave
boson through a fictitious vacuum |n⟩i = β̂†

i,n|0SB⟩. Then the original bosonic operator
is reconstructed as

b̂i =
nmax−1∑

n=0

√
n+ 1 β̂†

i,n β̂i,n+1. (5.37)

In general, a local operator Ôi is written under this representation as

Ôi =
∑
α,β

γ̂†
i,α Oαβ γ̂i,β, Oαβ = ⟨ψα|Ô|ψβ⟩, (5.38)
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where we have introduced the rotated SB operators γ̂i,α defined as

β̂i,n =
∑

α

f (α)
n γ̂i,α, γ̂i,α =

∑
n

f (α)∗
n β̂i,n. (5.39)

Given this definition, the rotated operators γ̂i,α are the slave bosons in the MF
eigenbasis, i.e. each MF excited state is created from the vacuum γ̂†

i,α|0SB⟩ = |ψα⟩i.

Having defined this operators, we perform an approximation, "condensing" the γ̂i,0

bosons (MF ground state), and treating the excitations as weak fluctuations. formally:

γ̂
(†)
i,0 ≈ 1, ⟨γ̂†

i,αγ̂i,α⟩ ≪ 1 para α > 0. (5.40)

and implementing (5.36) we end up with

γ̂
(†)
i,0 ≈

√
1 −

∑
α>0

γ̂†
i,αγ̂i,α ≈ 1 − 1

2
∑
α>0

γ̂†
i,αγ̂i,α + O(γ4). (5.41)

With this substitution, the bosonic operator (5.37) is expanded as

b̂†
i ≈ F̃00

(
1 −

∑
α>0

γ̂†
i,αγ̂i,α

)
+
∑
α>0

(
F̃0α γ̂i,α + γ̂†

i,αF̃α0
)

+ O(γ2), (5.42)

where we define the matrix elements

F̃αβ = ⟨ψα|b̂†|ψβ⟩. (5.43)

Notice thatF̃00 = ϕ, zero for MI and non-zero for SF. Analogously, we also define

G̃αβ = ⟨ψα|U
2 n̂(n̂− 1) − µn̂|ψβ⟩. (5.44)

Using (5.42) on the BH Hamiltonian (5.10), we get [48]

Ĥ = H(0) + Ĥ(1) + Ĥ(2) + O(γ3), (5.45)

where:

H(0) is a shift.

Ĥ(1) = ∑
i

∑
α>0

[
γ̂†

i,0⟨ψ0|ĤMF|ψα⟩γ̂i,α + h.c.
]

is zero due to the definition of |ψα⟩ as
eigenstate of ĤMF, and the orthogonality of the basis.

Ĥ(2) is the quadratic Hamiltonian describing all the fluctuations. It is composed of
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the following contributions:

Ĥsite =
∑

i

∑
α,β>0

γ̂†
i,α A

(0)
αβ γ̂i,β, (5.46)

Ĥhop =
∑
⟨i,j⟩

∑
α,β>0

γ̂†
i,α A

(1)
αβ γ̂j,β, (5.47)

Ĥpairs = 1
2
∑
⟨i,j⟩

∑
α,β>0

(γ̂i,α Bαβ γ̂j,β + h.c.) , (5.48)

Using the matrices defined as

A
(0)
αβ = δαβ(εα − ε0), (5.49)

A
(1)
αβ = −t0

(
F̃α0F̃

∗
0β + F̃0βF̃

∗
0α

)
, (5.50)

Bαβ = −t0
(
F̃0αF̃

∗
0β + F̃0βF̃

∗
0α

)
. (5.51)

Term by term, (5.46) contains the MF excitation gaps, (5.47) describes the prop-
agation of the fluctuations between neighbours, and (5.48) describes the creation-
annihilation of two excitations in neighbouring sites (this are the anomalous processes
giving rise to entanglement).

Then it is useful to use the momentum representation for the Hamiltonian. For the
homogeneous model, this transformation is γ̂i,α = V −1/2∑

k e
ik·Ri γ̂k,α, withV = Ns

the number of sites. Then the Hamiltonian, now quadratic, reads [48]

Ĥ(2) = 1
2
∑

k

(
γ̂†

k γ̂−k

)
Hk

 γ̂k

γ̂†
−k

+ cte, (5.52)

Notice that the α = 0 have been elliminated by consdensation, and we have defined
the vector containing all the rotated operators γ̂k = (γ̂k,1, γ̂k,2, . . . , γ̂k,nmax)T . And the
Hk matrix has a block structure

Hk =
Ak Bk

B∗
k A∗

k

 , (5.53)

with the elements
Ak = A(0) + zηk A

(1), Bk = zηk B, (5.54)

where the lattice form factor is ηk = 1
z

∑
δ e

ik·δ (δ covers all z neighbours of each site).
If the lattice has dimension d and is a hypercube, then ηk = 1

d

∑d
i=1 cos(kia).

Then we can perform Bogoliubov diagonalization by finding the matrix Pk diago-
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nalizing ΥHk, with

Υ =
1nmax 0

0 −1nmax

 , (5.55)

preserving the commutation relations for bosons (P †
kΥPk = Υ) [87]. This gives the

diagonal form

Ĥ(2) =
∑

k

nmax∑
α=1

ωk,α λ̂
†
k,αλ̂k,α + cte, (5.56)

from which we can extract the quasiparticle excitation spectrum ωk,α and the quasi-
particle Bogoliubov operators λ̂k,α.

Entanglement entropy from the slave bosons solution
The most crucial property of this SB approach is that we get a resulting Hamiltonian
that is quadratic (5.56). By Wick’s theorem, the ground-state of such a Hamiltonian
has a gaussian distribution, and the reduced density matrix ρ̂A (considering bipartition
A|B) is also gaussian [85]. This allow to completely reconstruct ρ̂A using the two-point
correlations.

Consider the bipartition A|B for the system (A can be, for example, half a torus
defined by LA × 2LA). For A, we define a correlation matrix as

CA = [Cr,r′ ]r,r′∈A , Cr,r′ = ⟨Ψ0|

γ̂r

γ̂†
r

(γ̂†
r′ γ̂r′

)
|Ψ0⟩, (5.57)

where |Ψ0⟩ is the quasiparticle vacuum (ground-state of Ĥ(2)). The matrix Cr,r′ , can
be computed from a Bogoliubov transformation

Ck = Pk P P †
k, P =

1 0
0 0

 . (5.58)

The spectrum of entanglement is obtained by diagonalizing CA through the
Bogoliubov transformation

U †
A

−1 − C∗ F

−F ∗ C

UA =
diag(−1 − fk) 0

0 diag(fk)

 , (5.59)

where fk = 1/(eω
(A)
k −1) is the Bose-Einstein distribution with fictitious temperature

T = 1 [48, 85].

The von Neumann EE is then obtained as the thermal entropy of the quasiparticle
gas using the entanglement spectrum
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SvN =
∑

k

[(1 + fk) ln(1 + fk) − fk ln fk] (5.60)

Considerations for the SF
For a superfluid, the excitation spectrum exhibits a gapless Goldstone mode ωk ∝ |k|,
which produces a divergence 1/|k| in the population of slave bosons. For d ≥ 2 the
integral

�
kd−1dk/k actually converges, so the divergence is an artefact of the finite

size. However, we still need a special treatment for the k = 0 mode [48, 88].

One strategy is adding a small size-dependent perturbative term . [48, 88]

Ĥ → Ĥ − h(L)
∑

i

(b̂i + b̂†
i ), h(L) ∼ L−κ, (5.61)

using κ = 2d creates a gap ∝
√
h in the Goldstone mode. With this, we are able to fix

the divergence of the zero mode.

But one simpler naive strategy is to just skip the k = 0 point in the calculation.

5.3.2 SB for the JD (R = 2) EBHM
The SB method is also applicable to the density coupling EBHM following almost
the same steps, with one fundamental modification: the MF solutions have two
inequivalent modes (even E and odd O sites)[69].

As described in Section 5.2, the MF solution for the JD produces two local eigen-
vectors, one for each sublattice (E/O):

|ψO,α⟩ =
∑

n

f
(α)
O,n|n⟩, |ψE,α⟩ =

∑
n

f
(α)
E,n|n⟩, (5.62)

with eigenvalues εO,α and εE,α, respectively. The order parameters for each
sublattice are ψO/E = ⟨b̂⟩O/E and ρO/E = ⟨n̂⟩O/E .

Then local matrix elements are defined for each sublattice ξ ∈ {O,E}

bξ,αβ = ⟨ψξ,α|b̂|ψξ,β⟩, nξ,αβ = ⟨ψξ,α|n̂|ψξ,β⟩. (5.63)

The SB operators are introduced separately for each sublattice, γ̂r,α with r ∈ O or
r ∈ E. Following the same procedure of 5.3.1, the same procedure of "condensation"
to obtain the quadratic expansion is done, producing Ĥ = H(0) + Ĥ(2) + O(γ3), but
now the cavity adds extra contributions to Ĥ(2) [69]:

First, the standard BHM contributions from Eqs. (5.47)-(5.48), but now the matrix
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elements bξ,αβ depend on each sublattice ξ.

Then the contribution arising from the light-mediated long-range interactions,
coupling the sites of the same sublattices (E − E and O − O) and from different
sublattices (E −O) through the D̂ = JD

∑
ν(n̂O,ν − n̂E,ν) operator . This contributions

result in the matrices

ALR
rα,r′β = 2geff |JD|2ZrZr′ nξ,α0 nξ′,0β, (5.64)

BLR
rα,r′β = 2geff |JD|2ZrZr′ nξ,0α nξ′,0β. (5.65)

where Zr = (−1)rx+ry .

An notable difference compared to the BHM is that the long-range terms (5.64)-
(5.65) couple the modes k with k + π. This results in a folding of the Brilloin zone,
the k couples with k + π, −k and −k − π so the Hamiltonian (still quadratic) reads

Ĥ(2) = 1
4
∑
k∈B

Γ̂†
k H(2)

k Γ̂T
k , (5.66)

with the vector defined as

Γ̂k = (γ̂k, γ̂k+π, γ̂†
−k, γ̂†

−k−π). (5.67)

The 4nmax × 4nmax matrix H(2)
k

H(2)
k =

Ak Bk

Bk Ak

 . (5.68)

TheAk and Bk matrices have a 2 × 2 structure, given by

Ak =
Ae

k+Ao
k

2 + Aeo
k +Aoe

k
2

Ae
k−Ao

k
2 − Aeo

k −Aoe
k

2
Ae

k−Ao
k

2 + Aeo
k −Aoe

k
2

Ae
k+Ao

k
2 − Aeo

k +Aoe
k

2

 , (5.69)

with

Ae
k,αβ = (EMF

e,α − EMF
e,0 )δα,β + geff |JD|2 ne,α0 ne,0β[δk,π + δk,0] (5.70)

Ao
k,αβ = (EMF

o,α − EMF
o,0 )δα,β + geff |JD|2 no,α0 no,0β[δk,π + δk,0] (5.71)

Aeo
k,αβ = geff |JD|2 ne,α0 no,0β[δk,π − δk,0] − tfk

Ns

(
b†

o,0βbe,α0 + b†
e,α0bo,0β

)
(5.72)

Aoe
k,αβ = geff |JD|2 no,α0 ne,0β[δk,π − δk,0] − tfk

Ns

(
b†

e,0βbo,α0 + b†
o,α0be,0β

)
. (5.73)
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and

Bk =

Be
k+Bo

k

2 + Beo
k +Boe

k

2
Be

k−Bo
k

2 − Beo
k −Boe

k

2
Be

k−Bo
k

2 + Beo
k −Boe

k

2
Be

k+Bo
k

2 − Beo
k +Boe

k

2

 (5.74)

with

Be
k,αβ = geff |JD|2 ne,0α ne,0β[δk,π + δk,0] (5.75)

Bo
k,αβ = geff |JD|2 no,0α no,0β[δk,π + δk,0] (5.76)

Beo
k,αβ = geff |JD|2 ne,0α no,0β[δk,π − δk,0] − tfk

Ns

(
b†

o,0βbe,0α + b†
e,0αbo,0β

)
(5.77)

Boe
k,αβ = geff |JD|2 no,0α ne,0β[δk,π − δk,0] − tfk

Ns

(
b†

e,0βbo,0α + b†
o,0αbe,0β

)
. (5.78)

with fk = 2(cos kx + cos ky) the lattice structure factor.

Then the excitation spectrum ωk,p (p = 1, . . . , 2nmax) is produced by the Bogoliubov
diagonalization of (5.66). with this diagonalization the correlation matrix CA can be
constructed. The additional symmetry along the cut A−B allows to decompose CA

in blocks labelled by the moment k∥ parallel to the cut.
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Chapter 6

Results

On this chapter the numerical results obtained with the approaches discussed on
Chapter 5 are presented. First discussing exact diagonalization (ED) for a finite
one-dimensional periodic chain. Then the mean-field Gutzwiller results, presenting
the phase diagrams for fixed chemical potential µ and for fixed average density ρ.

6.1 Exact diagonalization
The ED was performed for a 1D periodic lattice with Ns = 8 sites and N = 8 bosons.
For each relevant set of parameters(JD, JB, geff) we sweep the ratio t0/U and compute
the order parameters necessary to identify the phases discussed in Chapter 3, and
then compute the entanglement entropy exactly.

Let |ψ0⟩ be the normalized ED ground state. The bosonic operators at site i are b̂i

and b̂†
i , and n̂i = b̂†

i b̂i. Also, there’s a PBC modulo M , so that i+ 1 ≡ 1 for i = M .

The local density and its fluctuations are evaluated at a representative site i as

⟨ni⟩ ≡ ⟨ψ0| n̂i |ψ0⟩ , ∆ni ≡
√

⟨ψ0| n̂2
i |ψ0⟩ − ⟨ni⟩2. (6.1)

The superfluid parameter is computed from the nearest-neighbour coherence

fcond ≡ 1
2Ns

Ns∑
i=1

⟨ψ0| b̂†
i b̂i+1 + b̂†

i+1b̂i |ψ0⟩ . (6.2)

For JD models we take the collective density operator

D̂ ≡
Ns∑
i=1

(−1)in̂i. (6.3)

And the DW parameter is defined as

O2
DW ≡ 1

N2
s

⟨D̂2⟩ = 1
N2

s

⟨ψ0| D̂2 |ψ0⟩ . (6.4)
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For JB models we take the collective bond operator

B̂ ≡
Ns∑
i=1

(
b̂†

i b̂i+1 + b̂†
i+1b̂i

)
, (6.5)

and the bond order parameter

OB ≡ 1
N2

s

⟨B̂2⟩ = 1
N2

s

⟨ψ0| B̂2 |ψ0⟩ . (6.6)

Finally, the bipartite von Neumann EE is computed through the pure-state density
matrix ρ = |ψ0⟩ ⟨ψ0|. After tracing over subsystem B,

ρA ≡ TrB ρ, (6.7)

Then the EE for A is
SA = − TrA [ρA ln ρA] . (6.8)

Figure 6.1 shows the Bose-Hubbard result. This case serves as a reference for
comparing the EBHM’s results shown in Figs. 6.2 and 6.3.

Figure 6.1. ED results for the BHM. For N = Ns = 8. Here geff = 0.

6.2 Mean-field
Now we present the mean-field (MF) results obtained with the Gutzwiller treatment
explained in Section 5.2. For diagrams in the (zt0/U, µ) plane, the MF Hamiltonian
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(a) Density model: JB = 0, geffJ
2
D = −4U . (b) Bond model: JD = 0, geffJ

2
B = −4U .

Figure 6.2. ED results for the EBHM with geff < 0. The panels compare pure density and pure
bond couplings. N = Ns = 8.

(a) Density model: JB = 0, geffJ
2
D = 4U . (b) Bond model: JD = 0, geffJ

2
B = 4U .

Figure 6.3. ED results for the EBHM with geff > 0. The panels compare pure density and pure
bond couplings. N = Ns = 8.

(a) geffJ
2
D = −4U , JB/JD = 0.25. (b) geffJ

2
D = 4U , JB/JD = 0.25.

Figure 6.4. ED results for the mixed EBHM with simultaneous density and bond couplings.
The panels compare geff < 0 and geff > 0. N = Ns = 8.
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can be solved using self-consistency. For diagrams in the (zt0/U, ρ) plane, self-
consistent iterations can converge to metastable states, so we instead use a variational
minimization of the Gutzwiller coefficients and compare balanced and imbalanced
solution branches.

Optimization problem
For the systems with even-odd sublattice structure, we use the product-state ansatz

|ΨMF⟩ =
⊗
i∈O

|ψO⟩
⊗
j∈E

|ψE⟩ , (6.9)

with local states expressed in the Fock basis

|ψO⟩ =
nmax∑
n=0

αO
n |n⟩ , |ψE⟩ =

nmax∑
n=0

αE
n |n⟩ . (6.10)

The coefficients must satisfy

nmax∑
n=0

|αO
n |2 = 1,

nmax∑
n=0

|αE
n |2 = 1. (6.11)

The local parameters are

ρO ≡ ⟨n̂⟩O = ⟨ψO| n̂ |ψO⟩ , ρE ≡ ⟨n̂⟩E = ⟨ψE| n̂ |ψE⟩ , (6.12)

ψO ≡ ⟨b̂⟩O = ⟨ψO| b̂ |ψO⟩ , ψE ≡ ⟨b̂⟩E = ⟨ψE| b̂ |ψE⟩ . (6.13)

We use these parameters to define the density imbalance and the average superfluid
order parameters,

∆ρ ≡ ρO − ρE

2 , Σψ ≡ |ψO| + |ψE|
2 . (6.14)

For the multicomponent case with R = 3, the same notation is generalized to ρξ

and ψξ, with ξ = 1, 2, 3. We then consider the pairwise density imbalances

∆ρξη ≡ ρξ − ρη

2 . (6.15)

Phase diagrams in the (zt0, µ) plane
At fixed chemical potential, the MF ground state is obtained by iterating the Gutzwiller
equations until self-consistency is reached. After convergence, the order parameters
Σψ, ∆ρ, and ∆ρξη are computed using Eqs. (6.14) and (6.15). We obtained for the JD

model the results shown in Fig.6.5 and for the multicomponent JD (R = 3) are shown
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in Fig.6.6.

(a) Average superfluid parameter Σψ. (b) Density imbalance ∆ρ.

Figure 6.5. Phase diagrams for the JD EBHM (R = 2) in the (zt0/U, µ) plane. JD = 1,
geffNs = −0.5U , Ns = 100, U = 1, z = 4.

Phase diagrams in the (zt0, ρ) plane
When we want a fixed density ρ, the self-consistent procedure becomes less reliable
because the MF energy landscape can contain several local minima. To avoid this, we
minimize the Gutzwiller energy variationally at each point (zt0/U, ρ).

For fixed average density, the variational ground-state energy is written as

E0 = min
{αO

n ,αE
n }

⟨Ĥeff⟩, (6.16)

subject to the normalization constraints in Eq. (6.11) and to the density constraint

ρ ≡ ρO + ρE

2 . (6.17)

All local observables, including ρO,E and ψO,E , are computed directly from the
optimized coefficients.

the two density branches must be compared: Balanced branch( ρO = ρE = ρ, or
equivalently ∆ρ = 0) and Imbalanced branch ( ∆ρ ̸= 0, the minimization is initialized
with symmetry-breaking configurations).

The physical solution is chosen as

E0 = min{Ebal, Eimb}. (6.18)

The corresponding values of Σψ and ∆ρ are then computed using the optimal
Gutzwiller coefficients.
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(a) Phase diagram for ψavg.

(b) Phase diagram for ∆ρavg. (c) Phase diagram for each
∆ρξ,η .

Figure 6.6. Mean-field results for the multicomponent (R = 3) density-coupled (JD) EBHM.
Left column: average superfluid order parameter ψavg (top) and average density imbalance
∆ρavg (bottom). Right column: pairwise density imbalances ∆ρξ,η.

The results for the JD model using this method are shown in Fig.6.7.

6.3 Slave Bosons Approach
Using the mean-field solution obtained for theJD EBHM (Figs. 6.5 and 6.7) we can
apply the slave-boson treatment described in Section 5.3.2 to compute the EE. The
result is shown in Fig. 6.8. And treating the problem as a global optimization problem
over the Gutzwiller coefficients, we were able to obtain the entropy map for a fixed
average density. This is shown in Fig. 6.9.
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(a) Average superfluid order parameter Σψ. (b) Density imbalance ∆ρ.

Figure 6.7. Phase diagrams for the JD EBHM(R = 2)in the (zt0, ρ) plane. The results were
obtained by variationally optimizing αO,E

n . JD = 1, geffNs = −0.5U , Ns = 100, U = 1, z = 4.

Figure 6.8. Entanglement entropy in the (µ, zt0) plane for the JD EBH (R = 2) model.
Parameters geffNs = −0.5U , Ns = 100, JD = 1.0, U = 1, z = 4.
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Figure 6.9. Entanglement entropy in the (ρ, zt0) for the JD EBH (R = 2) model. Parameters
geffNs = −0.5U , Ns = 100, JD = 1.0, U = 1, z = 4.
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Chapter 7

Discussion

7.1 Exact Diagonalization
The ED results presented in Figs. 6.1-6.3 allows to identify the behaviour of entangle-
ment on each phase of the models.

Fig. 6.1 shows the result for the standard BHM, serving as a reference for the rest
of the EBHM’s, as the behaviour is theoretically understood (see Chapter) 4. Both
fcond and SA exhibit the expected behaviour for the MI-SF transition, starting at zero
for the MI phase and growing as the fluctuations ∆ni increase, reaching the saturation
values for the SF. Given that the SF limit is a coherent state with Poisson distribution,
the saturation limit for the EE is SSF

A = 1
2 log2(eπNs/2) (see Chapter 4). For Ns = 8

it is SSF
A ≃ 2.5. The transition is soft, with no singularities, consistent with a finite

system(Ns = 8) [14].

The monotonous growth of SA is a clear signature of the BHM, which is expected
to change for the models with long-range interactions mediated by cavities.

JD model
The Figs. 6.2a and 6.3a show the results for the JD model for both geff < 0 (DOL) and
geff > 0 (QOL), respectively. The sign produces distinct qualitative modifications to
the EE.

For geff < 0 (Fig. 6.2a), the maximum light scattering favours configurations with
density imbalance, stabilizing to a DW for small t0/U . In this regime O2

DW maximizes
and the EE is low. For default, we would get SA = 1 in the DW, because the actual
groundstate in this regime is two-degenerate, as there is a translational invariance to
the system (see Fig. 7.1), so we need to manually add a perturbative term Ĥpert = ϵD̂

to the EBHM to break the symmetry, resulting in the expected SA = 0. The DW-SS-SF
transition manifests as a peak in SA, signaling the gapless spectrum for the roton
mode in the critical point of the Z2 transition (SF-SS), adding a significant contribution
to the EE, as predicted by Sharma et al. [69].

For Para geff > 0 (Fig. 6.3a, on the contrary, the behaviour is qualitatively similar
to a standard BHM, but the transition is shifted. This is due to the QOL effect:
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Figure 7.1. ED results for the JD EBHM with geff < 0 without adding a perturbative term to
break the degeneracy. JB = 0, geffJ

2
D = −4U and N = Ns = 8.

Ueff = U + 2geff |JD|2 > U , which increases the onsite repulsion. For this sign, the
cavity penalizes the density imbalance.

geff is experimentally tunable through ∆pc, so it allows to produce a desired
landscape of entanglement.

JB model
Analogous results are shown for the JB model for both geff < 0 and geff > 0 in Figs. 6.2b
and 6.3b.

For geff < 0 (DOL) (Fig. 6.2b) , we see the most distinctive behaviour of the
EBHM’s studied here. The EE remains constant until a critical point is reached and
presents a discontinuous jump to another constant. OB (red)and fcond exhibit similar
discontinuous jumps, while the fluctuations are barely affected. This is typical of
a phase transition of first order. At small t0/U there’s dimerization while being
an insulator, a phase known as bond insulator (BI),which, together with a density
imbalance (ODW ̸= 0) define a BI+DW phase. The bond couplings are responsible for
the non-zero constant EE.

For the geff > 0 (QOL) (Fig. 6.3b)the order parameters indicate a DW-SFD-SF
transition, starting at small t0/U with an insulator with a density imbalance (DW).
Then, as t0/U increases, the Bond order coexist with the increase of fcond, defining the
SFD. This point is where we see a peak in the EE, then the Bond order is lost causing
a small decrease on the EE. And finally following the expected behaviour for a SF
reaching the saturation value.



7. Discussion 72

Mixed models (JD + JB)
It is possible to include both contributions in a mixed system. The results are presented
in Figs. 6.4a and 6.4b.

For geff < 0 (Fig. 6.4a)the behaviour is, as expected, a mixture of the previous cases.
With an insulating BI+DW phase, the EE is constant and relatively high. Then at the
transition, the coexistence of OB , ODW and the increasing fcond define a SSD/SS phase,
hence the peak on the EE. Then the system stabilizes to a SF, so the SF decreases to
the saturation value.

Finally, for geff < 0 (Fig. 6.4b) we observe a similar mixed behaviour, but with a
transitional SFD phase (instead of a SSD/SS), due to the penalization of the imbalanced
states discussed for this regime.

Its relevant to recognize the limitation of the ED method for small systems. Ns = 8
is still insufficient to capture the thermodynamic limit.

7.2 Mean-field and slave bosons approach
The entanglement entropy for the JD model was shown in Fig. 6.8. In order to inspect
its behaviour in more detail, we can consider cuts at fixed values of µ, chosen to follow
characteristic paths crossings the lobes of the MF diagram.

According to the MF theory for the BHM (see Section 5.2), the critical point
occurring at the Mott lobe tips, in terms of the density, is given by

(
U

zt

)
c

= 2ρ+ 1 + 2
√
ρ(ρ+ 1) (7.1)

For ρ = 1 this gives (zt/U)c ≃ 0.172. If we inspect the cut µ =
√

2−1 ≃ 0.41, shown
in Fig. 7.2, corresponding to crossinf the MI(1) lobe, we see the parameters Σψ and
S in agreement with this prediction. The EE indicate maximum fluctuations at the
MI-SF transition.

Another relevant path is obtained by fixing µ = 1, shown in Fig. 7.3, corresponding
to the DW lobe. The resulting local MF state for this lobe is one of two degenerate
configurations: |Ψ⟩O ⊗ |Ψ⟩E = |1, 2⟩ , |2, 1⟩. This is reflected in the imbalance ∆ρ. The
peak of the EE also lies near zt0 ≃ 0.13, in agreement with the theoretical critical point.

These inspection show that the EE provides a sensitive diagnosis for the quantum
phase transitions present for this EBHM. For both MI-SF and DW-SS-SF transitions,
the maximum of S coincides with the region where the other order parameters begin
to change. This behavior is repeated and consistent along all the phase diagram.
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Figure 7.2. Cut of Fig. 6.8 for fixed µ =
√

2 − 1 (First MI lobe). The order parameters Σψ, ∆ρ
and S are compared. Parameters geffNs = −0.5, Ns = 100, JD = 1.0, z = 4.
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Figure 7.3. Cut of Fig. 6.8 for fixed µ = 1 (First DW lobe). The order parameters Σψ, ∆ρ and
S are compared. Parameters geffNs = −0.5, Ns = 100, JD = 1.0, z = 4.
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Chapter 8

Conclusions

In this thesis, we’ve implemented the slave-boson approach for the EBHM intro-
duced by Caballero-Benitez [45], focusing in the JD, where the light-induced global
interactions become effectively a density coupling producing an even/odd sublattice
structure. The implementation followed the methodology proposed by Sharma et al.
[69], where the slave-bosons work as a tool to reintroduce the fluctuations using the
mean-field solutions.

As a consistency check, the EBHM’s were studied both through exact diagonal-
ization and within the mean-field approximation. We’ve managed to reconstruct
their corresponding phase diagrams, all producing results in agreement with the
known order parameters previously reported in the literature, giving validation to the
numerical and analytical framework developed in this thesis. The main result, the EE
calculation for the JD model, is also consistent with the previous work of Sharma et al.

The bipartite entanglement entropy SA was shown to be a powerful tool to diagnose
the quantum phases and transitions of extended models with global interactions,
indicating the location of the transitions and the internal structure of the phases.

The main contribution has been the construction of a unified and practical method-
ology to treat related models. The cross validation of the results obtained for the
JD model provides confidence to the obtained results for small systems of the JB,
JD + JB and multicomponent JD models, and doing it for a fixed average density ρ
using a variational approach to solve the mean-field Hamiltonians (Fig. 8.1). Hence,
the natural continuation for this research would be to develop the same formalism for
such EBHM’s.

Another promising direction for future work is to study the dynamical aspects of this
models, specifically under quenches, ramps or time-dependency over the interaction
parameters. Previous studies suggest the appearance of hysteresis, metastability
or irreversibility behaviour. All this phenomena would therefore be interesting to
investigate under the context of entanglement.

Overall, Bose-Hubbard models with light-mediated synthetic long-range inter-
actions present rich phase diagrams, characterizable through their bipartite entan-
glement entropy using the powerful slave-boson approach around the mean-field
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solutions.

Figure 8.1. Entanglement entropy in the (ρ, zt0) for the JD EBH (R = 2) model. Parameters
geffNs = −0.5U , Ns = 100, JD = 1.0, U = 1, z = 4.
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